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Preface

The purpose of this book is to help you build a foundation for understanding
the Laplace transform and its relationship to the Fourier transform and the
Z-transform. These transforms are useful in a wide variety of scientific and
engineering applications, not only because they can be used to solve differ-
ential equations, but also because they provide an alternative perspective for
extracting information from complex functions, signals, and data sequences.
And although there are many conventional texts and websites that deal with
integral and discrete-time transforms, the emphasis in those resources is often
on the mechanics of taking the transform or its inverse. That is certainly
important, but it’s also important to develop an understanding of the rationale
for the transformation process and the meaning of the result.

To help you develop that understanding, this book is written in plain
language and is supported by a rich suite of freely available online materials.
Those materials include complete, interactive solutions to every problem in the
text, in-depth discussions of supplemental topics, and a series of video podcasts
in which the author explains the key concepts, equations, and figures in every
section of every chapter.

Like all the texts in Cambridge’s Student’s Guide series, this book is
intended to serve as a supplement to the comprehensive texts that you may
have encountered in your courses or as part of your continuing education.
So although you will find plenty of examples of the forward and inverse
Fourier, Laplace, and Z-transform in this book, those examples are designed to
introduce fundamental concepts and techniques that will allow you to move on
to intermediate and advanced treatments of these transforms.

If you have read any of my other Student’s Guides, you’re probably aware
that I try hard to present challenging concepts in a way that’s technically
accurate but less intimidating than the presentation in many physics and
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x Preface

engineering textbooks. In that effort, I’m inspired by the words of Thomas
Sprat in his History of the Royal Society, in which he writes that the Royal
Society encourages its members to use “a close, naked, natural way of
speaking; positive expressions; clear senses; a native easiness: bringing all
things as near the Mathematical plainness, as they can: and preferring the
language of Artizans, Countrymen, and Merchants, before that, of Wits, or
Scholars.”

If that approach sounds about right, you may find this book helpful.
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1
The Fourier and Laplace Transforms

The Laplace transform is a mathematical operation that converts a function
from one domain to another. And why would you want to do that? As you’ll
see in this chapter, changing domains can be immensely helpful in extracting
information from the mathematical functions and equations that describe the
behavior of natural phenomena as well as mechanical and electrical systems.
Specifically, when the Laplace transform operates on a function f (t) that
depends on the parameter t , the result of the operation is a function F(s)

that depends on the parameter s. You’ll learn the meaning of those parameters
as well as the details of the mathematical operation that is defined as the
Laplace transform in this chapter, and you’ll see why the Fourier transform
can be considered to be a special case of the Laplace transform.

The first section of this chapter (Section 1.1) shows you the mathematical
definition of the Laplace transform followed by explanations of phasors,
spectra, and the Fourier Transform in Section 1.2. You can see how these trans-
forms work in Section 1.3, and you can view transforms from the perspective of
linear algebra and inner products in Section 1.4. The relationship between the
Laplace frequency-domain function F(s) and the Fourier frequency spectrum
F(ω) is presented in Section 1.5, and inverse transforms are described in
Section 1.6. As in every chapter, the final section (Section 1.7) contains a set
of problems that you can use to check your understanding of the concepts and
mathematical techniques presented in this chapter. Full, interactive solutions
to every problem are freely available on the book’s website.

1.1 Definition of the Laplace Transform

This section is designed to help you understand the answers to the questions
“What is the Laplace transform?,” and “What does it mean?” As stated above,

1



2 1 The Fourier and Laplace Transforms

the Laplace transform is a mathematical operation that converts a function
of one domain into a function of a different domain; recall that the domain
of a function is the set of all possible values of the input for that function.
The domains relevant to the Laplace transform are usually called the “t”
domain and the “s” domain; in most applications of the Laplace transform
the variable t represents time and the variable s represents a complex type of
frequency, as described below. The Laplace transform is an integral transform,
which means that the process of transforming a function f (t) from the
t-domain into a function F(s) in the s-domain involves an integral:

F(s) = L[f (t)] =
∫ +∞

−∞
f (t)e−st dt . (1.1)

So what does this equation tell you? It tells you how to find the s-domain
function F(s) that is the Laplace transform of the time-domain function f (t).
In the center portion of this equation, the expression L[f (t)] represents the
Laplace transform as a “Laplace transform operator” (L) that takes in the
time-domain function f (t), performs a series of mathematical operations on
that function, and produces the s-domain function F(s). Those operations are
shown in the right portion of the equation to be multiplication of f (t) by the
complex exponential function e−st and integration of the product over time.
The reasons for these operations are fully explained below.

You should be aware that Eq. 1.1, in which the integration is performed over
all time, from t = −∞ to t = +∞, is the bilateral (also called the “two-sided”)
version of the Laplace transform. In many practical applications, particularly
those involving initial-value problems and “causal” systems (for which the
output at any time depends only on inputs from earlier times), you’re likely
to see the Laplace transform equation written as

F(s) =
∫ +∞

0−
f (t)e−st dt, (1.2)

in which the lower limit of integration is set to zero (actually 0−, which is the
instant just before time t = 0, as explained below) rather than −∞. This is
called the unilateral or “one-sided” version of the Laplace transform, and it is
the form of the Laplace transform most often used in applications such as those
described in Chapter 4.

If this is the first time you’ve encountered a zero with a minus-sign
superscript (0−), don’t worry; the meaning of 0− and why it’s used as the
lower limit of the unilateral Laplace transform are not hard to understand. The
value of 0− is defined by the equation
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0− = lim
ε→0

(0 − ε),

in which ε is a vanishingly small increment. Put into words, when applied to
time, 0− represents the time just before (that is, on the negative side or “just to
the left” of) time t = 0.

Likewise, 0+ is defined by the equation

0+ = lim
ε→0

(0 + ε),

which means that 0+ is just after (that is, on the positive side or “just to the
right” of) time t = 0.

And here is the relevance of this to the unilateral Laplace transform: if
you integrate a function using an integral with 0− as the lower limit and
any positive number as the upper limit, the value of the function at time
t = 0 contributes to the integration process. But if the lower limit is 0+ and the
upper limit is positive, the value of the function at t = 0 does not contribute to
the integration. Since several applications of the unilateral Laplace transform
involve functions with values that change significantly when their argument
equals zero, integrating such functions using 0− as the lower limit ensures that
the value at t = 0 contributes to the result.1

The Laplace transform equation may look a bit daunting at first glance, but
like many equations in physics and engineering, it becomes comprehensible
when you take the time to consider the meaning of each of its terms. To do
that, a good place to start is to make sure that you understand the answer to
the question that confounds many students even after they’ve learned to use
the Laplace transform to solve a variety of problems. That question is “What
exactly does the parameter s in the Laplace transform represent?”.

As mentioned above, in most applications of the Laplace transform in
physics, applied mathematics, and engineering, the real variable t in the
function f (t) represents time and the complex variable s in the function F(s)

is a generalized frequency that encompasses both a rate of decay (or growth) as
well as a frequency of oscillation. Like any complex number, the s-parameter
in the Laplace transform can be written as the sum of a real part and an
imaginary part:

s = σ + iω, (1.3)

in which σ represents the real part and ω represents the imaginary part
of the complex variable s, and i represents the imaginary unit i = √−1.

1 A complete discussion of the importance of 0− to the Laplace transform can be found in Kent
H. Lundberg, Haynes R. Miller, and David L. Trumper “Initial Conditions, Generalized
Functions, and the Laplace Transform,” http://math.mit.edu/∼hrm/papers/lmt.pdf.

http://math.mit.edu/%E2%88%BChrm/papers/lmt.pdf
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Figure 1.1 (a) Laplace parameter s on the complex plane, and (b) why i2 = −1.

To understand the nature of a complex number, it’s helpful to graphically
represent the real part and the imaginary part of a complex number on two
different number lines, as shown in the “complex plane” diagram in Fig. 1.1a.
As you can see, in the complex plane the imaginary number line is drawn
perpendicular to the real number line.

So what does this have to do with the imaginary unit i? Consider this: if you
multiply a number on the real number line, such as 5, by the imaginary unit i,
that real number 5 becomes the imaginary number 5i because it’s now on the
imaginary number line, as shown in Fig. 1.1b. And if you then multiply again
by i, you get 5i× i = −5. So if multiplying by i× i converts the number 5 into
−5, then i2 must equal −1, which means that i must equal

√−1. Since
squaring any real number can’t result in a negative value, it’s understandable
that i has come to be called the imaginary unit.

The imaginary part of s (that is, ω) is the same angular frequency that you
may have encountered in physics and mathematics courses, which means that
ω represents the rate of angle change, with dimensions of angle per unit time
and SI units of radians per second. Since radians are dimensionless (being the
ratio of an arc length to a radius), the units of radians per second (rad/sec)
are equivalent to units of 1/seconds (1/sec), and this means that the result of
multiplying the angular frequency ω by time (t) is dimensionless.2 That is
reassuring since st = (σ + iω)t appears in the exponent of the term est in the
Laplace transform.

2 Note that the abbreviation “sec” is used for “seconds” rather than the standard “s”; this is done
throughout this book in order to avoid confusion with the Laplace generalized frequency
parameter.
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Since ω has dimensions of 1/time and SI units of 1/sec, Eq. 1.3 makes
sense only if σ and s also have dimensions of 1/time and SI units of 1/sec.
For this reason, you can think of s as a “generalized frequency” or “complex
frequency,” in which the imaginary part is the angular frequency ω. The
meaning of the real part (σ ) of the Laplace parameter s, and why it’s reasonable
to call it a type of frequency, is explained in Section 1.5.

If you’re wondering about the dimensions of the Laplace transform output
F(s), note that the time-domain function f (t) can represent any quantity that
changes over time, which could be voltage, force, field strength, pressure,
or many others. But you know that F(s) is the integral of f (t) (multiplied
by the dimensionless quantity e−st ) over time, so the dimensions of F(s)

must be those of f (t) multiplied by time. Thus if f (t) has dimension of
voltage (SI units of volts), the Laplace transform F(s) has dimensions of volts
multiplied by time (SI units of volts-seconds). But if f (t) has dimensions of
force (SI units of newtons), then F(s) has dimensions of force multiplied by
time (SI units of newtons-seconds).

1.2 Phasors and Frequency Spectra

Before getting into the reasons for using a complex frequency parameter
in a Laplace transform, it’s helpful to consider the product of the angular
frequency ω with the imaginary unit i = √−1 and time t in the exponential
function eiωt . This produces a type of spinning arrow sometimes called
a “phasor,” a contraction of the words “phased vector.” As time passes,
the phasor represented by eiωt rotates in the anticlockwise direction about the
origin of the complex plane with angular frequency ω. As you can see in the
upper left portion of Fig. 1.2, the angle (in radians) that this phasor makes with
the positive real axis at any time t is given by the product ωt , so the larger the
value of ω, the faster the phasor rotates. And if ω is negative, the phasor eiωt

rotates in the clockwise direction.3

You should also remember the relationship between the exponential func-
tion eiωt and the functions sin (ωt) and cos (ωt) is given by Euler’s relation:

e±iωt = cos (ωt) ± i sin (ωt), (1.4)

3 Some students, thinking of frequency as some number of cycles per second, wonder “How can
anything rotate a negative number of cycles per second?” That question is answered by thinking
of frequency components in terms of phasors that can rotate either clockwise (negative ω) or
anticlockwise (positive ω).
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Figure 1.2 Rotating phasor relation to sine and cosine functions.

which is also illustrated in Fig. 1.2. As shown in the figure, the projection of the
rotating phasor onto the real axis over time traces out a cosine function, and the
phasor’s projection onto the imaginary axis traces out a sine function. Adding
a time axis as the third dimension of the complex-plane graph of a rotating
phasor results in the three-dimensional plot shown in Fig. 1.3, in which the
solid line represents the path of the tip of the eiωt phasor over time.

So the exponential function eiωt is complex, with the real part equal to
cos (ωt) and the imaginary part equal to sin (ωt). Also helpful are the inverse
Euler relations, which tell you that the cosine and sine functions can be repre-
sented by the combination of two counter-rotating phasors (eiωt and e−iωt ):

cos (ωt) = eiωt + e−iωt

2
(1.5)

and

sin (ωt) = eiωt − e−iωt

2i
. (1.6)

(If you’d like to see how these counter-rotating phasors add up to give the
cosine and sine functions, check out the problems at the end of this chapter
and the online solutions).
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Figure 1.3 The path of the tip of the rotating phasor eiωt over time with ω = 20
rad/sec.

This means that the real angular frequency ω does a perfectly good job of
representing a sinusoidally varying function when inserted into the exponential
function eiωt . But that may cause you to wonder “Why bother making a
complex frequency s = σ + iω?”

To understand the answer to that question, it’s helpful to begin by making
sure you understand the Fourier transform, which is a slightly simpler special
case of the Laplace transform. The equation for the Fourier transform looks
like this:

F(ω) =
∫ +∞

−∞
f (t)e−iωt dt . (1.7)

Comparing this equation to the equation for the bilateral Laplace transform
(Eq. 1.1), you can see that these equations become identical if you set the real
part σ of the Laplace complex frequency s to zero, which makes s = σ + iω =
0 + iω. That makes the bilateral Laplace transform look like this:

F(s) =
∫ +∞

−∞
f (t)e−(σ+iω)t dt =

∫ +∞

−∞
f (t)e−iωt dt, (1.8)
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which is identical to the Fourier transform. So the Fourier transform is a special
case of the Laplace transform; specifically, it’s the case in which the real part
σ of the complex frequency s is zero.4

Just as the Laplace transform tells you how to find the s-domain function
F(s) that is the Laplace transform of the time-domain function f (t), the
Fourier transform tells you how to find the frequency-domain function F(ω)

(often called the “frequency spectrum”) that is the Fourier transform of the
time function f (t). Note that although f (t) may be purely real, the presence
of the factor e−iωt means that the frequency spectrum F(ω) may be complex.

There are many helpful books and online resources dealing with the Fourier
transform, including one of the books in the Student’s Guide series (A Student’s
Guide to Fourier Transforms by J. F. James), so you should take a look at those
if you’d like more detail about the Fourier transform. But the remainder of this
section contains a short description of the meaning of the frequency spectrum
F(ω) produced by operating on a time-domain function f (t) with the Fourier
transform, and the next section has an explanation of why the operations shown
in Eq. 1.7 produce the frequency spectrum F(ω), along with an example.

It is important to understand that the frequency-domain function F(ω)

contains the same information as the time-domain function f (t), but in
many cases the frequency-domain representation may be much more readily
interpreted. That is because the frequency spectrum F(ω) represents a time-
changing quantity (such as a voltage, wave amplitude, or field strength) not as
a series of values at different points in time, but rather as a series of sinusoidal
“frequency components” that add together to produce the signal or waveform
represented by the time-domain function f (t). Specifically, for a real time-
domain function f (t), at any angular frequency ω, the real part of F(ω) tells
you how much cos (ωt) is present in the mix, and the imaginary part of F(ω)

tells you how much sin (ωt) is present. And although the function f (t) that
represents the changes in a quantity over time can look quite complicated
when graphed, that behavior may be produced by a mixture of a reasonably
small number of sinusoidal frequency components. An example of that is
shown in Fig. 1.4, in which f (t) represents a time-varying quantity and F(ω),
the Fourier transform of f (t), is the corresponding frequency spectrum (for
simplicity, only the positive-frequency portion of the spectrum is shown). As
you can see, trying to determine the frequency content using the graph of f (t)

4 Note that this does not mean that you can find the Fourier transform F(ω) of any function
simply by substituting s = iω into the result of the Laplace transform F(s) – for that to work,
the region of convergence of the Laplace transform must include the σ = 0 axis in the complex
plane, as discussed in Section 1.5.
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Figure 1.4 (a) Time-domain function f (t) and (b) magnitude of frequency-
domain function F(ω).

shown in Fig. 1.4a would be quite difficult. But the graph of the magnitude
of the frequency-domain function |F(ω)| in Fig. 1.4b makes it immediately
obvious that there are four frequency components present in this waveform.
The frequency of each of those four components is given by its position along
the horizontal axis; those frequencies are 10, 20, 30, and 60 cycles per second
(Hz) in this case. The height of each peak indicates the “amount” of each
frequency component in the mix that makes up f (t); in this case those relative
amounts are approximately 0.38 at 10 Hz, 0.23 at 20 Hz, 1.0 at 30 Hz, and
0.62 at 60 Hz.

So that’s why it is often worth the effort to calculate the frequency
spectrum F(ω) by taking the Fourier transform of f (t). But how exactly does
multiplying f (t) by the complex exponential e−iωt and integrating the product
over time accomplish that?

You can get a sense of how the Fourier transform works by remembering
that multiplying f (t) by e−iωt is just like multiplying f (t) by cos (ωt) and by
−i sin ωt , so the Fourier transform can be written like this:

F(ω) =
∫ +∞

−∞
f (t)e−iωt dt

=
∫ +∞

−∞
f (t) cos (ωt)dt − i

∫ +∞

−∞
f (t) sin (ωt)dt .
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This form of the Fourier transform reminds you that when you use the
Fourier transform to generate the frequency spectrum F(ω), you are essentially
“decomposing” the time-domain function f (t) into its sinusoidal frequency
components (a series of cosine and sine functions that produce f (t) when
added together in proper proportions). To accomplish that decomposition, you
can use the functions cos (ωt) and sin (ωt) for every value of ω as “testing
functions” – that is, functions that can be used to determine whether these
frequency components are present in the function f (t). Even better, the process
of multiplication by these testing functions and integration of the product over
time is an indicator of “how much” of each frequency component is present in
f (t) (that is, the relative amplitude of each cosine or sine function). You can
see how that process works in the next section.

1.3 How These Transforms Work

To understand how the process of decomposing a time-domain function into its
sinusoidal frequency components works, consider the case in which the time-
domain function f (t) is simply a cosine function with angular frequency ω1.
Of course, for this single-frequency case you can see by inspection of a graph
of f (t) that this function contains only one frequency component, a cosine
function with angular frequency ω1, but the decomposition process works in
the same way when a cosine or sine function is buried among many other
components with different frequencies and amplitudes.

Figures 1.5 and 1.6 show what happens when you multiply f (t)= cos (ω1t)

by cosine and sine functions (the real and imaginary parts of e−iωt ). In Fig. 1.5,

t
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Figure 1.5 Multiplying f (t) = cos (ω1t) by (a) the real portion and (b) the
imaginary portion of e−iωt when ω = ω1.
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the frequency ω of the testing function exactly matches the frequency ω1 of
the time function f (t). As you can see in Fig. 1.5a, the peaks and valleys of
the cosine testing function line up in time with the peaks and valleys of f (t),
so the result of multiplying these two functions together is always positive, and
adding the products together over time results in a large real number (in fact,
it will be infinitely large if ω precisely matches ω1 and you integrate over all
time). So for f (t) = cos (ω1t), the multiply-and-accumulate process results in
a frequency spectrum F(ω) with a large real value at frequency ω1.

Now look at Fig. 1.5b. The same process of multiplication and summation
gives a very different result when the testing function is a (negative) sine func-
tion, even though the frequency of that sine function matches the frequency
(ω1) of f (t). Since the peaks and valleys of the sine function are offset from
the peaks and valleys of f (t), the result of multiplying these functions point
by point varies from positive to negative, and summing the products over time
and multiplying by −i results in a small imaginary number (which will be zero
if you integrate over all time, or over an integer number of cycles if f (t) is
periodic). That means that for f (t) = cos (ω1t), the multiply-and-accumulate
process results in a frequency spectrum F(ω) with a small imaginary value at
frequency ω1.

So that’s what happens when the frequency of the testing functions matches
a frequency component of f (t). What happens when you use testing functions
with frequencies that don’t match one of the frequency components of f (t)?

You can see two examples of that in Fig. 1.6. In Fig. 1.6a, the frequency of
the cosine testing function is twice the value of the sole frequency component
of f (t) (that is, ω = 2ω1). In this case, some of the peaks of the testing function
line up with the peaks of f (t), but others line up with valleys. That means that
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Figure 1.6 Multiplying f (t) = cos (ω1t) by the real portion of e−iωt when
(a) ω = 2ω1 and (b) ω = ω1/2.
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Figure 1.7 Multiplying f (t) = cos (ω1t) by the real portion of e−iωt with ω =
1.0001ω1 over time (a) 0 to 10 seconds, and (b) 30 000 to 30 010 seconds.

the multiplication results are both positive and negative, and integration over
time produces a small number. The same is true for the sine testing function,
so both the real and imaginary parts of the spectrum F(ω) are small in this
case. And if the frequency of the testing function is smaller than the frequency
component of f (t), the result is also small, as shown in Fig. 1.6b for the cosine
testing function with ω = ω1/2.

Seeing the results of these multiplications for frequencies such as ω = 2ω1

and ω = ω1/2, some students wonder why this “testing” process works when
the frequency of the testing function is only slightly different from a frequency
component of f (t) (rather than double or half of ω1 as shown in Fig. 1.6). For
example, if ω = 1.001ω1, the spacing between the peaks and valleys of the
testing function is only slightly smaller than the spacing between the peaks
and valleys of the function f (t) = cos (ω1t). In such cases, the point-by-
point multiplication process between the functions produces results with the
same sign over many cycles, unlike the examples shown above, so won’t the
integration process yield a large result for frequencies close to ω1?

The answer to that question is “No,” as long as the integration is performed
over all time, from t = −∞ to t = +∞. That is because no matter how tiny
the difference between ω and ω1 is, the slight difference in the spacing between
peaks and valleys of cos (ωt) and cos (ω1t) will eventually lead to the peaks
of one function lining up with the valleys of the other, causing the sign of the
product to become negative, as shown in Fig. 1.7b. And over all time, there will
be just as much negative product as positive, and the integration will yield zero
whenever ω does not equal ω1. This is why it is necessary to use a long time
window if you hope to distinguish frequencies that are close to one another
(that is, if you want your frequency spectrum to have “fine resolution”).
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Figure 1.8 (a) Real and (b) imaginary parts of frequency spectrum F(ω) produced
by the Fourier transform of f (t) = cos (ω1t).

So it’s through this point-by-point multiplication and integration process
that the Fourier transform produces a result of zero for F(ω) whenever f (t) is
multiplied by a sine or cosine with a frequency that doesn’t match one of the
frequency components that make up f (t) and the product is integrated over
all time. And when the frequency of the multiplying function does precisely
match one of the frequencies present in f (t), the peaks and valleys will all
align, the products will all be positive, and the result of integrating over all
time will be infinitely large.

This infinitely tall and infinitely narrow result of applying the Fourier
transform to the time-domain function f (t) = cos (ω1t) can be represented
graphically by a Dirac delta function located at the angular frequency ω that
matches the frequency component ω1 in f (t); this delta function is written as
δ(ω − ω1). And since the cosine function is an even function, which means
that cos (ωt) = cos (−ωt), the same result occurs at −ω. Hence the real part
of the frequency spectrum F(ω) of f (t) = cos (ω1t) has two spikes, one at
ω = +ω1 and the other at ω = −ω1, as shown in Fig. 1.8a. The imaginary part
of the frequency spectrum F(ω) of a pure cosine wave has zero amplitude at all
frequencies, as you can see in Fig. 1.8b, since no sine components are needed
to make up a pure cosine function.

As indicated in this figure, the spectrum F(ω) is written as

F(ω) = π [δ(ω + ω1) + δ(ω − ω1)], (1.9)

which often causes students to wonder about the origin and meaning of the
factor of π in front of each delta function. After all, isn’t π times infinity just
as large as infinity?

To understand where that factor comes from and what it means, remember
the inverse Euler relation for the cosine function (Eq. 1.5), which means the
Fourier transform for f (t) = cos (ω1t) can be written as
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F(ω) =
∫ +∞

−∞
f (t)e−iωt dt =

∫ +∞

−∞
[cos (ω1t)]e

−iωt dt

=
∫ +∞

−∞

(
eiω1t + e−iω1t

2

)
e−iωt dt

=
∫ +∞

−∞
e−i(ω −ω1)t

2
dt +

∫ +∞

−∞
e−i(ω+ω1)t

2
dt .

These integrals can be replaced with the definition of the Dirac delta function:

δ(ω) = 1

2π

∫ +∞

−∞
e−iωt dt (1.10)

or

δ(ω + ω1) = 1

2π

∫ +∞

−∞
e−i(ω+ω1)t dt,

δ(ω − ω1) = 1

2π

∫ +∞

−∞
e−i(ω−ω1)t dt,

(1.11)

which makes the Fourier transform of a pure cosine function

F(ω) =
∫ +∞

−∞
e−i(ω−ω1)t

2
dt +

∫ +∞

−∞
e−i(ω+ω1)t

2
dt

= 2π
δ(ω − ω1)

2
+ 2π

δ(ω + ω1)

2

= π [δ(ω + ω1) + δ(ω − ω1)]. (1.12)

So that’s where the factor of π comes from, but to understand the meaning
of a multiplicative term in front of a Dirac delta function, recall that the
delta function is actually a distribution rather than a function. The utility of
a distribution such as δ(x) is provided not by its numerical value at x = 0, but
rather by its effect on other functions. The relevant effect in this case is
produced by the “sifting” property of δ(x):∫ +∞

−∞
f (x)δ(x)dx = f (0). (1.13)

When the delta function appears under an integral such as this, the meaning of
a multiplicative term becomes clear:∫ +∞

−∞
f (x)[πδ(x)]dx = π

∫ +∞

−∞
f (x)δ(x)dx = πf (0). (1.14)

So in this case the delta function “sifts out” the value of the function at x = 0,
and it is that value that gets multiplied by π .
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Now consider the Fourier transform of the sum of two cosine functions
with different amplitudes and different angular frequencies, such as f (t) =
A cos (ω1t) + B cos (ω2t). In that case, the Fourier transform results in a
frequency spectrum given by

F(ω) =
∫ +∞

−∞
Ae−i(ω−ω1)t

2
dt +

∫ +∞

−∞
Ae−i(ω+ω1)t

2
dt

+
∫ +∞

−∞
Be−i(ω−ω2)t

2
dt +

∫ +∞

−∞
Be−i(ω+ω2)t

2
dt

= (πA)[δ(ω + ω1) + δ(ω − ω1)] + (πB)[δ(ω + ω2) + δ(ω − ω2)].

Thus the Fourier transform sorts the frequency components and tells you the
amplitude of each, as you saw in the example with four frequency components
shown in Fig. 1.4. A very similar analysis can be applied to the Fourier
transform of a pure sine function, although the presence of the factor of i in the
denominator of the inverse Euler relation for the sine function (Eq. 1.6) and the
sign difference between the exponential terms leads to a different result. Here
is the Fourier transform of the pure sine function f (t) = sin (ω1t):

F(ω) =
∫ +∞

−∞
f (t)e−iωt dt =

∫ +∞

−∞
(sin (ω1t))e

−iωt dt

=
∫ +∞

−∞

(
eiω1t − e−iω1t

2i

)
e−iωt dt

=
∫ +∞

−∞
e−i(ω−ω1)t

2i
dt −

∫ +∞

−∞
e−i(ω+ω1)t

2i
dt

= (iπ)[δ(ω + ω1) − δ(ω − ω1)], (1.15)

in which the relation 1/i = −(i ∗ i)/i = −i has been used. This purely
imaginary frequency spectrum is shown in Fig. 1.9. In this case, the real part
of the spectrum has zero amplitude everywhere, since no cosine components
are needed to make up a pure sine wave.

The process of transforming the time-domain function f (t) into the
frequency-domain function F(ω) using the Fourier transform (that is, of
decomposing a time function into its sinusoidal frequency components), is
sometimes referred to as “Fourier analysis”. The major steps in this process are
shown in Fig. 1.10. And as you may have surmised, there’s an inverse process
that “goes the other way,” meaning that it transforms the frequency-domain
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Figure 1.9 (a) Real and (b) imaginary parts of frequency spectrum F(ω) produced
by the Fourier transform of f (t) = sin (ω1t).
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Figure 1.10 Fourier analysis.

function F(ω) into the time-domain function f (t). That process is the inverse
Fourier transform, which can be written as

f (t) = 1

2π

∫ ∞

−∞
F(ω)eiωtdω. (1.16)

The most significant difference between the Fourier transform (sometimes
called the “forward Fourier transform”) and the inverse Fourier transform is
that the time-domain function f (t) and the frequency-domain function F(ω)

have switched positions. But notice also that there is a constant factor of
1/(2π) in front of the inverse transform, the multiplying function is eiωt rather
than e−iωt , and the integration is performed over frequency rather than time.
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Figure 1.11 Fourier synthesis.

The reasons for these differences are explained in Section 1.6, but for now you
should just be aware that the process of putting together sinusoidal functions
to produce a time-domain function is accomplished with the inverse Fourier
transform. That process is called “Fourier synthesis,” and its major steps are
shown in Fig. 1.11.

And just as the inverse Fourier transform converts the frequency-domain
function F(ω) to the time-domain function f (t), the inverse Laplace transform
converts the generalized frequency-domain (s-domain) function F(s) to the
time-domain function f (t). You can read more about inverse transforms in
Section 1.6, and you can see the inverse Laplace transform in action in each of
the examples in Chapter 2.

1.4 Transforms as Inner Products

Once you’ve achieved a reasonably good understanding of the Fourier trans-
form and how it works, you may benefit from a somewhat different perspective
on the process of finding the frequency spectrum of a time-domain signal. That
perspective comes from linear algebra and the treatment of functions as objects
that behave like vectors; a collection of these “generalized vectors” forms an
abstract vector space. If you’re not sure what that means, this may help: a space
of abstract vectors is called a “space” because it’s where all these objects can
be found, “abstract” because this space is not the same as the physical universe
we inhabit, and “vectors” because these objects obey the mathematical rules of
vectors. Those rules tell you how to add two or more vectors together, how to
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multiply vectors by scalars, and most importantly for this application, how
to multiply two vectors to form the “inner product” of those vectors.

What does this have to do with the mathematical operations of integral
transforms such as the Fourier transform? If you’ve ever studied the basics of
linear algebra, you may recognize the process of multiplying two functions
(such as f (t) and e−iωt ) point by point and continuously adding up the
result as a form of the inner product between two functions. And even if
you’ve never encountered that operation, you may remember how to find the
“dot product” (also called the “scalar product”) between two vectors, which
involves multiplying corresponding components and adding up the results.

To understand the connection between vectors and functions, recall that
vectors can be written or “expanded” as combinations of scalar coefficients
and directional indicators called “basis vectors.” So two vectors, �A and �B, can
be written as

�A = Axı̂ + Ayĵ + Azk̂

and

�B = Bxı̂ + Byĵ + Bzk̂, (1.17)

in which Ax , Ay , and Az represent the coefficients of vector �A, Bx , By , and Bz

represent the coefficients of vector �B, and ı̂, ĵ , and k̂ represent the Cartesian
basis vectors pointing in the directions of the x,y, and z axes, respectively.
Written this way, each vector appears as a linear combination of basis vectors,
with each basis vector weighted by the relevant coefficient. So the coefficients
tell you “how much” of each basis vector is present in the vector.

Importantly, the same vector may be written using different basis vectors,
so you could express vectors �A and �B using 2ı̂, 2ĵ , and 2k̂ as basis vectors, for
example, or using a completely different coordinate system such as spherical
coordinates with basis vectors r̂ , θ̂ , and φ̂. Of course, if you transform to
a system with different basis vectors, the vector coefficients will generally
change, because it may take different amounts of those new basis vectors to
make up the vector. But expanding the vector in terms of different basis vectors
does not change the vector itself, because the combination of coefficients and
basis vectors will add up to give the same vector.

In the three-dimensional Cartesian coordinate system, the dot or scalar
product between �A and �B can be written as

�A ◦ �B = AxBx + AyBy + AzBz = | �A| �B| cos θ, (1.18)

in which | �A| and | �B| represent the magnitudes (lengths) of vectors �A and �B
and θ is the angle between �A and �B.



1.4 Transforms as Inner Products 19

One useful way to interpret the meaning of the dot product between two
vectors is to consider the result of the dot product as an indication of how
much one vector lies in the direction of another vector. In other words, the dot
product can be used to answer the question “If I travel from the start to the end
of one of the vectors, how far have I gone in the direction of the other vector?”.
If the two vectors lie in approximately the same direction, the answer will be
larger than if the two vectors are nearly perpendicular. So the dot product is
largest when the two vectors lie in the same direction (cos 0◦ = 1), and the
dot product is zero when the two vectors are perpendicular to one another
(cos 90◦ = 0).

The dot product is especially helpful when one or both of the two vectors is
a basis vector. For example, the basis vectors ı̂, ĵ , and k̂ are frequently defined
to be “orthonormal,” meaning that each has unit magnitude (length of one) and
that each is perpendicular to the other two. In that case, dot products between
these basis vectors give these results:

ı̂ ◦ ı̂ = ĵ ◦ ĵ = k̂ ◦ k̂ = 1

ı̂ ◦ ĵ = ı̂ ◦ k̂ = ĵ ◦ k̂ = 0.

Now consider what happens when you form the dot product between one of
the orthonormal basis vectors and a vector such as �A:

ı̂ ◦ �A = ı̂ ◦ (Ax ı̂ + Ayĵ + Azk̂) = Ax(ı̂ ◦ ı̂) + Ay(ı̂ ◦ ĵ ) + Az(ı̂ ◦ k̂)

= Ax(1) + Ay(0) + Az(0) = Ax .

So if you want to find the x-component of vector �A, you can take the dot
product between the unit vector in the x-direction (ı̂) and �A. And you can find
the other components of �A using the other orthonormal basis vectors:

Ax = ı̂ ◦ �A Ay = ĵ ◦ �A Az = k̂ ◦ �A. (1.19)

Note that if the basis vectors are not orthogonal, the dot products between
different basis vectors will not be zero, and these simple relations will not
work.

Here is the key to understanding the Fourier transform from the perspective
of linear algebra: just as a vector can be decomposed into a weighted linear
combination of basis vectors, so too can a function be decomposed into a set
of “basis functions” that can be combined in the proper proportions to give
the desired function. In the case of a time-domain function such as f (t), the
basis functions are an infinite set of delta functions, one at every value of
time, and the coefficients are the values of the function f (t) at each time.
When you perform a Fourier transform on the function f (t), the result is
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the frequency spectrum F(ω), for which the basis functions are the sine and
cosine functions at every angular frequency, and the coefficients are the values
of the function F(ω) at each frequency. That is why you sometimes see the
Fourier transform described as an operation that changes from the “time basis”
to the “frequency basis”.

To extend the concept of functions as abstract vectors a bit further, recall
that whenever one vector is a positive multiple of another, such as vector �A
and vector 5 �A, those two vectors point in the same direction (although the
length of vector 5 �A is five times the length of vector �A). Likewise, a function
that is a multiple of another function, such as cos (ωt) and 5 cos (ωt), can be
thought of as “lying in the same direction” in the abstract vector space that
contains the functions. And just as two vectors are perpendicular when their
dot product (formed by multiplying corresponding components and adding
up the results) equals zero, two functions are considered to be orthogonal if
their inner product (formed by multiplying the functions point by point and
continuously summing the results) equals zero. So just as there are “lengths”
and “directions” in the vector space containing vectors such as �A and 5 �A,
there are generalized “lengths” and “directions” in the abstract vector space
that contains functions such as sin (ωt) and cos (ωt).

What makes the complex exponential function eiωt (and the sinusoidal
functions that it encompasses) especially useful as basis functions is that the
functions sin (ωt) and cos (ωt) are orthogonal to one another (they have zero
inner product when integrated over all time or over any integral number of
cycles, as explained in the previous section), and the functions cos (ω1t) and
cos (ω2t) are orthogonal whenever ω1 does not equal ω2. This is the foundation
of the “orthogonality relations” between sinusoidal functions, and it means that
the sin (ωt) and cos (ωt) functions form a set of orthogonal basis functions.

Just as you can use the dot product to find the amount of each orthogonal
basis vector present in a vector (as in Eq. 1.19), you can also use the inner
product to find the amount of each orthogonal basis function in any function.
The inner product between two functions g(t) and f (t), often written as 〈g,f 〉,
is defined as

〈g,f 〉 ≡
∫ +∞

−∞
g∗(t)f (t)dt, (1.20)

in which the asterisk in g∗(t) indicates the complex conjugate.5

5 You can find an explanation of why the complex conjugate is needed, along with more details
about functions as abstract vectors in the “Vectors and Functions” document on this book’s
website.
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Applying the inner product to complex exponential basis functions eiωt and
the time-domain function f (t) looks like this:

〈eiωt,f (t)〉 =
∫ +∞

−∞
(eiωt )∗f (t)dt =

∫ +∞

−∞
f (t)e−iωt dt (1.21)

and comparison to Eq. 1.7 shows that this inner product equation is identical to
the equation of the Fourier transform. Hence you can consider the frequency
spectrum F(ω) to be the inner product between orthogonal sine and cosine
basis functions and f (t).

Whether you think of the Fourier transform as multiplying the time-domain
function f (t) by sinusoids and integrating over time or as taking the inner
product between functions, the result is the same: F(ω) tells you the “amount”
of each frequency component present in the function f (t). The Laplace
transform output F(s) also tells you about the frequency content of a time-
domain function, but the presence of the real part σ in the complex frequency
parameter s permits the Laplace transform to exist in some cases in which
the Fourier transform does not. The next section of this chapter explains why
that is true and describes some important differences between the frequency
spectrum F(ω) produced by the Fourier transform and the output F(s) of the
Laplace transform.

1.5 Relating Laplace F(s) to Fourier F(ω)

As described in Section 1.2, the equation for the bilateral Laplace transform is
identical to the equation for the Fourier transform when the real part σ of the
complex frequency s = σ + iω is zero, making the term e−σ t in the Laplace
transform equal to one. But the real power of the Laplace transform comes
about when σ is not zero and e−σ t is not one. The goal of this section is to
help you understand the meaning of σ and role of the real exponential term
e−σ t in allowing the Laplace transform to operate on time-domain functions
f (t) for which the Fourier transform does not exist.

An expanded version of the bilateral (two-sided) Laplace transform is
shown in Fig. 1.12. Note that when σ is not equal to zero, f (t) is multiplied
not only by e−iωt as in the Fourier transform, but also by e−σ t .

By grouping the e−σ t term with f (t), you can see that the Laplace
transform operates in the same way as the Fourier transform, with an important
difference: that operation is performed not on f (t), but on f (t) multiplied
by the real exponential e−σ t . Unlike the complex exponential e−iωt , which
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Figure 1.12 Bilateral Laplace transform equation.

oscillates sinusoidally over time, the real exponential e−σ t increases (if σ is
negative) or decreases (if σ is positive) monotonically with increasing time.

So what is the benefit of multiplying f (t) by the real exponential e−σ t

before performing a transform? In some cases, the Fourier transform of a time-
domain function doesn’t exist because the integral in the Fourier transform
doesn’t converge – that is, the continuous sum of the product of f (t) and the
complex exponential e−iωt is infinite. For example, recall from the discussion
in Section 1.3 that the integral in the Fourier transform of a pure cosine wave
f (t) = cos (ω1t) (which, by definition, goes on forever) gives an infinite result
when the angular frequency ω of the testing function matches ω1. In that
case, the frequency spectrum F(ω) could be written in closed form only by
substituting the definition of an infinitely tall and infinitely thin distribution
(the Dirac delta function) in place of the integral of a complex exponential
over all time .

For many time-domain functions f (t), the difficulty of nonconverging
integrals in the transform can be avoided by multiplying f (t) by a factor
that decreases over time before operating with the Fourier transform (that
is, before multiplying by the complex exponential e−iωt and integrating over
time). The real exponential e−σ t is just such a factor, as long as σ is a positive,
real constant and you perform the integration over positive time only. This
may seem like a severe restriction, but many practical applications of integral
transforms involve causal functions of time, which means that f (t) = 0 for
all values of t less than zero. But even when you’re dealing with noncausal
functions that may grow large at increasingly negative values of time, you may
still be able to achieve convergence by using negative values of σ , since the
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Figure 1.13 Product of exponential-decay term and cos (ω1t) for σ = 1/sec,
2/sec, and 3/sec.

real exponential factor e−σ t decreases as time becomes more negative if σ is
also negative.

Of course, the Laplace transform integral will still yield an infinite result
if the time-domain function f (t) increases faster over time than the e−σ t

factor decreases. And what determines how fast e−σ t decreases with time?
The value of σ .

A closer look at the meaning of σ makes it clear that σ is indeed a type of
frequency (recall from Section 1.1 that σ has SI units of 1/seconds). To see
that, consider the value of e−σ t if both σ and t equal one. At that instant, the
factor e−σ t = e−(1)(1) = 1

e
= 0.368, which means the envelope of whatever

you’ve multiplied by this factor, such as the cos (ω1t) function in Fig. 1.13, has
been reduced by 63.2% from its value at time t = 0. But if σ = 2, then at that
same time (t = 1), the factor e−σ t = e−(2)(1) = 1

e
1
e

= 0.135, which means
the amplitude has decreased by 86.5%. And if σ = 3, then after one second
e−σ t = ( 1

e

)3 = 0.05, a decrease in amplitude of 95.0%.
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In other words, in the factor e−σ t , σ tells you the number of “ 1
e

steps” by
which the amplitude is reduced per unit time. And the number of steps per unit
time (steps per second in SI units) can reasonably be characterized as a type of
frequency.

For a constant-envelope function such as sine or cosine functions, any
amount of amplitude decay over time suffices to drive the function to zero
after infinite time, so any value of σ greater than zero in the function e−σ t will
prevent the integral in the Laplace transform of a purely sinusoidal function
from blowing up. But other time-domain functions, such as an exponentially
increasing function, require multiplication by a more-sharply decaying factor
(that is, a larger value of σ ) to keep the integration result finite. For this reason,
you’ll often see a “region of convergence” (ROC) specified for the Laplace
transform of a particular time-domain function f (t).

The ROC is generally specified as a range of values of s for which the
Laplace transform integral converges, such as s > 0 for pure sine and cosine
functions. But s = σ + iω is complex, so what exactly does s > 0 mean?
Since it is the real part of s that determines the rate of decay of the factor e−σ t ,
you can interpret s > 0 to mean σ > 0. Hence the results of the integration are
finite as long as the real part σ of the complex frequency s exceeds the specified
value.

You may be wondering whether time-domain functions exist for which
no value of σ is sufficient to cause the integral in the Laplace transform to
converge. Yes, they do, and the time-domain function f (t) = et2

is an example
of such a function for which the Laplace transform does not exist. But the
Laplace transform definitely does exist for any function that is of “exponential
order” and that is “piecewise continuous”.6

And exactly what does it mean for a function f (t) to be of exponential
order? Just that there exists an exponential function Mec0t for some constants
M and c0 that is larger than the absolute value of f (t) after some time t = T .
That’s because if such a function exists, the exponential term e−st in the
Laplace transform ensures that the product f (t)e−st does not grow without
limit for some value of s.

The other property, piecewise continuity, defines a function as piecewise
continuous over an interval as long as the function is continuous (that is, has
no discontinuities) over a finite number of subintervals, and any discontinuities
at the ends of the subintervals are finite (that is, the difference between the

6 The Laplace transform of a function may exist even if these two conditions are not satisfied, but
if they are satisfied, then the Laplace transform is guaranteed to exist. In other words, these two
conditions are sufficient but not necessary for the Laplace transform to exist.



1.5 Relating Laplace F(s) to Fourier F(ω) 25

function’s value just before and just after each discontinuity cannot be
infinitely large). This means that if f (t) is piecewise continuous the contri-
butions to the Laplace integral of discontinuities between subintervals must be
finite. So as long as f (t) is piecewise continuous and also of exponential order,
the integral in the Laplace transform will converge.

Happily, most functions of interest in practical applications of the Laplace
transform meet both of these conditions, which means that the Laplace trans-
form of such functions does exist, because the integral of f (t)e−st does
converge. In that case, the relationship between the Laplace transform and the
Fourier transform can be summarized like this: if they both exist, the two-sided
Laplace transform of the time-domain function f (t) produces the same result
as the Fourier transform of the modified function f (t)e−σ t .

And how does the one-sided Laplace transform, with its lower integration
limit of 0−, relate to the Fourier transform? For functions that are continuous
across time t = 0 (that is, functions that do not have a discontinuity at t = 0),
the one-sided Laplace transform of a time-domain function f (t) produces the
same result as the Fourier transform (if it exists) of the modified function
f (t)u(t)e−σ t , in which u(t) represents the Heaviside unit-step function.
The Heaviside function has amplitude zero for all negative time t < 0 and
amplitude one for t ≥ 0, so multiplying the time function f (t) by this step
function u(t) has the effect of setting f (t) = 0 for all negative time.

To see that the one-sided Laplace transform of f (t) and the Fourier
transform of f (t)u(t)e−σ t produce the same result, consider the case of
f (t) = cos (ω1t). The Fourier transform of f (t)u(t)e−σ t looks like this:

F(ω) =
∫ +∞

−∞
f (t)u(t)e−σ t e−iωt dt,

which for f (t) = cos (ω1t) is

F(ω) =
∫ +∞

−∞
(cos (ω1t))u(t)e−σ t e−iωt dt

=
∫ +∞

−∞

(
eiω1t + e−iω1t

2

)
u(t)e−σ t e−iωt dt

=
∫ +∞

0

(
eiω1t + e−iω1t

2

)
e−σ t e−iωt dt

=
∫ +∞

0

(
ei(ω1 −ω)t + e−i(ω1 +ω)t

2

)
e−σ tdt



26 1 The Fourier and Laplace Transforms

=
∫ +∞

0

e−[σ + i(ω −ω1)]t + e−[σ+i(ω1 +ω)]t

2
dt

= −1

2

[
e−[σ + i(ω−ω1)]t

σ + i(ω − ω1)
+ e−[σ + i(ω +ω1)]t

σ + i(ω + ω1)

]∣∣∣∣
+∞

0
.

Inserting the upper limit of +∞ for t into the exponentials makes the
numerator for both terms equal to zero as long as σ > 0, and inserting the
lower limit of 0 for t makes both numerators equal to one (with a minus sign
since this is the lower limit). So this evaluates to

F(ω) = 1

2

[
1

σ + i(ω − ω1)
+ 1

σ + i(ω + ω1)

]

= 1

2

[
1

(σ + iω) − iω1
+ 1

(σ + iω) + iω1

]

= 1

2

[
(σ + iω) + iω1

[(σ + iω) − iω1][(σ + iω) + iω1]

+ (σ + iω) − iω1

[(σ + iω) + iω1][(σ + iω) − iω1]

]

= 1

2

[
(σ + iω) + iω1 + (σ + iω) − iω1

(σ + iω)2 + ω2
1

]
= 1

2

[
2(σ + iω)

(σ + iω)2 + ω2
1

]
.

Thus

F(ω) = σ + iω

(σ + iω)2 + ω2
1

(1.22)

as long as σ > 0.
In Chapter 2, you can find the results F(s) of the unilateral Laplace

transform for a variety of time-domain functions, including the pure cosine
function f (t) = cos (ω1t). As you’ll see, in that case F(s) is given by

F(s) = s

s2 + ω2
1

(1.23)

with a ROC of s > 0, which agrees with the Fourier transform results given by
Eq. 1.22 since s = σ + iω.

As this example demonstrates, the unilateral Laplace transform finds the
sine and cosine functions that mix together to give f (t)e−σ t for positive
time (t > 0). But the Laplace transform is “invertible,” which means that
the original time-domain function f (t) can be recovered from F(s) using
an inverse transform. So if the time-domain function f (t) is modified by the
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factor e−σ t when F(s) is found using the forward Laplace transform, how
does the inverse Laplace transform recover the original time-domain function
f (t) rather than f (t)e−σ t? As you will see in Section 1.6, the inverse Laplace
transform includes a factor of e+σ t , and that factor compensates for the e−σ t

factor by which f (t) was modified in the forward-transform process.
One useful characteristic of F(s), the result of taking the Laplace transform

of a piecewise, exponential-order time-domain function, is that F(s) must
approach zero as s approaches infinity:

lim
s→∞ F(s) = 0. (1.24)

So whenever you take the Laplace transform of a time-domain function, it’s a
good idea to check that your expression for F(s) goes to zero in the limit as s

goes to infinity.
An alternative perspective of the Laplace transform that you may find help-

ful considers the real exponential factor e−σ t as a modifier of the sinusoidal
basis functions (eiωt ) rather than the time-domain function f (t). In that case,
the basis functions are not the constant-amplitude sine and cosine functions
illustrated in Fig. 1.3 and described in Section 1.4; instead they are complex
sinusoids weighted by the factor e−σ t , an example of which is shown in
Fig. 1.14.

If you take this perspective, you should note that these exponentially
growing or decaying basis functions have a very important difference from
purely sinusoidal basis functions: they are not orthogonal to one another. That
is, unlike sine and cosine functions, or cosine functions at different frequencies,
the “direction” of one of these basis functions in the abstract vector space
they inhabit is not perpendicular to the direction of the other basis functions
(the inner product between them is not always zero). That means that the
results of the inner-product operation between each basis function e(σ+iω)t

and f (t) cannot be interpreted simply as the “amount” of that basis function
(and no other) in f (t), as is done for the vector components in Eq. 1.19
using orthogonal basis vectors. What does this mean about the output F(s)

of the Laplace transform? Only that the process of reconstructing the time-
domain function f (t) from F(s), specifically the integration over the complex
frequency parameter s, must be performed in a certain way. That process is
described in detail in Section 1.6.

Students often find it helpful to see plots of the results of Laplace trans-
forms, but since the Laplace parameter s is complex, showing F(s) as a
function of both the real part σ and the imaginary part ω of s means that you’re
going to need another dimension. A third dimension can be shown by “laying
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Figure 1.14 A complex sinusoidal basis vector modified by a real exponential
factor e−σ t with ω = 20 rad/sec and σ = 1/sec.

the s-plane on the floor” and adding another axis perpendicular to that plane,
as in Fig. 1.15. In this figure, the magnitude of the complex frequency function
F(s) is plotted on the new (vertical) axis; the F(s) used in this figure is the
unilateral Laplace transform of the pure cosine function f (t) = cos (ω1t).

If you look closely at Fig. 1.15, you can see that F(s) differs from the
frequency spectrum of a pure cosine function found by the Fourier transform,
which consists of Dirac delta functions at angular frequencies −ω1 and +ω1.
The peaks in F(s) at −ω1 and +ω1 are clearly not infinitely tall, nor are they
infinitely thin. There are two reasons for these differences between F(s) and
F(ω): in the Laplace transform, the time-domain function f (t) is modified
by the real exponential factor e−σ t , and the integral in the unilateral Laplace
transform has a lower limit of t = 0− rather than t = −∞. You can think of
this lower-limit difference as arising either from multiplying the time-domain
function f (t) by the Heaviside step function u(t) prior to integration or from
using the unilateral rather than the bilateral Laplace transform. Either way,
the result is the same: additional frequency components are needed to ensure
that f (t) has zero amplitude for all negative time (t < 0) and to produce the
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Figure 1.15 Three-dimensional s-plane plot of the magnitude of the Laplace
transform result |F(s)| for f (t) = cos (ω1t) with ω1 = 20 rad/sec and σ = 1/sec.

decreasing amplitude of the e−σ t factor. At larger values of σ , the decrease
in amplitude of the modified time-domain function is faster, and narrowing a
time-domain function increases its width in the frequency domain.

You can see this happening in Fig. 1.16, which shows F(s) for the same
time-domain function f (t) as the previous figure, but with increasing values
of σ . At larger values of σ , the frequency peaks are both wider and not as tall
due to the faster decay rates produced by larger σ . The key point for plots such
as these is that within the ROC of the Laplace transform, the Fourier transform
of the modified time-domain function f (t)u(t)e−σ t and the unilateral Laplace
transform of f (t) yield identical results.

Another type of plot you may also encounter in books and websites dealing
with the Laplace transform shows F(s) as a continuous surface above the
s-plane, as in Fig. 1.17. In this plot, the magnitude of F(s), the Laplace
transform of the time-domain function f (t) = cos (ω1t), is shown for values
of σ ranging from 0.5/sec to 5/sec and values of ω ranging from −50 rad/sec
to 50 rad/sec.

In some texts, you may also see s-plane plots of F(s) that are not restricted
to the ROC of the integral in the Laplace transform. This causes some readers
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Figure 1.16 |F(s)| for f (t) = cos (ω1t) with ω1 = 20 rad/sec and σ = 1/sec,
2/sec, 3/sec, 4/sec, and 5/sec.
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Figure 1.17 Surface plot of |F(s)| for f (t) = cos (ω1t) with ω = 20 rad/sec and
σ increasing in small steps from 0.5/sec to 5/sec.
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Figure 1.18 Real and imaginary parts of F(s) for f (t) = cos (ω1t).

to wonder how the behavior of F(s) can be determined in regions in which the
defining integral does not converge. The answer is that a power-series process
called “analytic continuation” can be used to extend the domain of a complex
function to additional points; in this case those additional points are values of
s outside the ROC. You can find links to helpful resources with more detail
about analytic continuation on this book’s website.

When you see three-dimensional plots of the results F(s) of the Laplace
transform, it’s important to remember that both the generalized frequency s

and the Laplace transform result F(s) may be complex. So although you’re
seeing the real part (σ ) and imaginary part (ω) of s on the x- and y-axes, the
z-axis can’t show both the real part and the imaginary part of F(s). That’s why
the magnitude of F(s) is plotted on the z-axis in Figs. 1.15, 1.16, and 1.17.

As an alternative to plotting the magnitude of F(s) on the z-axis, you
may also see three-dimensional s-plane plots with the real or imaginary
part of F(s) on the z-axis, or perhaps the phase of F(s), given by
tan−1 {Im[F(s)]/Re[F(s)]}. It’s also common to show a single slice through
the real or imaginary part of F(s) taken along a line of constant σ , as in
Fig. 1.18. In this case, slices through the real and imaginary parts of the
Laplace transform of f (t) = cos (ω1t) with ω1 = 40 rad/sec have been taken
along the σ = 3/sec line.

For comparison, slices through the real and imaginary parts of the Laplace
transform F(s) along the σ = 3/sec line for f (t) = sin (ω1t) are shown in
Fig. 1.19. The important point is that when you encounter such plots you
should keep in mind that the quantity being plotted on the vertical axis is
complex, so it’s typically the magnitude, real part, imaginary part, or phase
of F(s) (but not all four) that appears on the plot.
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Figure 1.19 Real and imaginary parts of F(s) for f (t) = sin (ω1t).

Another s-plane plot that’s often shown in engineering applications of the
Laplace transform is the “pole-zero” plot. In these plots, values of s at which
F(s) approaches ∞ (called poles) are marked with an “x,” and values of
s at which F(s) equals zero (called zeros) are marked with an “o.” It is
straightforward to find these locations (that is, values of σ and ω) if you express
F(s) as a ratio of polynomials, because the roots of the numerator polynomial
are the zeros and the roots of the denominator polynomial are the poles.

Here is an example: as shown in Eq. 1.23 and derived in Chapter 2, the
Laplace transform of the cosine function f (t) = cos (ω1t) is F(s) = s

s2 +ω2
1
.

That means that there’s a single zero at s = 0 (the origin of the s-plane),
because the numerator of F(s) is zero when s = 0. As for poles, there are
two, because the denominator of F(s) goes to zero when s = iω1 and when
s = −iω1. So the poles in this case both lie along the σ = 0 line, one at ω = ω1

and the other at ω = −ω1. You can see the pole-zero diagram for this case in
Fig. 1.20a.

The number and location of the s-plane poles and zeros depends on the
function f (t) and its Laplace transform F(s). For example, as you’ll see in
Chapter 2, the Laplace transform of the function f (t) = eat is F(s) = 1

s−a
,

which has no zeros (since the numerator of F(s) never equals zero) and a
single, real pole at s = a (which makes the denominator zero). A pole-zero
diagram for this case is shown in Fig. 1.20b.

Pole-zero diagrams are especially useful in assessing and specifying the
performance of signal-processing and control systems; you can see additional
examples in one of the chapter-end problems and its online solution. And
there are some very useful rules relating the ROC to the poles of the Laplace
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transform, as described in the “Regions of Convergence” document on this
book’s website.

1.6 Inverse Transforms

It may help you to develop a deeper understanding of the meaning of the
frequency-domain function F(ω) produced by the Fourier transform and
the complex-frequency function F(s) produced by the Laplace transform by
considering the inverse transform. As mentioned in Section 1.3, the inverse
Fourier transform “goes the other way” by converting the frequency spectrum
F(ω) into the time-domain function f (t). Likewise, the inverse Laplace
transform converts the complex-frequency function F(s) into the time-domain
function f (t); you can see how that process works for each of the Laplace
transform examples in the next chapter.

To understand the differences between the forward and inverse Fourier and
Laplace transforms, recall that the mathematical expression for the forward
Fourier transform can be written like this:

F(ω) =
∫ +∞

−∞
f (t)e−iωtdt (1.7)
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and the mathematical expression for the inverse Fourier transform can be
written like this:

f (t) = 1

2π

∫ ∞

−∞
F(ω)eiωtdω. (1.16)

It’s apparent that these transforms go in opposite directions, since the positions
of the functions F(ω) and f (t) are switched, and the integration is performed
in the domain of the function being transformed. But, as mentioned in
Section 1.3, there are two other differences: the sign of exponent in the
multiplicative term eiωt is positive in the inverse transform and negative in
the forward transform, and the inverse transform has a factor of 1

2π
in front of

the integral.
You should understand that the exact form of these equations is a matter of

convention rather than fundamental mathematics, so you may encounter books
and websites in which the sign of the complex exponential is negative in the
inverse Fourier transform and positive in the forward transform; you may also
see the factor of 1

2π
applied to the forward rather than the inverse transform (or

shared between them, as described below).
The role of the sign of the exponent in the term eiωt in the inverse Fourier

transform can be understood by remembering that the inverse transform syn-
thesizes the time-domain function f (t) by weighting and combining sinusoidal
basis functions such as cos (ωt) and sin (ωt). Recall also that Euler’s relation
tells you that the sign of the exponent in the expression e±iωt tells you the sign
of the sine-function basis components:

e±iωt = cos (ωt) ± i sin (ωt), (1.4)

so a positive sign in the exponent means that the sine component is positive. In
other words, the contribution of the sine-function components to f (t) is zero
at the starting time (t = 0) and is positive for the first half-cycle in positive
time (t > 0).

As mentioned above, it is possible to define the inverse Fourier transform as
having a negative sign in the exponential term – in that case, the contributions
to the time-domain function f (t) from the sine-function components are
negative for the first half-cycle after t = 0. Using that convention, the forward
Fourier transform must have a positive sign in the exponent of eiωt to ensure
that the inverse transform of the function F(ω) produced by the forward
transform returns the original time-domain function f (t).

To see how that works, and to understand why there is a factor of 1
2π

in front
of the integral in the inverse Fourier transform, write the constant “c1” rather
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than 1
2π

in the inverse transform. That makes the expression for the inverse
Fourier transform of f (t) look like this:

f (t) = c1

∫ ∞

−∞
F(ω)eiωtdω.

Now observe what happens when you take the inverse Fourier transform of the
forward Fourier-transform output F(ω):

f (t) = c1

∫ ∞

ω=−∞
F(ω)eiωtdω = c1

∫ ∞

ω=−∞

[∫ +∞

τ=−∞
f (τ)e−iωτ dτ

]
eiωtdω,

in which the time variable τ has been used as the argument of the function
f (τ) to differentiate it from the time variable t of the inverse transform.

Since the exponential term e−iωt does not depend on the separate time
variable τ , it can be moved inside the integral over τ , giving

f (t) = c1

∫ ∞

ω=−∞

∫ +∞

τ=−∞
f (τ)e−iωτ eiωtdτdω

= c1

∫ ∞

ω=−∞

∫ +∞

τ=−∞
f (τ)e−iω(τ−t)dτdω.

Switching the order of integration (which you can do as long as the integrals
converge) makes this

f (t) = c1

∫ ∞

τ=−∞

∫ +∞

ω=−∞
f (τ)e−iω(τ−t)dωdτ

= c1

∫ ∞

τ=−∞
f (τ)

[∫ +∞

ω=−∞
e−iω(τ−t)dω

]
dτ .

As described in Section 1.3, the integral inside the square brackets can be
replaced by a Dirac delta function∫ +∞

ω=−∞
e−iω(τ−t)dω = 2πδ(τ − t),

so

f (t) = c1

∫ +∞

τ=−∞
f (τ) [2πδ(τ − t)] dτ

= c1(2π)

∫ +∞

τ=−∞
f (τ)δ(τ − t)dτ = c1(2π)f (t),
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in which the sifting property of the delta function has been used. Dividing both
sides by f (t) and solving for the constant c1 gives

1 = c1(2π).

c1 = 1

2π
.

So if you use the form of the forward Fourier transform shown in Eq. 1.7,
the inverse Fourier transform must include the multiplicative constant 1

2π
if you

want the inverse transform of F(ω) to return the original time-domain function
f (t). You should note that many authors choose to “split the constant” between
the forward and inverse transform by defining the forward Fourier transform as

F(ω) = 1√
2π

∫ +∞

−∞
f (t)e−iωt dt

and the inverse Fourier transform as

f (t) = 1√
2π

∫ ∞

−∞
F(ω)eiωtdω

while others attach the factor of 1
2π

to the forward rather than the inverse
transform. You may use whichever of these approaches you prefer, as long as
the product of the constants you include in the forward and inverse transform
is 1

2π
.

You may also encounter texts which employ the linear frequency f

(sometimes written as ν) rather than the angular frequency ω in defining the
Fourier transform and its inverse. In that case, the forward Fourier transform
can be written as

F(ν) =
∫ +∞

−∞
f (t)e−i2πνtdt

and the inverse Fourier transform as

f (t) =
∫ ∞

−∞
F(ν)ei2πνtdν.

No matter which form of the Fourier transform you use, having a good
understanding of the relationship between the forward and inverse Fourier
transforms can definitely make it easier to comprehend the form and function
of the inverse Laplace transform and its relationship to the forward Laplace
transform. But since the Laplace transform involves the complex frequency s

rather than the real frequency ω, there are some important differences between
the inverse Laplace transform and the inverse Fourier transform.
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Those differences are readily apparent in the mathematical expression for
the inverse Laplace transform, often written like this:

f (t) = L−1[F(s)] = 1

2πi

∫ σ+i∞

σ−i∞
F(s)est ds, (1.25)

in which the symbol L−1 represents the inverse Laplace transform operator
and, as usual, s = σ + iω represents the complex frequency. If the s-domain
function F(s) used in this equation is the result of the unilateral Laplace
transform, the time-domain function f (t) synthesized by this approach is zero
for times t < 0. For times t > 0, this equation tells you how to find the time
function f (t) from the complex-frequency function F(s), just as the inverse
Fourier transform tells you how to find f (t) from F(ω).

Comparing Eq. 1.25 for the inverse Laplace transform to Eq. 1.16 for
the inverse Fourier transform, you may notice that beyond replacing the
real frequency ω with the complex frequency s, there’s a factor of i in the
denominator, and the limits of integration are complex, with real part σ and
imaginary parts of ±∞.

Those differences arise from the fact that the integration in the inverse
Laplace transform operates in the complex-frequency domain. That’s a form of
integration that you may not have seen before – it involves a line integral in the
complex plane, called contour integration. You can find a brief discussion of
contour integration with references and links to helpful websites on this book’s
website, but you can understand Eq. 1.25 for the inverse Laplace transform by
realizing that this integral operates on a line of constant σ extending from
ω = −∞ to ω = +∞. And since s = σ + iω, ds

dω
= i, and dω = ds

i
, which

accounts for the factor of i in the denominator of Eq. 1.25.
Does this equation for the inverse Laplace transform give the time-domain

function f (t) for a given value of σ? Yes it does, and you can see this process
in action for each of the Laplace-transform examples in the next chapter.

Although it’s worth your time to make sure you understand how the
inverse Laplace transform is implemented by Eq. 1.25, in practice the inverse
transform is often found by other methods. One common approach when you
know the complex-frequency function F(s) and you wish to determine the
time function f (t) is simply to consult a table of Laplace transforms; if the
function F(s) in which you’re interested is included in the table, you can read
off the corresponding function f (t). Of course, tables of Laplace transforms
typically contain only basic functions, but even if your F(s) is not listed,
it may be possible to use the Laplace-transform characteristics discussed in
Chapter 3 to relate a complicated function to those basic functions. In some
cases, techniques such as partial fractions and series methods may be helpful
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in converting a complicated function F(s) into a group of simpler functions,
and those simpler functions may appear in the table. This book’s website has
an overview of the partial-fraction technique along with helpful references and
links to relevant resources.

Before you move on to the examples of the Laplace transform presented in
the next chapter, I strongly recommend that you work through the problems
provided in the final section of this chapter. As you do so, remember that full
interactive solutions for every problem are available on this book’s website.

1.7 Problems

1. Make phasor diagrams to show how the counter-rotating phasors eiωt and
e−iωt can be combined to produce the functions cos (ωt) and sin (ωt) as
given by Eqs. 1.5 and 1.6.

2. Use the definition of the Fourier transform (Eq. 1.7) and the sifting
property (Eq. 1.13) of the Dirac delta function δ(t) to find the frequency
spectrum F(ω) of δ(t).

3. Find the frequency spectrum F(ω) of the constant time-domain function
f (t) = c. Then find and sketch F(ω) for the time-limited function
f (t) = c between t = −t0 and t = +t0 and zero elsewhere.

4. Use the definition of the inverse Fourier transform (Eq. 1.16) to show that
f (t) = cos (ωt) is the inverse Fourier transform of F(ω) given by
Eq. 1.12 and that f (t) = sin (ωt) is the inverse Fourier transform of
F(ω) given by Eq. 1.15.

5. If vector �A = 3ı̂ − 2ĵ + k̂ and vector �B = 6ĵ − 3k̂, what are the
magnitudes | �A| and | �B|, and what is the value of the scalar product
�A ◦ �B?

6. For the vectors �A and �B defined in the previous problem, use Eq. 1.18
and the results of the previous problem to find the angle between �A
and �B.

7. The Legendre functions of the first kind, also called Legendre
polynomials, are a set of orthogonal functions that find application in a
variety of physics and engineering problems. The first four of these
functions are

P0(x) = 1 P2(x) = 1

2

(
3x2 − 1

)

P1(x) = x P3(x) = 1

2

(
5x3 − 3x

)
.
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Show that these four functions are orthogonal to one another over the
interval from x = −1 to x = +1.

8. Find the Fourier transform F(ω) of the modified function f (t)u(t)e−σ t

for f (t) = sin (ω1t) following the approach used in Section 1.5 for the
modified cosine function. Compare your result to Eq. 2.17 in Chapter 2
for the unilateral Laplace transform F(s) of a sine function.

9. Show that the limit as s approaches infinity for F(s) = s

s2 +ω2
1

(Eq. 1.23)

is zero, in accordance with Eq. 1.24.
10. Make pole-zero diagrams for the s-domain functions F(s) = 3s + 2

s2 − s − 2

and F(s) = 2s

s2 + 4s + 13
.



2
Laplace-Transform Examples

Becoming familiar with the Laplace transform F(s) of basic time-domain
functions f (t) such as exponentials, sinusoids, powers of t , and hyperbolic
functions can be immensely useful in a variety of applications. That is because
many of the more complicated functions that describe the behavior of real-
world systems and that appear in differential equations can be synthesized as a
mixture of these basic functions. And although there are dozens of books and
websites that show you how to find the Laplace transform of such functions,
much harder to find are explanations that help you achieve an intuitive
understanding of why F(s) takes the form it does, that is, an understanding
that goes beyond “That’s what the integral gives”. So the goal of this chapter
is not just to show you the Laplace transforms of some basic functions, but to
provide explanations that will help you see why those transforms make sense.

Another reason for using simple time-domain functions as the examples
in this chapter is that simple functions illustrate the process of taking the
Laplace transform with minimal mathematical distraction and can help you
understand the meaning of the result F(s). But even these simple time-domain
functions may be combined to produce more complicated functions, and the
characteristics of the Laplace transform described in Chapter 3 often allow
you to determine F(s) for those functions by combining the transform results
of simpler functions. There is no simpler time-domain function than a real,
constant value that exists over all time, so that’s the first example (Section 2.1),
followed by exponential functions in Section 2.2, sinusoidal functions in
Section 2.3, power functions of the form tn in Section 2.4, and hyperbolic
functions in Section 2.5. As in every chapter, the final section contains a set of
problems that allow you to check your understanding of the material presented
in this chapter.

40
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Figure 2.1 (a) Constant time-domain function f (t) and (b) modified f (t).

2.1 Constant Functions

An all-time constant function can be written as

f (t) = c, (2.1)

in which c represents the unchanging, real value of the function from t = −∞
to t = +∞.

This time-domain function can be considered to have a frequency of zero,
since frequency is determined by the number of cycles per second (or radians
per second for angular frequency), and there are no cycles in this case.
Electrical engineers often call an unchanging signal described by f (t) = c

a “DC” signal to distinguish it from an “AC” signal that varies from positive to
negative over time.1 A plot of f (t) for c = 1 over a 10-second time window is
shown in Fig. 2.1a.

Since this function is comprised of a single frequency, its Fourier transform
is a single, infinitely narrow spike at ω = 0. But that spike is infinitely tall,
because the integral in the Fourier transform of f (t) = c does not converge –
the area under the curve of f (t) multiplied by e−iωt with ω = 0 over all
time is infinite. Hence the Fourier transform of this function can be found only

1 “DC” was originally coined as an abbreviation for “direct current” in which current flows
steadily in one direction, while AC was shorthand for “alternating current” in which current
reverses direction periodically. You may see these terms applied to quantities other than current.
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by using the definition of the Dirac delta function (Eq. 1.10 in Chapter 1).
With that definition, the frequency-domain spectrum F(ω) for the time-domain
function f (t) = c is given by c[2πδ(ω)]:

F(ω) =
∫ ∞

−∞
ce−iωt dt = c

∫ ∞

−∞
e−iωt dt = c[2πδ(ω)]. (2.2)

As described in Chapter 1, the unilateral (one-sided) Laplace transform
differs from the bilateral Fourier transform in two important ways: the time-
domain function f (t) is multiplied by the real exponential e−σ t , and the lower
limit of integration in the unilateral Laplace transform is 0− instead of −∞.
As described in Chapter 1, multiplying f (t) by e−σ t has the effect of reducing
the amplitude of the modified function f (t)e−σ t over time for any positive
value of σ . And for time-domain functions f (t) that are continuous across
time t = 0, setting the lower limit of integration to 0− has the same effect as
multiplying f (t) by u(t), the unit-step function. Those two differences may
allow the one-sided Laplace transform to converge when the Fourier transform
does not. But as described in Section 1.5, that convergence may occur only for
a certain range of values of σ ; bear in mind that the region of convergence
(ROC) depends on the behavior of f (t) over time. A plot of the modified
function f (t)u(t)e−σ t for f (t) = 1 and σ = 1/sec is shown in Fig. 2.1b.

For f (t) = c, the unilateral Laplace transform looks like this:

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
ce−st dt, (2.3)

in which the lower limit of integration can be written as 0 rather than 0− in the
second integral, since in this case the time-domain function f (t) is continuous
across time t = 0.

The improper integral in Eq. 2.3 may be made to converge, as you can see
by calling the upper limit of integration τ and taking the limit as τ goes to
infinity:

F(s) =
∫ +∞

0
ce−st dt = lim

τ→∞

∫ τ

0
ce−st dt

= lim
τ→∞

[
c

1

−s
e−st

]∣∣∣∣
τ

0
= lim

τ→∞

[
c

−s
e−sτ − c

−s
e−s(0)

]
.

The first term in the final expression is zero as long as s (specifically, its real
part σ ) is greater than zero. That leaves only the second term, so

F(s) = − c

−s
e0 = c

s
ROC: s > 0. (2.4)
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Figure 2.2 (a) Real and (b) imaginary parts of F(s) for constant f (t) in region
of convergence.

So for f (t) = c, the integral of f (t)e−st over the range t = 0 to t = ∞
converges, the unilateral Laplace transform exists, and F(s) = c/s as long
as the real part of s is greater than zero. In other words, even the slowest
exponential decrease applied to a constant time-domain function is sufficient
to prevent the area under the curve of f (t)e−st from becoming infinite over
the time range of t = 0 to t = ∞.

At this point, it is customary to move on to other time-domain functions,
but I think it’s important to make sure you understand what Eq. 2.4 is telling
you, and why the function F(s) = c/s makes sense as the one-sided Laplace
transform of a constant time-domain function.

To see that, start by looking at the three-dimensional s-plane plots of the
real and imaginary parts of F(s) = c/s in Fig. 2.2. For these three-dimensional
plots, the constant c is taken as unity, the range of σ values begins just inside
the region of convergence (at σ = 0.1/sec in this case), and a range of ω values
(−30 rad/sec to +30 rad/sec) is shown to give you an idea of the shape of the
function F(s) = c/s.

As you can see in Fig. 2.2a, the real part of F(s) is considerably larger
than the imaginary part shown in Fig. 2.2b (note the difference in the vertical
scales). To understand why that’s true, remember that for any real time-
domain function f (t), the real part of the Laplace transform F(s) tells you the
amount of each cosine basis function cos (ωt) present in the modified function
f (t)u(t)e−σ t , and the imaginary part of F(s) tells you the amount of each sine
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Figure 2.3 (a) Real and (b) imaginary parts of a slice through F(s) at σ = 1/sec.

basis function sin (ωt) in that same modified function. And in this case the
unmodified constant function f (t) can be considered to be a zero-frequency
cosine function, since cos (ωt) = 1 for all time if ω = 0.

But if the time-domain function was a pure cosine function before mul-
tiplication by the unit-step function u(t) and the exponential decay function
e−σ t , why is the real part of F(s) not a single spike at ω = 0 and σ = 0? And
why is the imaginary part of F(s), which represents the amount of the sin (ωt)

function present in f (t), not identically zero?
The answer to those questions is that the modified time-domain function

shown in Fig. 2.1b has additional frequency components consisting of both
cosine and sine functions. You can get a better idea of the amplitudes of
those additional frequency components by looking at a two-dimensional slice
at constant σ through the three-dimensional F(s) plot; one such slice is shown
in Fig. 2.3, taken along the σ = 1/sec line in the s-plane. The equations
describing these slices can be found by separating out the real and imaginary
parts of F(s) = 1/s:

F(s) = 1

s
= 1

σ + iω
= σ − iω

σ 2 + ω2

= σ

σ 2 + ω2
+ −iω

σ 2 + ω2
,

which means the real part of F(s) is
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Re[F(s)] = σ

σ 2 + ω2
(2.5)

and the imaginary part of F(s) is

Im[F(s)] = −ω

σ 2 + ω2
. (2.6)

Consider first the equation and the corresponding plot for the real part of
F(s). For a given value of σ , the amplitudes of the components on either side
of ω = 0 decrease rapidly with ω due to the ω2 term in the denominator,
but those reduced-amplitude cosine components definitely have an effect on
the time-domain function that results from adding together all the frequency
components. Specifically, those additional frequency components cause the
amplitude of the time-domain function to roll off over time in both directions
(that is, as t becomes more positive and more negative). And as you’ll see when
you read about the inverse Laplace transform of F(s) = c

s
later in this section,

the shape of the real part of F(s) given by Eq. 2.5 and shown in Fig. 2.3a
produces the exact amount of roll-off in the time domain needed to match the
modified function f (t)e−σ t .

Of course, the s-domain function F(s) represents the frequency com-
ponents present not in f (t)e−σ t , but in f (t)u(t)e−σ t , which is zero for
all negative time (t < 0). But all cosine basis functions are even, since
cos (ωt) = cos (−ωt), which means they are symmetric about t = 0. So you
might surmise that it’s not possible to synthesize an asymmetric function about
t = 0, such as f (t)u(t)e−σ t , using only cosine basis functions. That is correct,
and that’s where the imaginary part of F(s) comes in.

As you can see in Eq. 2.6 and in Fig. 2.3b, the magnitudes of the frequency
components given by the imaginary part of F(s) also decrease in both the
negative-ω and the positive-ω directions, albeit more slowly than in the real
part of F(s) since the imaginary part has an ω in the numerator. And since the
imaginary part of F(s) is an odd function (Im[F(s)] = −Im[F(−s)]), you
might think that the positive-ω and negative-ω components will cancel one
another. But remember that the imaginary part of F(s) pertains to the sine basis
functions, and sine functions are themselves odd, since sin (ωt)= −sin (−ωt).
So applying the component amplitudes given by the odd function Im[F(s)]
to the odd basis functions sin (ωt) means that the frequency components on
opposite sides of ω = 0 have the same sign.

It might appear that those components will all be negative for positive time,
since for ω < 0 the amplitudes of Im[F(s)] are positive and sin (ωt) is negative
(and vice-versa when ω > 0). But the imaginary unit i in front of the imaginary
part of F(s) multiplies the i in front of the sin (ωt) term of eiωt to produce an
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additional factor of −1. So the sine components for this f (t) have the shape
of + sin (ωt), which is positive for the first half-cycle on the right (positive)
side of t = 0 and negative for the first half-cycle on the left (negative) side of
t = 0.

And what is the value of adding in these sine-function components to the
cosine-function components contributed by the real part of F(s)? Just this:
since the modified time-domain function f (t)u(t)e−σ t is zero for all negative
time, these sine components serve to reduce the amplitude of the integrated
result when combined with the cosine components for times t < 0. But for
positive values of t , the sine components combine with the cosine components
in just the right way to produce the constant value of the time-domain function
f (t). You can see exactly how this combination of sine and cosine components
produces the desired function f (t) in the discussion of the inverse Laplace
transform later this this section.

If you’re wondering about the maximum height of F(s) in the three-
dimensional s-plane plots shown in Fig. 2.2, those values are determined by
the step size in σ and ω used to produce the plots. That is because those step
sizes determine how close a sample is taken to the infinitely high “pole” of
F(s) at σ = 0 and ω = 0. In these plots, the sample spacing for σ is 0.1/sec,
and the sample spacing for ω is 1 rad/sec. The maximum value of the real part
of F(s) occurs at ω = 0 and σ = 0.1/sec, so you can plug those values into
Eq. 2.5, which gives

Re[F(s)] = σ

σ 2 + ω2
= 0.1

(0.1)2 + (0)2
= 10,

consistent with Fig. 2.2a.
For the imaginary part of F(s), the value at ω = 0 and σ = 0.1/sec is zero,

and the maximum value occurs at ω = −1 rad/sec and σ = 0.1/sec. Plugging
those values into Eq. 2.6 gives

Im[F(s)] = −ω

σ 2 + ω2
= −(−1)

(0.1)2 + (−1)2
= 0.99,

consistent with Fig. 2.2b.
A similar analysis shows why the maximum value of Re[F(s)] is +1 and

the maximum value of Im[F(s)] is 0.5 in the slice taken at σ = 1/sec shown
in Fig. 2.3.

In the remainder of this section, you will see the inverse Laplace transform
in action – that is, producing the time-domain function f (t) = c (for t > 0)
from the complex-frequency domain function F(s) = c/s. As explained in
Section 1.6, that process involves integrating the product of the functions
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Figure 2.4 Real and imaginary parts of F(s) = c/s and F(s)est .

F(s) and est over ω at a constant value of σ . But before seeing how that
works, it is worth a bit of time and effort to make sure you understand
the behavior of the individual frequency components of that product, and
specifically the importance of both the real and the imaginary parts of the
functions F(s) and est .

To do that, take a look at the real and imaginary parts of F(s) = c/s shown
in the top portion of Fig. 2.4 for σ = 0.2/sec and c = 1. Students often express
confusion over the role that the imaginary part of F(s) plays in the synthesis of
a purely real function such as f (t) = c, so you may find it helpful to examine
the behavior of the product F(s)est over time for a specific frequency.

You can see that behavior in the middle and bottom portions of Fig. 2.4 for
the angular frequency ω = ±1 rad/sec. Remember that both F(s) and est have
real parts and imaginary parts, so the product of these two complex functions
can also have real and imaginary parts. Specifically, multiplying the real part
of F(s) by the real part of est produces a real result, as does the process of
multiplying the imaginary part of F(s) by the imaginary part of est (since both
of those imaginary parts include the imaginary unit “i”, and the product i × i

is the real number −1). But multiplying the real part of F(s) by the imaginary
part of est gives an imaginary result, as does the process of multiplying the
imaginary part of F(s) by the real part of est (since in those cases only one of
the two terms includes the imaginary unit).

The real part of the product F(s)est is shown in the middle portion of
Fig. 2.4. As noted on the graph, the product of the real parts is shown by
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the solid line, and the product of the imaginary parts is shown by the dashed
line (a minus sign has been included to account for the product i × i that
occurs when the imaginary parts are multiplied). As is also noted on this plot,
these curves apply for both positive and negative values of ω (that is, for ω =
+1 rad/sec and ω = −1 rad/sec). That is because the real parts of both F(s)

and est are even functions of ω, since they have the same value at ω as at −ω.
You can tell that the real part of F(s) is symmetric about ω = 0 by looking

at the top left plot in Fig. 2.4 or by recalling Eq. 2.5, in which ω appears only
as ω2, so plugging in ω or −ω gives the same result. The real part of est is
also an even function of ω, since that real part is eσ cos (ωt) and the cosine
function is even. Hence the real parts of both F(s) and est are even functions
of ω, as is their product. A similar argument can be made for the product of
the imaginary parts, since those imaginary parts are both odd functions of ω,
and the product of two odd functions is an even function (see the chapter-end
problems and online solutions if you’re not sure why the product of two even
or two odd functions is even).

As you can see in the bottom portion of Fig. 2.4, the situation is quite
different for the (imaginary) product of the real part of F(s) with the imaginary
part of est and the (also imaginary) product of the imaginary part of F(s) with
the real part of est . In those cases, the curves for −ω and +ω have opposite
signs, which means that the imaginary portion of the product F(s)est will not
contribute to any integration performed over the ω axis between symmetric
limits (including −∞ to +∞).

But you should not fall into the trap of thinking that the imaginary portion
of F(s) cannot contribute to the integration performed in the inverse Laplace
transform leading to a purely real time-domain function. It clearly does
contribute to the real time-domain function f (t) when multiplied by the
imaginary part of est , and that contribution for a specific value of ω is indicated
by the dashed curve in the middle portion of Fig. 2.4.

You should also note that the product of the real parts of F(s) and est

involves the cosine function, while the product of the imaginary parts involves
the sine function. That is very important in the synthesis of f (t) by the inverse
Laplace transform because the relative sizes of these terms, which is set by the
relative size of the real and imaginary parts of F(s), determines “how much
cosine” and “how much sine” is present in the synthesized function. And as
you will see in the other examples in this section, the relative amount of cosine
and sine functions impacts the location in time of events such as zero crossings,
peaks, and valleys of the synthesized function f (t).

Once you understand the role of the real and imaginary parts of F(s) at
a single angular frequency ω in the inverse Laplace transform, you should
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Figure 2.5 Three low-frequency components of F(s) = c/s.

be ready to appreciate how the time-domain function f (t) is synthesized by
integrating the product of the complex functions F(s) and est over ω for a
given value of σ . The mathematical statement of the inverse Laplace transform
is given in Chapter 1 as

f (t) = 1

2πi

∫ σ+i∞

σ−i∞
F(s)est ds, (1.25)

in which the integral is taken over the entire ω axis, from ω = −∞ to
ω = +∞.

To see how the sinusoidal frequency components weighted by F(s) com-
bine to produce the time-domain function f (t), the next three figures illustrate
the effect of limiting the integral in the inverse Laplace transform to various
ranges of ω. Doing that means that f (t) is given by the equation

f (t) = 1

2π

∫ σ+iω

σ−iω

F (s)e(σ+iω)t dω, (2.7)

so the contributions to f (t) come from the range of angular frequencies
between −ω and +ω. Note that integrating over a range of ω along a line of
fixed σ in the complex plane allows the substitution dω = ds/i, as described
in Section 1.6.

You can see the result of limiting the integration range to low frequen-
cies (small ω) in Fig. 2.5, in which three small values of ω have been
selected; in this figure, those values are ω = ±0.1 rad/sec, ω = ±0.2 rad/sec,
and ω = ±0.3 rad/sec.
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Figure 2.6 Three mid-frequency components of F(s) = c/s.

The top portion of this figure shows how much of the s-domain function
F(s) is encompassed by these values of ω, and the middle portion shows a
time-domain plot of each of these three low-frequency components (that is, it
shows the product F(s)est for each of these three values of ω). Note that each
of these components makes small contributions to the amplitude for t < 0 and
larger contributions at times t > 0, as required for the time-domain function
f (t) = 0 for t < 0 and f (t) = c for t > 0.

Now look at the bottom portion of Fig. 2.5, which shows the results of
integrating over the angular frequency ranges bounded by each of these three
values of ω. As you can see, these slowly changing low-frequency components
cannot produce the sudden amplitude step at t = 0 required for f (t), which
is shown by the dark line in this plot. This clearly indicates that additional
higher-frequency (faster-changing) components are needed to synthesize f (t).

The effects of extending the angular frequency limits to ω = ±0.5 rad/sec,
±1.0 rad/sec, and ±1.5 rad/sec are shown in Fig. 2.6. In the middle portion
of this figure, you can see that, unlike the low-frequency components shown
in the previous figure, these middle-frequency components “roll over” (that is,
the slope changes sign) within the ±5-second time window shown on these
plots. For times t < 0, you can see the effect described earlier in this section,
in which the contributions from the imaginary portion of F(s) multiplied by
sine functions combine with the contributions from the real portion of F(s)
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Figure 2.7 Three high-frequency components of F(s) = c/s.

multiplied by cosine functions. As shown in the bottom portion of this figure,
that combination drives the integrated result toward zero for negative times.

For times t > 0, the contributions from the real and imaginary portions of
F(s) tend to increase rather than decrease the integrated result. But as shown
in the middle plot, the peaks and valleys of these frequency components occur
at different times due to the different values of ω in the est = e(σ+iω)t term,
and that tends to smooth out the fluctuations in amplitude of the individual
components. The integrated result shown in the bottom portion of the figure
illustrates how this smoothing effect helps produce a constant amplitude near
unity for t > 0, as required for the time-domain function f (t) = c = 1 for
t > 0. This graph also shows that the same smoothing effect helps produce a
constant amplitude near zero for t < 0.

The contributions of even higher-frequency components (ω = ±2 rad/sec,
±5 rad/sec, and ±10 rad/sec) are shown in Fig. 2.7. The middle portion of
this figure shows that these components go through several cycles in the time
window of ±5 seconds, and the effect of those variations helps synthesize
the function f (t) = c in two important ways. Firstly, the different locations
of the peaks and valleys of these rapidly varying components continues the
smoothing process discussed above. That drives the integrated result closer to
the desired function, as you can see in the bottom portion of this figure.
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To understand the other impact of these high-frequency components, look
at the behavior of these components near time t = 0 in the middle plot. These
high-frequency components all have similar positive slopes near t = 0, but the
slopes of the different components change quickly at times slightly greater than
and slightly less than t = 0. As you can see in the integrated results shown in
the bottom portion of the figure, that behavior means that these high-frequency
components contribute to the sudden amplitude step at time t = 0. And the
more components that are included in the integration, the sharper the step,
and the more the integrated result resembles the desired function f (t) = c for
t > 0 and f (t) = 0 for t < 0.

Another aspect of the integrated results that you’ll also see in other
examples when the time-domain function f (t) has a discontinuity or finite
“jump” (often at time t = 0) is the overshoot and amplitude ripple just before
and after the jump. This is the Gibbs phenomenon, which is present whenever
you synthesize a discontinuous function using a finite number of continuous
sinusoidal functions. Adding more high-frequency components reduces the
period of the Gibbs ripples, so the time extent of a ripple of a given amplitude
will get shorter, but the overshoot will remain approximately 9% of the size of
the jump.

The important concept demonstrated by the last three figures is that the
sinusoidal frequency components, weighted by the real and imaginary parts
of the s-domain function F(s) and integrated over ω, do approach the time-
domain function f (t) of which F(s) is the Laplace transform. And the
more frequency components you include in the mix, the closer the function
synthesized by the inverse Laplace transform gets to f (t).

2.2 Exponential Functions

Almost as straightforward as a constant time-domain function is an exponential
function of the form

f (t) = eat, (2.8)

in which a represents a real constant. An example of this function with
a = 1/sec is shown in Fig. 2.8a.

When the constant a equals zero, this exponential function is identical to the
constant function F(s) = c with c = 1, so the Laplace transform of f (t) = eat

should reduce to F(s) = 1/s within the region of convergence. But if the
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Figure 2.8 (a) Exponential time-domain function f (t) and (b) modified f (t).

constant a in the function f (t) = eat is greater than zero, this time-domain
function grows exponentially as time increases, and the Laplace-transform
integral will not converge unless the decrease of the multiplicative term e−σ t in
the modified function f (t)u(t)e−σ t is faster than the increase of eat over time.

The effect of the e−σ t term, as well as the effect of the step function u(t) for
several values of σ , is shown in Fig. 2.8b. As you can see, with σ = 0.5/sec,
the modified function f (t)u(t)e−σ t still increases over time, which means that
the Laplace-transform integral will not converge in this case. At σ = 1/sec,
the decrease in e−σ t just compensates for the increase in the function eat over
time, so a slightly larger value of σ is needed for the integral to converge.
Three examples of this (σ values of 1.5/sec, 2/sec, and 3/sec) are shown in
this figure, which demonstrates that larger values of σ produce a faster decrease
of the modified function over time due to the higher number of 1/e steps per
second.

Here is the mathematical statement of the unilateral Laplace transform of
an exponential function:

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
eat e−st dt .

As in the case of the constant function f (t) = c, the lower limit in the second
integral can be set to zero since this time-domain function is continuous across
time t = 0. In this case, this improper integral converges as long as σ is greater
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than a. To see that, set the upper limit of integration to τ and take the limit as
τ goes to infinity:

F(s) =
∫ +∞

0
eat e−st dt = lim

τ→∞

∫ τ

0
e(a−s)t dt

= lim
τ→∞

[
1

a − s
e(a−s)t

]∣∣∣∣
τ

0
= lim

τ→∞

[
1

a − s
e(a−s)τ − 1

a − s
e(a−s)(0)

]
.

The first term in the final expression is zero as long as the real part of a − s

(which is a − σ ) is less than zero, which means that σ > a. In that case, only
the second term remains, and

F(s) = − 1

a − s
e0 = 1

s − a
. (2.9)

So for f (t) = eat , the integral of f (t)e−st over the range t = 0 to t = ∞
converges to a value of 1/(s − a) as long as s > a:

F(s) = 1

s − a
ROC: s > a. (2.10)

The behavior of F(s) as a function of σ and ω is similar to that of F(s) in
the previous example, but note that the regions of convergence are different:
σ > 0 for f (t) = c and σ > a for f (t) = eat . A plot of F(s) = 1/(s − a)

at constant σ = 2/sec looks identical to the plot of F(s) = 1/s (Fig. 2.3) at
σ = 1/sec, so instead of repeating that plot, Fig. 2.9 shows the effect of taking
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a slice at a larger value of σ (which is σ = 3/sec in this case). As you can see,
both the real and the imaginary parts of this slice through F(s) have the same
general shape as a slice taken at a smaller value of σ , although the spread of
values near ω = 0 is somewhat greater in this case.

That greater spread (meaning larger amplitudes of frequency components
on either side of ω = 0) can be understood by looking back on the plot of the
modified time-domain function f (t)u(t)e−σ t in Fig. 2.8b. For σ = 3/sec, the
decrease in amplitude of the modified function over time is steeper, which
means that higher-frequency components with greater amplitudes must be
mixed in to produce this modified time-domain function. That logic applies
to the cosine components shown in Fig. 2.9a as well as the sine components
shown in Fig. 2.9b, since both sets of components are needed to smooth out
the ripples in the synthesized function f (t)u(t) for t > 0 and to ensure that
this function has zero value for t < 0.

To understand how the inverse Laplace transform of the complex-frequency
function F(s) = 1

s−a
gives the time-domain function f (t) = eat for t > 0,

take a look at Fig. 2.10. In the middle portion of this figure, you can
see one relatively low-frequency component (ω = ±0.2 rad/sec), one mid-
frequency component (ω = ±3 rad/sec), and one high-frequency component
(ω = ±10 rad/sec) of F(s) for a = 0.2/sec. The bottom portion of this figure
shows the result of integrating F(s) over the three frequency ranges bounded
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by these values; in this case the integration is performed along the σ = 0.3/sec
line, just within the region of convergence (σ > a) in the complex plane for
the Laplace transform of f (t) = eat .

As you can see, the roles of these three frequency components are similar
to those in the previous example of f (t) = c for t > 0. Just as in that case,
the low-frequency component establishes the small-amplitude baseline for
times t < 0, along with the larger (and in this case exponentially increasing)
amplitude for times t > 0. The mid-frequency components further reduce the
amplitude of the integrated result for negative time while also increasing
the amplitude for positive time toward the desired function eat . And, as
expected, the quickly changing high-frequency components contribute to the
amplitude step at t = 0 and help smooth out the ripples in the integrated result.
Extending the integration to a wider frequency range will further sharpen
the step and drive the output of the inverse Laplace transform even closer to
f (t) = eat for t > 0 (shown as a dark line in this plot).

2.3 Sinusoidal Functions

The sinusoidal time-domain functions cos (ωt) and sin (ωt) are the subject of
this section, and as you will see, the Laplace transforms of these functions
are somewhat more complicated than those of the constant and exponential
functions discussed in the first two examples. But sinusoidal functions describe
the behavior of a wide variety of natural systems and human-made devices, so
the effort it takes to understand their Laplace transforms pays off in many
applications.

Cosine Functions

The equation of a cosine time-domain function can be written as

f (t) = cos (ω1t), (2.11)

in which ω1 represents the angular frequency, with SI units of radians per
second.

A plot of this function with angular frequency ω1 = 20 rad/sec over the
4-second time window from t = −2 seconds to t = +2 seconds is shown in
Fig. 2.11a. Multiplying this cosine function by the unit-step function u(t)

and by the real exponential e−σ t results in the modified function shown in
Fig. 2.11b, in which σ = 1/sec.
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If you have read Section 1.5, you may recall that the Fourier transform of
this modified function does converge as long as σ > 0, with the result

F(ω) = s

s2 + ω2
1

= σ + iω

(σ + iω)2 + ω2
1

. (1.22)

As described in Chapter 1, the unilateral Laplace transform of f (t) gives
the same result as the Fourier transform of the modified function f (t)u(t)e−σ t ,
and here’s how that transform looks when written in terms of the generalized
frequency s = σ + iω:

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
cos (ω1t)e

−st dt, (2.12)

in which the lower limit of 0 gives the same result as a lower limit of 0−

because the cosine function is continuous across time t = 0. Using the inverse
Euler relation

cos (ω1t) = eiω1t + e−iω1t

2
(2.13)
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makes this

F(s) =
∫ +∞

0

[
eiω1t + e−iω1t

2

]
e−st dt =

∫ +∞

0

[
e(iω1−s)t + e(−iω1−s)t

2

]
dt

= 1

2

[∫ +∞

0
e−(s−iω1)t dt +

∫ +∞

0
e−(s+iω1)t dt

]
.

As before, calling the upper limit of integration τ and taking the limit as τ

goes to infinity gives

F(s) = lim
τ→∞

1

2

[∫ τ

0
e−(s−iω1)t dt +

∫ τ

0
e−(s+iω1)t dt

]

= lim
τ→∞

1

2

[
1

−(s − iω1)
e−(s−iω1)t

]∣∣∣∣
τ

0

+ lim
τ→∞

1

2

[
1

−(s + iω1)
e−(s+iω1)t

]∣∣∣∣
τ

0

= lim
τ→∞

1

2

[
1

−(s − iω1)
e−(s−iω1)τ − 1

−(s − iω1)
e−(s−iω1)0

]

+ lim
τ→∞

1

2

[
1

−(s + iω1)
e−(s+iω1)τ − 1

−(s + iω1)
e−(s+iω1)0

]
.

Inside each of the large square brackets, the exponential terms in which τ

appears will approach zero as τ → ∞ as long as σ > 0 (if you’re concerned
about the imaginary parts of those terms, remember that terms of the form eiωt

simply oscillate between +1 and −1 no matter how large t becomes). Thus

F(s) = 1

2

[
0 − 1

−(s − iω1)
e−(s−iω1)0

]
+ 1

2

[
0 − 1

−(s + iω1)
e−(s+iω1)0

]

= 1

2

[
1

(s − iω1)
+ 1

(s + iω1)

]
,

which rationalizes to

F(s) = 1

2

[
s + iω1

(s − iω1)(s + iω1)
+ s − iω1

(s + iω1)(s − iω1)

]

= 1

2

[
s + iω1 + s − iω1

s2 + ω2
1

]
= 1

2

[
2s

s2 + ω2
1

]
= s

s2 + ω2
1

.
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Figure 2.12 (a) Real and (b) imaginary parts of F(s) for cosine f (t) in region of
convergence.

So in this case the integral of f (t)e−st over the range t = 0 to t = ∞
converges to a value of s

s2+ω2
1

as long as s > 0. Thus the unilateral Laplace

transform of the pure cosine function f (t) = cos (ω1t) is

F(s) = s

s2 + ω2
1

ROC: s > 0, (2.14)

which is identical to the result of the Fourier transform of the modified function
f (t)u(t)e−σ t shown in Chapter 1.

Plots of the real and imaginary parts of F(s) for this case are shown in
Fig. 2.12. As in previous examples, the real part of F(s) is considerably
larger than the imaginary part. That shouldn’t be too surprising, since the real
part of F(s) tells you the amount of the cos (ω1t) function that is present in
the modified time-domain function f (t), and in this example the unmodified
function f (t) is a pure cosine function (that is, it was a pure cosine function
before multiplication by the unit-step function u(t) and the exponential decay
function e−σ t ).

Recall from Chapter 1 that the frequency spectrum F(ω) of a pure cosine
function consists of two positive delta functions, one at +ω1 and the other
at −ω1, representing two counter-rotating phasors (described by eiω1t and
e−iω1t ). The combination of those two phasors produces a purely real function;
the imaginary part of F(ω) is zero because no sine components are needed to
make up a pure cosine function. But as described in the previous examples,
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Figure 2.13 (a) Real and (b) imaginary parts of slice through F(s) at σ = 1/sec
for f (t) = cos (ω1t) with ω1 = 20 rad/sec.

in the unilateral Laplace transform the modifications to the pure cosine
function mean that additional frequency components are needed to produce
a time-domain function that is zero for all negative time (t < 0) and that has
decreasing amplitude for positive time (t > 0). You can see those additional
frequency components as the spreading out of the peaks at −ω1 and +ω1 in
the slice through F(s) shown in Fig. 2.13, taken at σ = 1/sec.

The amplitudes of the additional frequency components near the two
positive peaks shown in the slice through the real part of F(s) (Fig. 2.13a)
are all positive, so these components are positive cosine basis functions, which
are just what are needed to produce amplitude roll-off caused by the e−σ t term
in the modified time-domain function f (t)u(t)e−σ t . But as you can see in
Fig. 2.13b, the imaginary parts of the frequency components have a phase
inversion of 180 degrees (that is, a change in sign) at ω = −ω1 and at
ω = +ω1. As you’ll see in the discussion of the inverse Laplace transform
of F(s) = s/(s2 + ω2

1) later in this section, this sign change allows the sine
components at frequencies −ω1 < ω < 0 and 0 < ω < ω1 to combine with the
cosine components to reduce the amplitude of the integrated result at negative
time, while the higher-frequency sine components serve to smooth out the
ripples in the synthesized function produced by the inverse Laplace transform.

Looking closely at the slice through the imaginary part of F(s), you may
notice that the peaks closer to the middle of the plot (nearer to ω = 0) have
slightly smaller amplitude than the peaks farther out. That occurs because of
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Figure 2.14 Imaginary part of a slice through F(s) at σ = 1/sec for f (t) =
cos (ω1t) with (a) ω1 = 10 rad/sec and (b) ω1 = 80 rad/sec.

the influence of the peaks on the opposite side of ω = 0. Since those peaks
are spread out in both directions (that is, toward higher as well as lower
frequencies), their “tails” may spread across ω = 0 to the other side of the
spectrum, and that slightly changes the amplitude of the peaks on the opposite
side. The closer the peaks are to ω = 0, the higher the amplitude of those
tails on the opposite side, so the effect is greater for smaller ω1, and it is less
for greater values of ω1, as you can see in Fig. 2.14 for ω1 = 10 rad/sec and
80 rad/sec.

Notice, however, that this effect “goes both ways” – that is, the tails of the
peaks on the left side of the spectrum (ω < 0) influence the amplitude of the
peaks on the right side of the spectrum (ω > 0) in exactly the same way that
the peaks on the right side influence the amplitudes on the left side. As a result,
the imaginary part of the frequency spectrum retains the antisymmetric form
about ω = 0 that is needed for the sine components to combine with the cosine
components to reduce the amplitude of the integrated result for t < 0 and to
add to the cosine components for t > 0 to produce the desired time-domain
function.

The process through which the inverse Laplace transform produces the
time-domain function f (t) = cos (ω1t) can be understood by considering
the behavior of the low-, medium-, and high-frequency components that are
weighted by the real and imaginary parts of F(s) and integrated in the
inverse transform. In this context “low frequency” refers to components with
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Figure 2.15 Three low-frequency components of F(s) for f (t) = cos (ω1t).

frequencies smaller than ω1, “medium frequency” refers to components with
frequencies that are close to ω1, and “high frequency” refers to components
with frequencies greater than ω1.

In Fig. 2.15, you can see three of the low-frequency components of
F(s) = s/(s2 + ω2

1) for ω1 = 2 rad/sec with σ = 0.1/sec (just inside the
region of convergence). As shown in the middle portion of this figure, these
three components, at angular frequencies of ±0.2 rad/sec, ±0.5 rad/sec, and
±1.0 rad/sec, have relatively small amplitudes because F(s) is small at these
frequencies. The integrated results shown in the bottom portion of this figure
are very small relative to the time-domain function f (t) = cos (ω1t) (which
is not shown in this plot because its amplitude is so much greater than
the integrated results over these narrow frequency ranges). But if you look
carefully at the shape of these low-frequency components, you can see that
they have the shape of a negative sine function – that is, they are negative for
the first half-cycle to the right of t = 0 and positive for the first half-cycle to
the left of t = 0. That shape derives largely from the contribution from the
imaginary portion of F(s), and as described earlier in this section, the sign
inversion that occurs at ω = ω1 for the imaginary part of F(s) changes that
shape to a positive sine function for higher frequencies ω > ω1 and ω < −ω1.

You can see the change in behavior of the components at frequencies
just below and just above ω1 in Fig. 2.16. The middle portion of this figure
shows the components at frequencies of ω = ±1.9 rad/sec, ±2.0 rad/sec
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Figure 2.16 Three medium-frequency components of F(s) for f (t) = cos (ω1t).

(which is ω1), and ±2.1 rad/sec. All of these components have positive
amplitude at time t = 0, as you might expect for the components of the
time-domain function f (t) = cos (ω1t). But notice that the component with
frequency ω = ±1.9 rad/sec, just below ω1, is shifted to the left in time while
the component with frequency ω = ±2.1 rad/sec, just above ω1, is shifted to
the right in time. That is caused by the contribution of the imaginary potion of
F(s), which changes sign at frequency ω = ω1 and ω = −ω1. And when ω

exactly equals ±ω1, the imaginary portion of F(s) is zero, and the shape of
that component is a pure cosine function, reaching a peak at time t = 0.

Now consider the results of integrating over these medium-frequency
ranges shown in the bottom portion of Fig. 2.16. The general shape of
these integrated results is approaching the shape of the cosine function
f (t) = cos (ω1t), and although the amplitudes are smaller for times t < 0
than for times t > 0, driving the results closer to zero for all negative times
requires the contributions of higher-frequency components.

Three of those higher-frequency components are shown in Fig. 2.17.
The components shown in the middle portion of this figure have angular
frequencies of ω = ±3 rad/sec, ±5 rad/sec, and ±10 rad/sec, and as you can
see, all three of these components have the shape of a positive sine function.
That is largely due to the contributions from the imaginary part of F(s), which
outweigh the contributions from the real part of F(s) at these frequencies.
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Figure 2.17 Three high-frequency components of F(s) for f (t) = cos (ω1t).

Notice also that the amplitude of these components is negative for the first
half-cycle to the left of t = 0; this helps drive the integrated result toward zero
for negative time, as required for f (t) = 0 for t < 0. But in the first half-
cycle to right of t = 0, these components help form the step required for the
time-domain function to go from zero for t < 0 to one for t = 0, since the
cosine function has a value of one at that time. As you may have anticipated if
you’ve read the other examples in this chapter, including more high-frequency
components into the mix by integrating the product F(s)est over a wider range
of ω drives the integrated response closer to the time-domain function f (t) for
which F(s) is the Laplace transform.

Sine Functions

The mathematics of the Laplace transform of a pure sine function such as
f (t) = sin (ω1t) has a lot in common with that of the pure cosine function, but
the resulting s-domain function F(s) has an important difference. To see how
that difference comes about, and to understand why it’s important, start with
the time-domain function

f (t) = sin (ω1t) (2.15)

shown in Fig. 2.18a for ω1 = 20 rad/sec and apply the modifications of
multiplying f (t) by e−σ t and by u(t). That gives the modified function shown
in Fig. 2.18b for σ = 1/sec.
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Figure 2.18 (a) Sine time-domain function f (t) and (b) modified f (t).

To find F(s), follow a similar path to that shown above for a cosine time-
domain function. Start by writing the unilateral Laplace transform as

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
sin (ω1t)e

−st dt,

in which the lower limit in the second integral can be set to 0 since f (t) =
sin (ω1t) is continuous across time t = 0. Now apply the inverse Euler relation
for sine:

sin (ωt) = eiωt − e−iωt

2i
, (2.16)

and the next steps should look familiar:

F(s) =
∫ +∞

0

[
eiω1t − e−iω1t

2i

]
e−st dt =

∫ +∞

0

[
e(iω1−s)t − e(−iω1−s)t

2i

]
dt

= 1

2i

[∫ +∞

0
e(iω1−s)t dt −

∫ +∞

0
e(−iω1−s)t dt

]

= −i

2

[∫ +∞

0
e−(s−iω1)t dt −

∫ +∞

0
e−(s+iω1)t dt

]
.
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Once again these improper integrals can be evaluated by calling the upper limit
of integration τ and taking the limit as τ goes to infinity:

F(s) = lim
τ→∞

−i

2

[∫ τ

0
e−(s−iω1)t dt −

∫ τ

0
e−(s+iω1)t dt

]

= lim
τ→∞

−i

2

[
1

−(s − iω1)
e−(s−iω1)t

]∣∣∣∣
τ

0

− lim
τ→∞

−i

2

[
1

−(s + iω1)
e−(s+iω1)t

]∣∣∣∣
τ

0

= lim
τ→∞

−i

2

[
1

−(s − iω1)
e−(s−iω1)τ − 1

−(s − iω1)
e−(s−iω1)0

]

− lim
τ→∞

−i

2

[
1

−(s + iω1)
e−(s+iω1)τ − 1

−(s + iω1)
e−(s+iω1)0

]
.

Just as in the cosine case, inside each of the large square brackets the
exponential terms in which τ appears will approach zero as τ → ∞ as long as
σ > 0 (and, as before, you needn’t worry about the imaginary parts of those
terms because they simply oscillate between +1 and −1 no matter how large t

becomes). Hence

F(s) = −i

2

[
0 − 1

−(s − iω1)
e−(s−iω1)0

]
− −i

2

[
0 − 1

−(s + iω1)
e−(s+iω1)0

]

= −i

2

[
1

(s − iω1)
− 1

(s + iω1)

]
,

which rationalizes to

F(s) = −i

2

[
s + iω1

(s − iω1)(s + iω1)
− s − iω1

(s + iω1)(s − iω1)

]

= −i

2

[
s + iω1 − s + iω1

s2 + ω2
1

]
= −i

2

[
2iω1

s2 + ω2
1

]
= ω1

s2 + ω2
1

.

So for the time-domain function f (t) = sin (ω1t) the integral of f (t)e−st

over the range t = 0 to t = ∞ converges to a value of ω1/(s
2 + ω2

1) as long
as s > 0. Thus the unilateral Laplace transform of this pure sine function is

F(s) = ω1

s2 + ω2
1

ROC: s > 0. (2.17)
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Figure 2.19 (a) Real and (b) imaginary parts of F(s) for f (t) = sin (ω1t) with
ω1 = 20 rad/sec in ROC.

As you can see, the only difference between this expression for the Laplace
transform result F(s) of a sine function and F(s) for a cosine function
(Eq. 2.14) is that the numerator is ω1 in the sine case instead of s for the
cosine case. But even a quick glance at a plot of the real and imaginary parts
of F(s) for a time-domain sine function, such as Fig. 2.19, reveals substantial
differences.

The first thing you may notice is that the imaginary part is larger, which you
may have expected since the imaginary part tells you the amount of sine basis
functions in the modified f (t), and in this case f (t) is a pure sine function. But
you should also notice that the real portion of F(s) is small but not zero, since
the real part tells you the amount of cosine basis functions in the modified f (t),
and some cosine components are needed to combine with the sine components
to reduce the amplitude of the integrated result for negative times (t < 0).

The detailed shape of the real and imaginary parts of F(s) can be seen
more easily by taking a slice through F(s), such as that shown in Fig. 2.20,
taken at σ = 1/sec. Figure 2.20b shows that the slice through the imaginary
part of F(s) resembles the plot of the imaginary part of the Fourier transform
F(ω) of a pure sine wave (see Fig. 1.9), which consists of a positive delta
function at ω = −ω1 and a negative delta function at ω = ω1. In this case, the
imaginary part of F(s) does have a positive peak at ω = −ω1 and a negative
peak at ω = +ω1, but these peaks are neither infinitely tall nor infinitely
narrow. And unlike the Fourier transform of a pure sine function, the Laplace
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Figure 2.20 (a) Real and (b) imaginary parts of a slice through F(s) at σ = 1/sec
for f (t) = sin (ω1t) with ω1 = 20 rad/sec.

transform of f (t) = sin (ω1t) has nonzero real components. As described
in previous examples, that’s because additional frequency components (both
sines and cosines) are needed to produce the modified time-domain function
f (t)u(t)e−σ t , which has zero amplitude for all negative time and a decreasing
envelope for positive time.

As shown in Fig. 2.20b, the slice through the imaginary part of F(s)

is antisymmetric, with positive values near the peak at −ω1 and negative
values near the peak at +ω1. For negative angular frequencies (ω < 0),
multiplying the positive values of the imaginary part of F(s) by the sine
basis functions sin (−ωt) = − sin (ωt) results in negative sine components.
Likewise, at positive angular frequencies (ω > 0), multiplying the negative
values of the imaginary part of F(s) by the sine basis functions sin (ωt) also
results in negative sine components. But since these components represent the
imaginary part of F(s), a factor of i × i = −1 arises when these components
are multiplied by the factor est = e(σ+iω)t = eσ t (cos (ωt) + i sin (ωt)) in the
process of synthesizing f (t) in the inverse Laplace transform. You can see the
details of the process later in this section.

Similar logic can be applied to the real part of F(s) shown in Fig. 2.20a.
In this case, the component values are symmetric about ω = 0, and since
cos (ωt) = cos (−ωt), the product of the real part of F(s) and the cosine basis
functions from the left side of the spectrum (ω < 0) have the same sign as the
products from the right side of the spectrum (ω > 0). But as in the case of
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Figure 2.21 Three low-frequency components of F(s) for f (t) = sin (ω1t).

the imaginary part of F(s) for f (t) = cos (ω1t), the components of the real
part of F(s) for f (t) = sin (ω1t) undergo a sign inversion at ω = −ω1 and
at ω = +ω1. In this case, the products of the F(s) values and the cosine basis
functions are positive for frequencies −ω1 < ω < 0 and 0 < ω < +ω1. Since
there’s no i× i factor for cosine components, these components add as positive
cosine functions in the time-domain function f (t) synthesized by the inverse
Laplace transform, combining with the contributions of the sine components
to reduce the amplitude of the integrated result for times t < 0. And as in
the previous case, the higher-frequency components serve to smooth out the
ripples in the synthesized time-domain function.

The final three figures of this section illustrate the process through which
the time-domain function f (t) = sin (ω1t) is produced by the inverse Laplace
transform of the complex-frequency function F(s) = ω1/(s

2 + ω2
1). As in

the case of a cosine time-domain function, one approach to understanding
this process is to look at several of the low-, medium-, and high-frequency
components that contribute to the inverse transform.

Figure 2.21 shows three of the low-frequency components of F(s)est with
ω1 = 2 rad/sec and with σ = 0.1/sec . At these low angular frequencies (ω =
±0.2 rad/sec, ±0.5 rad/sec, and ±1.0 rad/sec), the magnitude of the real part
of F(s) is considerably larger than the magnitude of the imaginary part, so
the dominant contributions are cosine functions, as you can see in the middle
portion of this figure. As mentioned above, these contributions are positive
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Figure 2.22 Three medium-frequency components of F(s) for f (t) = sin (ω1t).

cosine functions, since the real part of F(s) is positive for −ω1 < ω < 0 and
0 < ω < +ω1 and since cos (−ωt) = cos (ωt). Over these narrow frequency
ranges the integrated results shown in the bottom portion of this figure bear
little resemblance to the desired function f (t) = sin (ω1t) and are very small,
which is why f (t) = sin (ω1t) is not visible in the figure.

Adding more frequencies into the mix moves the integrated result toward
f (t), as you can see in Fig. 2.22. At frequencies of ω = ±1.9 rad/sec
(slightly smaller in magnitude than ω1) and ω = ±2.1 rad/sec (slightly larger
in magnitude than ω1), the real part of F(s) has a sign inversion, so the sign
of the cosine components changes at ω = ±ω1. At those two frequencies, the
real part of F(s) is zero, so the component has the shape of a pure sine wave,
as shown in the middle portion of this figure.

That sine wave is positive because the contributions from both sides of the
spectrum of F(s) are positive. For the negative side, the imaginary part of
F(s) is positive near ω = −ω1 and i2 sin (−ωt) = −i2 sin (ωt) = sin (ωt),
so the real product of the imaginary parts of F(s) and e(σ+iω)t is positive.
For the positive side, the imaginary part of F(s) is negative near ω = +ω1 and
i2 sin (+ωt) = − sin (ωt), so the real product of the (negative) imaginary parts
of F(s) and e(σ+iω)t is positive. The bottom portion of this figure shows that
adding these positive sine functions into the mix drives the integrated result
closer to the desired time-domain function f (t) = sin (ω1t) for time t > 0.
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The results of integrating over wider frequency ranges are shown in
Fig. 2.23. At these high frequencies of ω = ±3 rad/sec, ±5 rad/sec, and ±10
rad/sec, the real part of F(s) is larger than the imaginary part, so the dominant
contributions come from cosine functions. As shown in the middle portion of
this figure, these are negative cosine functions, since the real part of F(s) is
negative at these frequencies and since cos (−ωt) = cos (ωt).

Note also that the imaginary part of F(s) has positive small amplitude for
negative frequencies and negative small amplitude for positive frequencies,
both of which contribute positive sine functions to the integrated result. These
components serve to smooth out the ripples in the integrated result and to push
the amplitude toward zero for negative time and toward sin (ω1t) for positive
time, as needed to synthesize the time-domain function f (t) = 0 for t < 0 and
f (t) = sin (ω1t) for t > 0.

2.4 tn Functions

The shape of the time-domain function f (t) = tn varies significantly depend-
ing on the value of n, from a constant for n = 0, to a slanted line for n = 1, a
parabola for n = 2, a cubic for n = 3, and so forth, with increasing curvature
as n increases. You can see plots of this function for values of n from 1 to 3 in
Fig. 2.24a; all are continuous across t = 0.
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For any positive value n, the Fourier-transform integral of tne−iωt over all
time does not converge, as described in Section 2.1 for n = 0 (constant time-
domain function). But even for higher values of n, these integrals can be made
to converge by multiplying f (t) by the unit-step function u(t) and the real
exponential e−σ t with σ > 0.

The modified functions f (t)u(t)e−σ t for n = 1,2, and 3 are shown in
Fig. 2.24b. As you can see, the shapes of these functions are similar, but
the steeper slopes for higher values of n cause the peaks to shift to higher
amplitudes and later times. This means the mixtures of cosine and sine basis
functions that make up the modified functions f (t)u(t)e−σ t are similar but not
identical for different values of n, as you will see below.

Before getting to that, here’s the mathematical derivation of the unilateral
Laplace transform of the function f (t) = tn:

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
tne−st dt .

As in previous examples, the continuity of f (t) across time t = 0 means
that the lower limit of the second integral can be written as 0. This improper
integral can be related to a known function by making a change of variables
x = st , so

x = st t = x

s

dt

dx
= 1

s
dt = dx

s
,
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which makes the Laplace transform look like this:

F(s) =
∫ +∞

0

(x

s

)n

e−s( x
s
) dx

s
=

(
1

s(n+1)

) ∫ +∞

0
xne−xdx. (2.18)

The second integral in this equation is a form of the gamma function, defined as

�(n) ≡
∫ +∞

0
xn+1e−xdx

or

�(n − 1) =
∫ +∞

0
xne−xdx. (2.19)

Inserting this into Eq. 2.18 gives

F(s) =
(

1

s(n+1)

)∫ +∞

0
xne−xdx = 1

s(n+1)
�(n − 1) (2.20)

for any value of s greater than zero.
An additional simplification can be achieved using the relation between the

gamma function of (n − 1) and n factorial (written as n!):

�(n − 1) = n! , (2.21)

which holds for any integer value of n equal to or greater than zero (note that
0! is defined as one). Thus

F(s) = 1

s(n+1)
�(n − 1) = n!

s(n+1)
. (2.22)

So for f (t) = tn, the integral of f (t)e−st over the range t = 0 to t = ∞
converges to a value of n!

s(n+1) as long as s > 0:

F(s) = n!

s(n+1)
ROC: s > 0. (2.23)

For n = 0, this reduces to the expression shown in Eq. 2.4 for a constant
time-domain function f (t) = c with c = 1:

F(s) = n!

s(n+1)
= 0!

s(0+1)
= 1

s
,

in which the relation 0! = 1 has been used.
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at σ = 1/sec.

Here are the equations for the real and imaginary parts of F(s) for n = 1.
For the real part

Re [F(s)] = Re

[
n!

s(n+1)

]
= Re

[
1!

s(1+1)

]

= Re

[
1

s2

]
= Re

[
1

(σ + iω)2

]
,

which can be rationalized to give

Re [F(s)] = σ 2 − ω2

(σ 2 + ω2)2
(2.24)

(if you need some help seeing why this is true, take a look at the chapter-end
problems and online solutions).

For the imaginary part

Im [F(s)] = Im

[
1

s2

]
= Im

[
1

(σ + iω)2

]
,

which rationalizes to

Im [F(s)] = − 2ωσ

(σ 2 + ω2)2
. (2.25)

The behavior of the real and imaginary parts of F(s) is shown graphically in
the slices through F(s) shown in Fig. 2.25; these slices are taken at σ = 1/sec
for n = 1, 2, and 3. For all values of n, the real parts are symmetric with
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a single positive peak at ω = 0, indicative of a large positive DC component,
with smaller negative lobes on both sides of the peak. As you’ll see in
the discussion of the inverse Laplace transform later in this section, those
negative lobes add negative cosine basis functions into the mix that forms the
modified time-domain function f (t)u(t)e−σ t , reducing the integrated result
for times t < 0 when combined with the positive cosine components and the
sine components contributed by the imaginary part of F(s).

Likewise, at all values of n, the imaginary parts of F(s) are antisymmetric,
with large positive peaks at negative angular frequencies (ω < 0) and large
negative peaks at positive angular frequencies (ω > 0). For negative frequen-
cies, these positive imaginary peaks (which contain a multiplicative factor
of +i) are multiplied by i sin (−ωt) = −i sin (ωt), adding positive sine basis
functions to the mix in the inverse Laplace transform. For positive frequencies,
the negative imaginary peaks (which contain a multiplicative factor of −i)
are multiplied by i sin (ωt), also adding positive sine basis functions. As
described in the discussion of the inverse Laplace transform below, these
low-frequency positive sine components produce the required slope and
peak position for the modified time-domain function f (t)u(t)e−σ t shown
in Fig. 2.24b. These components also contribute to the cancellation of the
positive cosine components for times t < 0, as needed for the modified time-
domain function f (t)u(t)e−σ t to have zero amplitude for all negative times.

To see how this works, consider the three low-frequency components of
F(s)est at angular frequencies of ω = ±0.025 rad/sec, ±0.065 rad/sec, and
±0.15 rad/sec shown in Fig. 2.26 for n = 1 and σ = 0.1/sec. At the lower
two of these three angular frequencies, the components are combinations of
positive cosine functions from the real part of F(s) and positive sine functions
from the imaginary part of F(s). Since cosine functions have a positive peak
at time t = 0 and sine functions have a positive peak one quarter-cycle to
the right of that time, the combination of these functions produces a time-
domain function with a peak just to the right of t = 0, with the exact location
determined by the relative amounts of cosine and sine functions (that is, the
ratio of the real part of F(s) to the imaginary part). Wherever that peak
occurs, you can expect these components to have increasing amplitude for
some fraction of a cycle as time increases from t = 0, and you can see that
happening for each of the three components over the time window shown in
the middle portion of this figure (which is considerably shorter than one cycle
for these low frequencies). That behavior is helpful in synthesizing the time-
domain function f (t) = tn, which is a linearly increasing function in this
case since n = 1. At the highest of these three frequencies (ω = ±0.15
rad/sec) the cosine component is negative and quite small relative to the sine
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Figure 2.26 Three low-frequency components of F(s) for f (t) = tn.

component, as you can see in the top portion of this figure, and that’s why
the amplitude of this component is small and negative for times less than
t = 0, as shown in the middle portion of this figure. The integrated results over
these narrow frequency ranges have smaller amplitudes and slopes for t < 0
than for t > 0, as shown in the bottom portion of this figure, but it’s clear
that additional frequency components are needed to drive the integrated results
closer to the function f (t) with zero amplitude for t < 0 and constant slope of
unity for t > 0.

You can see the effect of mixing in additional frequency components in
Fig. 2.27, which shows the medium-frequency components ω = ±0.3 rad/sec,
±0.65 rad/sec, and ±2.0 rad/sec. As shown in the middle portion of this
figure, the amplitudes of these components are smaller than those of the low-
frequency components shown in the previous figure, but integrating over these
wider frequency ranges goes a long way to pushing the slope of the integrated
result toward zero for t < 0 and one for t > 0. This is illustrated in the bottom
portion of the figure, in which the result of integrating F(s)est from −2 rad/sec
to +2 rad/sec has the small slope and amplitude for times t < 0 as well as the
required linearly increasing amplitude for time t > 0. Closer inspection reveals
some departure from f (t) = t as well as amplitude ripples, and both of those
effects can be reduced by mixing in higher-frequency components.

The components at frequencies of ω = ±3 rad/sec, ±5 rad/sec, and ±10
rad/sec are shown in Fig. 2.28. At these frequencies, the negative cosine
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components dominate, as you can see in the middle portion of the figure.
Adding in these increasingly small components makes the integrated result
almost indistinguishable from f (t) = 0 for t < 0 and f (t) = t for t > 0 at
the scale shown in the bottom portion of this figure.
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2.5 Hyperbolic Functions

Hyperbolic functions appear in several applications of the Laplace transform,
so it’s worth some effort to make sure you understand the differences between
these functions (and their transforms) and the cosine and sine functions
discussed in Section 2.3. If you haven’t encountered hyperbolic cosine (cosh)
and hyperbolic sine (sinh) before, a few of the important characteristics of
hyperbolic cosine and sine are described below.

One way to understand the shape of the functions cosh (at) and sinh (at) is
to consider the relationship of these functions to the exponential functions eat

and e−at . For the hyperbolic cosine, that relationship is

cosh (at) = eat + e−at

2
, (2.26)

which says that the hyperbolic cosine is the average of the exponential
functions eat and e−at . A plot of these two functions and the cosh function
for positive time and a = 1/sec is shown in Fig. 2.29a.

For the hyperbolic sine, the relationship to exponential functions is

sinh (at) = eat − e−at

2
, (2.27)
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exponential functions eat and e−at .
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so the hyperbolic sine is half of the difference between the exponential
functions eat and e−at , as shown for positive time and a = 1/sec in Fig. 2.29b.

Although the shape of the cosh function and the sinh function are similar
and both are continuous across time t = 0, note that the cosh function has a
value of unity and slope of zero at time t = 0, while the sinh function has
a value of zero and slope of a (unity in this example) at t = 0. As you’ll
see below, those values have an impact on the Laplace transforms of these
hyperbolic functions.

If you are wondering about the meaning of the parameter a in the functions
cosh (at) and sinh (at), note that the dimensions of a must be inverse time
(SI units of 1/sec) in order to render the exponent (at) dimensionless. Thus a,
as it was in Eq. 2.8 (f (t) = eat ) of Section 2.2, is a form of frequency, telling
you how quickly the functions cosh (at) and sinh (at) change with time.

For positive, real values of a, the difference between the cosh (at) function
and the sinh (at) function becomes smaller as time increases, since in that case
the amplitude of the term e−at in Eqs. 2.26 and 2.27 becomes small relative to
eat . That means that both cosh (at) and sinh (at) approach the value of eat /2
at large values of t ; it doesn’t make much difference if you add or subtract
the e−at term. So large values of a mean greater curvature, steeper slope, and
smaller difference between the time-domain functions cosh (at) and sinh (at).

Hyperbolic Cosine Functions

The process of finding the unilateral Laplace transform of the hyperbolic
cosine function

f (t) = cosh (at) (2.28)

will look familiar to you if you’ve worked through Section 2.3 above. As in
that case, start by writing

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
cosh (at)e−st dt . (2.29)

As in previous examples, the continuity of the time-domain function f (t)

across time t = 0 means that the lower limit of integration can be set to 0
rather than 0−.

You can see a plot of the time-domain function f (t) = cosh (at) for a =
1/sec in Fig. 2.30a and the modified function f (t)u(t)e−σ t for σ = 1/sec in
Fig. 2.30b.
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Inserting the expression for cosh at from Eq. 2.26 into Eq. 2.29 gives

F(s) =
∫ +∞

0

[
eat + e−at

2

]
e−st dt =

∫ +∞

0

[
e(a−s)t + e(−a−s)t

2

]
dt

= 1

2

[∫ +∞

0
e−(s−a)t dt +

∫ +∞

0
e−(s+a)t dt

]
.

As in previous examples, these improper integrals can be evaluated by calling
the upper limit of integration τ and taking the limit as τ goes to infinity:

F(s) = lim
τ→∞

1

2

[∫ τ

0
e−(s−a)t dt +

∫ τ

0
e−(s+a)t dt

]

= lim
τ→∞

1

2

[
1

−(s − a)
e−(s−a)t

]∣∣∣∣
τ

0
+ lim

τ→∞
1

2

[
1

−(s + a)
e−(s+a)t

]∣∣∣∣
τ

0

= lim
τ→∞

1

2

[
1

−(s − a)
e−(s−a)τ − 1

−(s − a)
e−(s−a)0

]

+ lim
τ→∞

1

2

[
1

−(s + a)
e−(s+a)τ − 1

−(s + a)
e−(s+a)0

]
.

Inside the first set of large square brackets, the exponential term in which τ

appears will be zero as long as s − a > 0 (so s > a), and in the second pair of
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large square brackets, the exponential term in which τ appears will be zero as
long as s + a > 0 (so s > −a). To cover both of these cases for both positive
and negative values of a, s must be greater than |a|. If that’s true, then both
terms involving τ go to zero as τ → ∞, leaving

F(s) = 1

2

[
0 − 1

−(s − a)
e−(s−a)0

]
+ 1

2

[
0 − 1

−(s + a)
e−(s+a)0

]

= 1

2

[
1

(s − a)
+ 1

(s + a)

]
.

Combining these two terms gives

F(s) = 1

2

[
s + a

(s − a)(s + a)
+ s − a

(s + a)(s − a)

]

= 1

2

[
s + a + s − a

s2 − a2

]
= 1

2

[
2s

s2 − a2

]
= s

s2 − a2
.

So in this case the integral of f (t)e−st over the range t = 0 to t = ∞ converges
to a value of s

s2−a2 as long as s > |a|. Thus the unilateral Laplace transform of
the hyperbolic cosine function f (t) = cosh (at) is

F(s) = s

s2 − a2
ROC: s > |a|. (2.30)

The real and imaginary parts of F(s) for a = 1/sec and σ = 1.1/sec are
shown in Fig. 2.31a and 2.31b. As expected for the transform of a time-domain
signal with a large DC component, the frequency components with the highest
amplitude are the low-frequency cosine basis functions represented by the real
part of F(s) near ω = 0.

But sine basis functions are also needed to produce the slope of the
modified time-domain function f (t)u(t)e−σ t , and you can see the amplitudes
of those components in the slice through the imaginary part of F(s) shown
in Fig. 2.31b. As described in previous examples, the anti-symmetric nature
of the imaginary part of F(s) about ω = 0 means that the sine components
from both sides of the spectrum have the same sign, since sin (ωt) is also an
odd function. In this case, the positive imaginary values of F(s) for negative
angular frequencies (ω < 0) multiplied by i sin (−ωt) produce positive sine
components. When synthesizing the time-domain function f (t) using the
inverse Laplace transform, these positive sine components provide the required
slope for positive time and combine with the positive cosine components to
reduce the amplitude of the integrated result for negative time.
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Figure 2.31 (a) Real and (b) imaginary parts of a slice through F(s) = s/(s2+a2)

at σ = 1.1/sec and a = 1/sec.

You can see how the cosine and sine basis functions weighted by the real
and imaginary parts of F(s) combine to product the time-domain function
f (t) = cosh (at) for t > 0 by considering the behavior over time of several of
the low-, medium-, and high-frequency components.

As in the case of the examples of constant and exponential functions
discussed earlier in this chapter, the low-frequency components of the inverse
Laplace transform establish the small-amplitude baseline for negative time
and increasing amplitude for positive time. You can see three of those low-
frequency components for F(s) = s/(s2 − a2) in Fig. 2.32; those frequencies
are ω = ±0.01 rad/sec, ±0.05 rad/sec, and ±0.1 rad/sec. At each of these
frequencies, the real part of F(s) contributes positive cosine functions and
the imaginary part of F(s) contributes positive sine functions to the inverse
Laplace transform. Those functions mix to provide components that have small
but increasing amplitude over the ±5-second time window shown in the middle
portion of this figure. Note that the slope of the integrated results is small for
negative time and increasing for positive time; at the highest of these three
frequencies (ω = ±0.1 rad/sec), the slope is greater than the slope of the time-
domain function f (t) = cosh (at). And, as in previous examples, these slowly
changing components cannot produce the required step in amplitude at time
t = 0, so higher-frequency components are needed to do that job. The next



2.5 Hyperbolic Functions 83

�5 �4 �3 �2 �1

5
10
15
20

�1 �0.5 0 0.5 1

2

4

6

�1 �0.5 0 0.5 1

�2

0

2

�5 �4 �3 �2 �1

0 1 2 3 4 5

0 1 2 3 4 5

0.2
0.4
0.6
0.8
1

Real part of F(s) for f(t) = cosh(at)   (t > 0) Imaginary part of F(s) for f(t) = cosh(at)   (t > 0)

Time (sec)

w (rad/sec) w (rad/sec)

 a = 0.1/sec

 � = 0.2/sec

F(s)est for

Time (sec)

w = � 0.01 rad/sec (o)
w = � 0.05 rad/sec (□) 
w = � 0.1 rad/sec (◊)�

w = � 0.01 to + 0.01 rad/sec (o)
w = � 0.05 to + 0.05 rad/sec (□) 
w = � 0.1 to + 0.1 rad/sec (◊)�

w = � 0.01 rad/sec (o)
w = � 0.05 rad/sec (□) 
w = � 0.1 rad/sec (◊)

�	
�p��F(s)estdw over interval

a = 0.1/sec

s = 0.2/sec
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Figure 2.33 Three medium-frequency components of F(s) for f (t) = cosh (at).

two plots show the effect of including higher-frequency components in the
process of synthesizing f (t).

Three medium-frequency components with angular frequencies of ω =
±0.2 rad/sec, ±0.5 rad/sec, and ±1.0 rad/sec are shown in Fig. 2.33. At these
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Figure 2.34 Three high-frequency components of F(s) for f (t) = cosh (at).

frequencies, the imaginary part of F(s) is somewhat larger than the real
part, so the dominant contributions are positive sine functions. The periods
of those sine functions are T = 2π/ω, which are 31.4 seconds, 12.6 seconds,
and 6.3 seconds, respectively, and as you can see in the middle portion of
this figure, the amplitudes of the two higher frequencies are beginning to
roll off over this time window. That brings the integrated results closer to
the cosh function for positive time, as shown in the bottom portion of the
figure. Note also that the integrated results show that the transition from the
small amplitudes for negative time to the larger (and increasing) amplitudes
for positive time is faster at higher frequencies; this is an indication that higher
frequencies are needed to synthesize the required step at time t = 0.

Three higher-frequency components, with angular frequencies ω = ±2
rad/sec, ±5 rad/sec, and ±10 rad/sec, are shown in Fig. 2.34. As you can
see in the middle portion of this figure, each of the positive sine functions
at these frequencies has a relatively steep positive slope at time t = 0, so
including these components in the integral of the inverse Laplace transform
contributes to the amplitude step of f (t) as it transitions from zero amplitude
for t < 0 to cosh (at) for t > 0. Including these higher-frequency components
in the integral of the inverse Laplace transform also has the effect of smoothing
out the ripples for both negative and positive time, but the Gibbs ripples near



2.5 Hyperbolic Functions 85

�5
Time (sec)

�80

�60

�40

�20

0

20

40

60

80

f(
t)

�550 0 5
Time (sec)

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

(a) (b)
f(t) =  sinh(at) for a = 1/sec  

Time-domain function f(t) = sinh(at) Modified time-domain function f(t)u(t)e�st

f(
t)

u(
t)

e
�st s� = 1/sec

Figure 2.35 (a) Hyperbolic sine time-domain function f (t) and (b) modified
f (t).

the amplitude jump at time t = 0 remain, as discussed in the constant-time
example at the beginning of this chapter.

Hyperbolic Sine Functions

As shown above for the hyperbolic cosine function, the process of finding the
Laplace transform of the hyperbolic sine time-domain function

f (t) = sinh (at) (2.31)

begins by writing the Laplace transform as

F(s) =
∫ +∞

0−
f (t)e−st dt =

∫ +∞

0
sinh (at)e−st dt . (2.32)

The time-domain function f (t) = sinh (at) for a = 1/sec is shown in
Fig. 2.35a and the modified function f (t)u(t)e−σ t for σ = 1/sec in Fig. 2.35b.
Although the modified function looks somewhat similar to the modified
function for the hyperbolic cosine function shown in Fig. 2.30, a careful look
reveals several differences that lead to differences in the Laplace transform of
the time-domain sinh function from that of the cosh function discussed above.
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To see the mathematics behind those differences, insert the relationship
between the sinh function and the exponential functions eat and e−at given
in Eq. 2.27 into Eq. 2.32. That gives

F(s) =
∫ +∞

0

[
eat − e−at

2

]
e−st dt =

∫ +∞

0

[
e(a−s)t − e(−a−s)t

2

]
dt

= 1

2

[∫ +∞

0
e−(s−a)t dt −

∫ +∞

0
e−(s+a)t dt

]
.

Once again, these improper integrals can be evaluated as:

F(s) = lim
τ→∞

1

2

[∫ τ

0
e−(s−a)t dt −

∫ τ

0
e−(s+a)t dt

]

= lim
τ→∞

1

2

[
1

−(s − a)
e−(s−a)t

]∣∣∣∣
τ

0
− lim

τ→∞
1

2

[
1

−(s + a)
e−(s+a)t

]∣∣∣∣
τ

0

= lim
τ→∞

1

2

[
1

−(s − a)
e−(s−a)τ − 1

−(s − a)
e−(s−a)0

]

− lim
τ→∞

1

2

[
1

−(s + a)
e−(s+a)τ − 1

−(s + a)
e−(s+a)0

]
.

As in the cosh case, if s is greater than |a|, both terms involving τ go to zero
as τ → ∞, leaving

F(s) = 1

2

[
0 − 1

−(s − a)
e−(s−a)0

]
− 1

2

[
0 − 1

−(s + a)
e−(s+a)0

]

= 1

2

[
1

(s − a)
− 1

(s + a)

]
.

In this case combining these two terms gives

F(s) = 1

2

[
s + a

(s − a)(s + a)
− s − a

(s + a)(s − a)

]

= 1

2

[
s + a − s + a

s2 − a2

]
= 1

2

[
2a

s2 − a2

]
= a

s2 − a2
.

So the integral of f (t)e−st over the range t = 0 to t = ∞ converges to a
value of a/(s2 − a2) as long as s > |a|. Thus the unilateral Laplace transform
of the hyperbolic sine function f (t) = sinh at is

F(s) = a

s2 − a2
ROC: s > |a|. (2.33)
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Figure 2.36 (a) Real and (b) imaginary parts of slice through F(s) at σ = 1.1/sec
and a = 1/sec.

There are obvious similarities between F(s) for the sinh function and the
cosh function, as you can see in the plots of the real and imaginary parts of
F(s) shown in Fig. 2.36. As was the case for the Laplace transform of the time-
domain cosh function, the highest-amplitude frequency components of the sinh
function are low-frequency cosine functions, because like the modified cosh
function, the modified sinh function has a large DC component (as shown in
Fig. 2.35b above). And like the cosh transform, the sinh transform has smaller
but nonzero sine components, which add to the mix in the inverse Laplace
transform to produce the proper slope and to combine with the positive cosine
components to reduce the amplitude of the integrated result for negative times.

But a careful comparison of F(s) for sinh and cosh functions reveals
important differences, as well. In Fig. 2.36a, notice the small negative-
amplitude lobes on both sides of the peak at ω = 0. As you’ll see in the
discussion of the inverse Laplace transform below, the cosine basis functions
with amplitudes given by those negative lobes contribute to the cancellation
of the positive cosine components not just at negative times, but also at time
t = 0. As mentioned above, one difference between the time-domain cosh and
sinh functions is that the cosh function has a value of unity at time t = 0, while
the sinh function has a value of zero at that time. And since all sine functions
have a value of zero at t = 0, the cancellation of positive cosine contributions
can be done only by the addition of negative cosine basis functions.
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Figure 2.37 Three low-frequency components of F(s) for f (t) = sinh (at).

The other substantial difference in F(s) for cosh and sinh functions can
be seen by comparing the slice through the imaginary part of F(s) shown
in Fig. 2.36b for the sinh function with the equivalent slice for the cosh
function shown in Fig. 2.31b. As you can see, the spread of frequency
components is significantly smaller in the sinh case (that is, the amplitude of
the components rolls off more quickly with frequency in this case). This makes
sense when you note that the modified time-domain function f (t)u(t)eσ t

is considerably narrower for cosh than for sinh, and narrower time-domain
functions require wider frequency-domain spectra, since higher frequency
components are needed to produce steeper slopes in time.

As you might expect from the similarity of the s-domain functions F(s)

near ω = 0 for cosh and sinh time-domain functions, the low-frequency
components shown in Fig. 2.37 are similar to those of the cosh function, with
the real part of F(s) contributing positive cosine functions and the imaginary
part of F(s) contributing positive sine functions. In both cases, the resulting
amplitude of each of these components is small for t < 0 and increasing for
t > 0. But note that the sinh function has no step at time t = 0, and the
amplitude of the integrated results is smaller than sinh (at) for positive times.

That means that additional frequency components are needed to increase the
amplitude of the integrated results at positive time, but unlike the cosh case,
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Figure 2.38 Three medium-frequency components of F(s) for f (t) = sinh (at).

those components must maintain the continuous (and small) amplitude across
time t = 0.

To see how that works, take a look at the three medium-frequency compo-
nents with ω = ±0.2 rad/sec, ±0.5 rad/sec, and ±1.0 rad/sec shown in the
middle portion of Fig. 2.38. These medium-frequency components contribute
positive sine functions from the imaginary part of F(s), but some of the cosine
functions contributed by the real part of F(s) are negative. As you can see in
the integrated results shown in the bottom portion of this figure, those negative
cosine functions help prevent a step from occurring at time t = 0.

The result of increasing the range of integration to ω = ±2 rad/sec, ±5 rad/
sec, and ±10 rad/sec is shown in the Fig. 2.39. Integrating over even the most
narrow of these frequency ranges produces a function that closely resembles
f (t) = 0 for t < 0 and f (t) = sinh (at) for t > 0, but, as expected, higher-
frequency components contribute to the sharpness of the change in slope at
time t = 0 and reduce the amplitude ripples for both negative and positive
time.

Since the integrated results are virtually indistinguishable from f (t) =
sinh (at) at the scale shown in Fig. 2.39, you can get a better idea of the
contributions of high-frequency components by looking at the zoomed-in plot
in Fig. 2.40. In this plot, you can see that the addition of higher frequencies
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Figure 2.39 Three high-frequency components of F(s) for f (t) = sinh (at).
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Figure 2.40 Closer view of the integrated results of F(s)est over the frequency
ranges of ±2, ±5, and ±1 rad/sec for f (t) = sinh (at).

sharpen the transition in amplitude from zero for t < 0 to sinh (at) for t > 0,
while also reducing the amplitude and period of the ripples in the synthesized
result.

With the Laplace transforms of these constant, exponential, sinusoidal, tn,
and hyperbolic functions in hand, you should be ready to see and understand
some characteristics of the Laplace transform. Those characteristics are the
subject of the next chapter, which you should find easy going if you take the
time to work through each of the problems in the following section – and
remember, if you need help, full interactive solutions are available on this
book’s website.
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2.6 Problems

1. The Fourier and Laplace transforms involve the integral of the product of
the complex-exponential basis functions and the time-domain function
f (t); the result depends on the even or odd nature of those functions.
Show that

(a) Multiplying two even functions produces an even function.
(b) Multiplying two odd functions produces an even function.
(c) Multiplying an even and an odd function produces an odd function.
(d) Any function f (t) may be decomposed into the sum

f (t) = feven(t) + fodd(t) of an even and an odd function defined by

feven(t) = f (t) + f (−t)

2
fodd(t) = f (t) − f (−t)

2
.

2. The unilateral Laplace transform of the constant time-domain function
f (t) = c is discussed in Section 2.1. Use the same approach to find the
s-domain function F(s) and the region of convergence if the
time-domain function f (t) is limited in time, specifically if f (t) = 2 for
0 < t < 1 and f (t) = 0 for t > 1.

3. Find the real and imaginary parts of the unilateral Laplace transform
F(s) of the exponential time-domain function f (t) = eat discussed in
Section 2.2 and specify whether each is even or odd.

4. Use the approach of Section 2.2 and the results of the previous problem
to find the real and imaginary parts of F(s) and the ROC for the
time-domain function f (t) = 5e−3t .

5. Sketch the scaled time-domain cosine function f (t) = cos (2t)
4 and use the

definition of the unilateral Laplace transform (Eq. 1.2) to find F(s) for
this function.

6. Use the definition of the unilateral Laplace transform to find F(s) for the
time-offset sine function f (t) = sin (t − π

4 ) for t ≥ π
4 and f (t) = 0 for

t < π
4 .

7. Use the definition of the unilateral Laplace transform to find F(s) for
f (t) = t , then compare your result to Eq. 2.23 for n = 1. Also show that
the expressions for the real and imaginary parts of F(s) given in
Eqs. 2.24 and 2.25 are correct.

8. Use the definition of the unilateral Laplace transform and the approach of
Section 2.4 to find F(s) for the time-domain function f (t) = (t − 2)2.

9. Use the definition of the unilateral Laplace transform and the approach of
Section 2.5 to find F(s) for the time-domain function f (t) = cosh ( t

2 ).
10. Find the unilateral Laplace transform of the time-domain function

f (t) = 6 cosh2 (−4t) − 3 sinh (2t).



3
Properties of the Laplace Transform

The value of knowing the Laplace transforms of the basic functions described
in the previous chapter is greatly enhanced by certain properties of the
Laplace transform. That is because these properties allow you to determine
the transform of much more complicated time-domain functions by combining
and modifying the transforms of simple functions such as those discussed in
Chapter 2.

In this chapter, you will find descriptions of the most important char-
acteristics of the Laplace transform. Those characteristics include linearity
(Section 3.1), shifting (Section 3.2), scaling (Section 3.3), time-domain differ-
entiation (Section 3.4), integration (Section 3.5), multiplication and division
by t (Section 3.6), periodic functions (Section 3.7), convolution (Section 3.8),
and the initial- and final-value theorems (Section 3.9). These properties apply
to the Laplace transforms of time-domain functions f (t) that are piecewise
continuous and of exponential order. The descriptions in this chapter include
explanations of the mathematical foundations of each property, but they also
provide an overview of the reasoning behind each characteristic – that is, why
it “makes sense” that the Laplace transform behaves as it does.

As in every chapter, the final section of this chapter (Section 3.10) contains
a set of problems that you can use to check your understanding of the concepts
and mathematical techniques presented in this chapter.

3.1 Linearity

A very useful characteristic of the Laplace transform is linearity, which means
that transforming a time-domain function f (t) to a generalized-frequency
domain function F(s) using the Laplace transform is a linear process. A linear
process encompasses two properties: homogeneity and additivity.

92
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The homogeneity of the Laplace transform means that if the time-domain
function f (t) has Laplace transform F(s), then the Laplace transform of
the function cf (t) (in which c is a constant) is simply cF (s). You can see
this by writing out the one-sided Laplace transform as

L[f (t)] =
∫ ∞

0−
f (t)e−st dt = F(s),

so the Laplace transform of cf (t) is

L[cf (t)] =
∫ ∞

0−
cf (t)e−st dt = c

∫ ∞

0−
f (t)e−st dt = cF (s).

This can be stated concisely as

L[cf (t)] = cL[f (t)] = cF (s). (3.1)

Intuitively, this should make sense to you, because F(s) tells you how much
of each cosine and sine basis function is included in the mix that makes up
the modified time-domain function f (t)u(t)e−σ t . So scaling the amplitude of
all of the basis functions by multiplying by a constant also scales the results
of mixing those functions together (in other words, if you’re baking a cake
and you want to make it twice as big, you should double the amount of each
ingredient you put in).

The additivity of the Laplace transform means that if you have a time-
domain function that you recognize as the sum of two or more other functions,
the Laplace transform of that composite function is just the sum of the
Laplace transforms of each of the individual functions. So for two time-domain
functions f (t) and g(t) with Laplace transforms F(s) and G(s), the Laplace
transform of the sum f (t) + g(t) is just the sum of the Laplace transforms
F(s) + G(s). That is, if

F(s) =
∫ ∞

0−
f (t)e−st dt and G(s) =

∫ ∞

0−
g(t)e−st dt

then

L[f (t) + g(t)] =
∫ ∞

0−
[f (t) + g(t)]e−st dt

=
∫ ∞

0−
f (t)e−st dt +

∫ ∞

0−
g(t)e−st dt

= F(s) + G(s).

In operator notation, this is

L[f (t) + g(t)] = L[f (t)] + L[g(t)] = F(s) + G(s). (3.2)
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This should also seem reasonable to you, since all of the basis functions
weighted by F(s) add up to f (t)u(t)e−σ t and all of the basis functions
weighted by G(s) add up to g(t)u(t)e−σ t . Hence adding both sets of weighted
basis functions together produces [f (t) + g(t)]u(t)e−σ t .

You can see how the linearity property of the Laplace transform can be used
in several of the problems at the end of this chapter and their online solutions.

3.2 Time and Frequency Shifting

In some applications in which the Laplace transform is useful, you may
encounter time-domain functions that are shifted to earlier or later times.
Alternatively, you may see frequency-domain functions that are shifted to
higher or lower frequencies. For example, the time-domain function f (t − a)

has the same shape as the function f (t), but that shape is shifted to later times
by an amount a (if a is positive) or to earlier times (if a is negative).1 Likewise,
the frequency-domain function F(s − a) has the same shape as the function
F(s), but that shape is shifted to higher complex frequencies (s = σ + iω) if
a is positive and lower complex frequencies if a is negative.

In this section, you will see the consequences of such shifts on the other
side of the Laplace transform – that is, the effect of a time shift such as f (t−a)

on the frequency-domain function F(s) and the effect of a complex-frequency
shift such as F(s − a) on the time-domain function f (t) .

Shifting in the t-Domain

To understand the effect of a time shift in f (t) on the complex frequency
function F(s), start by writing the one-sided Laplace transforms of two time-
domain functions: the first is f (t), and the second is f (t − a). In this case,
f (t − a) is a version of f (t) that is shifted in time by amount a, and f (t − a)

has zero amplitude for time t < a. Here are those transforms:

L[f (t)] =
∫ t=∞

t=0−
f (t)e−st dt = F(s) (3.3)

1 If you are uncertain why subtracting a positive constant from time t shifts f (t) to later times,
take a look at the first part of the “Convolution” document on this book’s website.
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and

L[f (t − a)] =
∫ t=∞

t=0−
f (t − a)u(t − a)e−st dt, (3.4)

in which u(t−a) represents a time-shifted version of the unit-step function that
has amplitude zero for t < a and one for t ≥ a. Note that F(s) is the result of
the Laplace transform of the unshifted time-domain function f (t).

Now make a new time variable (τ ) that is offset from time t by amount a:

τ = t − a or t = τ + a.

Since the difference between t and τ is just the offset a, an increment in time t

is the same as an increment in the offset time τ , which means

dt = dτ .

Inserting these expressions for t and dt into Eq. 3.4 for the Laplace transform
of f (t − a) gives

L[f (t − a)] =
∫ t=∞

t=0−
f (t − a)u(t − a)e−st dt

=
∫ τ+a=∞

τ+a=0−
f (τ)u(τ)e−s(τ+a)dτ

=
∫ τ=∞

τ=a−
f (τ)u(τ)e−sτ e−sadτ,

in which a− represents the time 0− − a. But f (τ)u(τ) = 0 for τ < 0, which
means that setting the lower limit of integration to 0− rather than a− won’t
change the result. And since the term e−sa doesn’t depend on τ , it can be
brought out of the integral, giving

L[f (t − a)] = e−sa

∫ τ=∞

τ=0−
f (τ)e−sτ dτ .

The integral in this expression is the same as the integral in Eq. 3.3 (the name
of the time variable doesn’t affect the result), so

L[f (t − a)] = e−sa

∫ t=∞

t=0−
f (t)e−st dt = e−saF (s).

Written with the Laplace operator, this is

L[f (t − a)] = e−saL[f (t)] = e−saF (s). (3.5)

So a time-domain function f (t − a), shifted in time by amount a from the
function f (t) and with zero amplitude for t < a, has a Laplace transform
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that is the same as the Laplace transform F(s) of the unshifted function f (t)

multiplied by the complex-exponential factor e−sa .
Why should a shift in the time domain result in multiplication by an

exponential in the frequency domain? To understand that, recall that the
result F(s) of the unilateral Laplace transform tells you the amount of each
cosine and each sine basis function that make up the time-domain function
f (t), modified by multiplication by the unit-step function u(t) and the real
exponential function e−σ t . So if f (t) is shifted in time, the mixture of basis
functions that make up the modified function f (t − a)u(t − a)e−σ(t−a) must
be modified. Using esaF (s) rather than F(s) as the weighting factor of each
sinusoidal basis function changes the phase of those sinusoids, and that has the
effect of shifting them in time. And shifting the basis functions in time also
shifts the function f (t) that is synthesized by the combination of those basis
functions.

Shifting in the s-Domain

The mathematics of finding the effect of a complex-frequency shift such as
F(s − a) on the time-domain function f (t) is quite straightforward. Start by
writing the Laplace transform equation using s − a in place of s:

F(s − a) =
∫ ∞

0−
f (t)e−(s−a)t dt =

∫ ∞

0−
f (t)e−st eat dt

=
∫ ∞

0−
[eatf (t)]e−st dt = L[eatf (t)]

or

L[eatf (t)] = F(s − a). (3.6)

This means that a shift in the complex frequency s by amount −a in the
frequency domain is equivalent to multiplication of f (t) by the exponential
eat in the time domain.

Why this is true (beyond the mathematics shown above) can be understood
by recalling that the complex frequency s is comprised of a real part σ and
an imaginary part ω. Recall also that the real part σ determines the rate of
change of the factor e−σ t in the modified function f (t)u(t)e−σ t , and it is
this modified function for which the Laplace transform provides the basis-
function amplitudes F(s). But subtracting a from σ makes the modified time-
domain function f (t)u(t)e−(σ−a)t , which is the same as [eatf (t)]u(t)e−σ t .
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So F(s −a) tells you the weighting factors of the basis functions that combine
to produce eatf (t) rather than f (t).

To comprehend why this is true, it may help to think about a specific
case such as the Laplace transform of the time-domain function sin (ω1t).
The Laplace transform F(s) of this function tells you the amplitudes of the
cosine and sine basis functions that add up to produce the modified function
f (t)u(t)e−σ t , which is a sine function that begins at time t = 0 and has
decreasing amplitude as time increases. The function F(s−a) also provides the
weighting factors of sinusoidal basis functions, but this mix of basis functions
adds up to f (t)u(t)e−(σ−a)t , which is also a sine function starting at time t = 0
and decreasing over time. But in this case the rate of decrease is smaller, since
σ − a is smaller than σ .

And here is the key point: that smaller rate of decrease is the same as it
would have been if you had started not with function f (t) = sin (ω1t) (a sine
function with constant amplitude), but with function eatf (t) = eat sin (ω1t)

(a sine function with increasing amplitude over time).
That is why the Laplace transform of eatf (t) produces the complex

frequency function F(s − a). And although it’s tempting to think of F(s − a)

as “shifting to a lower frequency,” you should remember that reducing the
real part σ of the complex frequency reduces the rate of change of the real
exponential term eσ t but does not change the angular frequency ω of the
oscillating term eiωt .

You can apply your understanding of the time- and frequency-shifting
property of the Laplace transform to several functions by working Problem 3.2
at the end of this chapter.

3.3 Scaling

The scaling property of the Laplace transform refers to the effect of a
multiplicative factor in the argument of the time-domain factor f (t). Calling
that factor “a” makes the time-domain function f (at), for which the Laplace
transform look like this:

L[f (at)] =
∫ ∞

0−
f (at)e−st dt . (3.7)

The impact of this scaling factor can be seen by making a change of
variables:

u = at t = u

a

du

dt
= a dt = du

a
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and inserting these expressions for t and dt into Eq. 3.7 gives

L[f (at)] =
∫ ∞

0−
f (at)e−st dt =

∫ ∞

0−
f (u)e−s( u

a )
du

a

= 1

a

∫ ∞

0−
f (u)e−( s

a )udu.

But this integral is the Laplace transform of f (u) with s/a in place of s, so∫ ∞

0−
f (u)e−( s

a )udu = F
( s

a

)
and

L[f (at)] = 1

a

∫ ∞

0−
f (u)e−( s

a )udu = 1

a
F

( s

a

)
. (3.8)

This means that multiplying the argument of the time-domain function by a

has two effects on the complex frequency-domain function F(s): the argument
s is divided by a, and the amplitude of F(s) is also divided by the same factor.

To understand why that is true, remember that multiplying the argument of
a time-domain function f (t) by a constant greater than one compresses the
plot of the function along the horizontal axis, since the argument at reaches a
given value sooner (that is, at smaller values of time) than the argument t . So,
as shown in Fig. 3.1a, the plot of a rectangular-pulse function f (t) extending
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Figure 3.1 Effect of time scaling on the rectangular function f (t) = 1 for
0 < t < 5 sec in (a) the time domain and (b) the frequency domain.
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from t = 0 sec to t = 5 sec will extend only from t = 0 sec to t = 1.67 sec if
f (at) is plotted with t on the horizontal axis and a = 3.

Recall also that compressing a time-domain function horizontally means
that changes in the value of the function happen more quickly (that is, a given
change occurs over a shorter period of time). That means that larger high-
frequency components are needed to make up that faster-changing function.
And just as multiplying a function’s argument by a constant a > 1 compresses
the plot of that function, dividing a function’s argument by that constant
“stretches out” that function along the horizontal axis. In the frequency
domain, that means that F(s/a) is wider in frequency than F(s), as shown
in Fig. 3.1b, exactly as needed for the compressed time-domain function.

What about the factor of 1/a outside F(s/a)? Remember that the value
f (0) of the time-domain function at time t = 0 is proportional to the area
under the curve of the frequency-domain function, since the factor eiωt in the
inverse transform integral is unity when t = 0:

f (t) = 1

2π

∫ σ+i∞

σ−i∞
F(s)est dω,

so

f (0) = 1

2π

∫ σ+i∞

σ−i∞
F(s)e0dω = 1

2π

∫ σ+i∞

σ−i∞
F(s)dω, (3.9)

which is proportional to the area under the curve in a plot of F(s) vs. ω at a
fixed value of σ .

Note also that compressing a time-domain function along the time axis
doesn’t change its value at t = 0, so the area under the frequency-domain curve
must remain the same. But the greater frequency extent of a frequency-domain
function stretched out by factor a would result in a larger area under the curve
unless the amplitude is reduced by the same factor. This is why a factor of 1/a

is needed outside F(s/a) in Eq. 3.8.
Working Problem 3.3 at the end of this chapter will give you the opportunity

to apply both the linearity and the scaling properties of the Laplace transform
to the same time-domain function and compare the results.

3.4 Time-Domain Differentiation

One of the most useful characteristics of the Laplace transform in solving
differential equations comes from the effect of taking the derivative of the
time-domain function f (t) prior to taking the Laplace transform. As you will
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see in Chapter 4, in many cases this property can be used to turn differential
equations into algebraic equations, greatly simplifying the process of finding a
solution.

The effect of differentiation prior to Laplace transformation can be seen
by writing the unilateral Laplace-transform integral of the time derivative of
f (t) as

L
[
df (t)

dt

]
=

∫ ∞

0−

df (t)

dt
e−st dt =

∫ ∞

0−
e−st df = lim

τ→∞

∫ τ

0−
e−st df . (3.10)

This integral can be simplified using integration by parts:∫ τ

0
udv = uv

∣∣∣∣
τ

0
−

∫ τ

0
vdu. (3.11)

Applying this to Eq. 3.10 with

u = e−st du = −se−st dt v = f dv = df

gives

L
[
df (t)

dt

]
= lim

τ→∞

[
e−st f (t)

∣∣∣∣
τ

0−
−

∫ τ

0−
f (t)

(−se−st
)
dt

]

= lim
τ→∞

[
e−s(τ )f (τ ) − e−s(0)f (0−) + s

∫ ∞

0−
f (t)e−st dt

]
.

But e−s(τ )f (τ ) = 0 as τ → ∞, since the time-domain function f (t) is of
exponential order, and the last integral is just F(s), the unilateral Laplace
transform of f (t). So

L
[
df (t)

dt

]
= 0 − (1)f (0−) + sF (s) = sF (s) − f (0−). (3.12)

This tells you that if F(s) is the Laplace transform of f (t), taking the
derivative with respect to time of f (t) prior to taking the Laplace transform
has the effect of multiplying F(s) by s, as long as you then subtract the value
of f (t) at time t = 0− (that is, the value of the function just before time t = 0)
from the result.

To understand why that is true, remember that the result F(s) of the Laplace
transform tells you the amount of each basis function that adds in to the mix
that synthesizes the modified time-domain function f (t)u(t)e−σ t . So when
you take the time derivative of f (t), the Laplace transform of the result tells
you the amount of each sinusoidal basis function in the mix that makes up the
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change in the modified time-domain function over time (specifically, the slope
df (t)/dt of the function f (t) over time).

Remember also that the process of synthesizing a time-domain function
from F(s) involves multiplying F(s) not only by the sinusoidal basis functions
eiωt , but also by the real exponential factor eσ t , as described in Section 1.5. So
when synthesizing the time-domain function df/dt (representing the change
of f (t) over time), it’s reasonable to expect that the change over time of the
sinusoidal basis functions eiωt as well as the function eσ t will play a role.

That change over time is straightforward to assess mathematically: taking
the time derivative brings down a factor of iω from eiωt and a factor of σ from
eσ t . You may find it instructive to consider why that happens, and to do that,
recall that taking the time derivative of a function at any time is equivalent
to finding the slope in the graph of the function at that time. The process of
finding the slope for sinusoidal and exponential functions is illustrated in the
“Derivatives” document on this book’s website.

The key point is not simply that the process of taking the time derivative
of the complex-exponential function eiωt brings a factor of iω down from the
exponent, but also that this factor is multiplied by the function itself. Hence
the change in a complex-exponential basis function over time is just iω times
that same basis function.

Likewise, the factor of σ brought down from the exponent by the time
derivative of the real exponential function eσ t is also multiplied by the function
itself.

In other words, in determining the change over time of the basis functions
eiωt and the real exponential function eσ t that are used to synthesize the time-
domain function f (t), you find that the same basis functions are still present,
scaled by iω, and the same real exponential is still present, scaled by σ .

With that understanding, it seems reasonable that the Laplace transform
of the time derivative of f (t) involves the same complex frequency-domain
function F(s), scaled by σ to account for the change in eσ t over time, and by
iω to account for the change in the basis functions eiωt over time. And since
s = σ + iω, multiplying F(s) by s accomplishes the required scaling.

This analysis hasn’t addressed the f (0−) that is subtracted from sF (s) in
Eq. 3.12. If you look up the Fourier transform or the bilateral (two-sided)
Laplace transform of the derivative of a time-domain function, you’ll see that
this term is not present in either of those transforms. The reason for that can
be seen by taking another look at the derivation of Eq. 3.12 above. As you
can see, the f (0−) term originates from the insertion of the lower limit in the
uv product when employing integration by parts. In the Fourier and bilateral
Laplace transforms, the lower integration limit is −∞, and the term involving
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f (−∞)e−∞ vanishes for integrable functions. But in the unilateral Laplace
transform, the term −f (0−)e0 may be nonzero, which is why it appears in
Eq. 3.12.

You should also note that versions of Eq. 3.12 for higher-order derivatives
also exist. The version for second-order time derivatives looks like this:

L
[
d2f (t)

dt2

]
= s2F(s) − sf (0−) − df (t)

dt

∣∣∣∣
t=0−

, (3.13)

and for third-order derivatives

L
[
d3f (t)

dt3

]
= s3F(s) − s2f (0−) − s

df (t)

dt

∣∣∣∣
t=0−

− d2f (t)

dt2

∣∣∣∣
t=0−

. (3.14)

For time derivatives of fourth order and higher, the derivative property can
be written as

L
[
dnf (t)

dtn

]
= snF (s) − sn−1f (0−) − sn−2 df (t)

dt

∣∣∣∣
t=0−

− · · ·

− s
dn−2f (t)

dtn−2

∣∣∣∣
t=0−

− dn−1f (t)

dtn−1

∣∣∣∣
t=0−

, (3.15)

in which n represents the order of the derivative taken of f (t) prior to
performing the Laplace transformation.

If you are wondering about the dimensional compatibility of the terms in
these equations, remember that the Laplace transform L[f (t)] has dimensions
of f (t) multiplied by time, as explained in Chapter 1. That means that the
transform L

[ df (t)
dt

]
has dimensions of (f (t)/ time) × time, which are the same

dimensions as f (t). Likewise, the dimensions of the product sF (s) are the
same as those of f (t), since s has dimensions of 1/time. Hence all of the terms
in the equation for the derivative property of the Laplace transform have the
dimensions of f (t).

You can apply the time-domain derivative property of the Laplace transform
to sinusoidal, exponential, and tn functions in Problem 3.4 at the end of this
chapter.

3.5 Time-Domain Integration

If you worked through the development in the previous section, the approach to
finding the Laplace transform of the integral of the time-domain function f (t)
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over time should look familiar to you. Start by writing the integral of f (t) over
the time period from 0− to t as

integral of f (t) over time =
∫ t

0−
f (τ)dτ, (3.16)

in which the integration variable is called τ in order to distinguish it from the
time variable t of the Laplace transform. Taking the Laplace transform of this
integral looks like this:

L
[∫ t

0−
f (τ)dτ

]
=

∫ ∞

0−

[∫ t

0−
f (τ)dτ

]
e−st dt . (3.17)

As in the case of the time derivative, this can be simplified using integration
by parts, with variables

u =
∫ t

0−
f (τ)dτ du = f (t)dt dv = e−st dt v = −1

s
e−st .

Inserting these expressions into Eq. 3.17 and using integration by parts (Eq.
3.11) gives

L
[∫ t

0−
f (τ)dτ

]
=

[(∫ t

0−
f (τ)dτ

)(
−1

s
e−st

)]∣∣∣∣
∞

0−
−

∫ ∞

0−

(
−1

s
e−st

)
f (t)dt

=
[(∫ ∞

0−
f (τ)dτ

) (
−1

s
e−s(∞)

)]

−
[(∫ 0−

0−
f (τ)dτ

) (
−1

s
e−s(0)

)]
+ 1

s

∫ ∞

0−
e−st f (t)dt .

The expression in the first set of square brackets in the final equation is zero as
long as the integral of f (t) is of exponential order, since the exponential term
goes to zero faster than the integral increases. The expression in the second set
of square brackets is also zero, since the integration upper and lower limits are
the same. That leaves only the third term, in which the integral is F(s), the
unilateral Laplace transform of f (t). Hence

L
[∫ t

0−
f (u)du

]
= 1

s

∫ ∞

0−
e−st f (t)dt = F(s)

s
. (3.18)

So the Laplace transform of the integral of the time-domain function f (t)

over time t is just F(s), the Laplace transform of f (t), divided by s. You may
have expected this result, since the Laplace transform of the time derivative of
f (t) involves F(s) times s, and integrating a function over time is the inverse
process of taking the derivative of that function with respect to time.
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That intuition is helpful, and the result shown in Eq. 3.18 can be understood
using similar logic to that of the previous section. In this case, instead of
considering the change of the time-domain function f (t) over time, think
about the meaning of the integral of Eq. 3.16. Whereas the time derivative
is equivalent to the slope of the graph of f (t) vs. time, the integral over time is
the area under the curve of f (t) in that graph. So when you take the Laplace
transform of the integral of f (t) over time, the result tells you the amount of
each of the sinusoidal basis functions that mix together to provide the area
under the curve of the modified function f (t)u(t)e−σ t .

And since that mixing process, which is the synthesis done by the inverse
Laplace transform, involves multiplication of F(s) by the complex exponential
basis functions eiωt and also by the real exponential function eσ t , it is
reasonable to expect that the area under the curve of the function e(σ+iω)t will
play a role. That area is given by the integral of e(σ+iω)t over time interval t ,
and the result of that integration is just the function itself, e(σ+iω)t , scaled by a
factor of 1/(σ + iω). So it makes sense that the Laplace transform of the area
under f (t) is F(s), the Laplace transform of f (t), divided by s = σ + iω.

Problem 3.5 at the end of this chapter contains several functions to
which you can practice applying the time-integration property of the Laplace
transform.

3.6 Multiplication and Division of f (t) by t

Although the Laplace transform of many functions can be determined using an
integral equation such as Eq. 1.2 in Section 1.1, it is often quicker to use a table
of known Laplace transforms for basic functions and then apply the rules for
various combinations of those functions. One type of combination that occurs
quite frequently in some applications of the Laplace transform takes the form
of a function f (t) that is multiplied or divided by the time parameter t , forming
tf (t) or f (t)/t . In this section, you will see that knowing F(s), the Laplace
transform of f (t), allows you to find the Laplace transform of tf (t) by taking
the negative of the derivative of F(s) with respect to s, and to find the Laplace
transform of f (t)/t by taking the integral of F(s) over s.

Multiplication of f (t) by t

Showing that the Laplace transform of tf (t) is related to the derivative of F(s)

with respect to s is straightforward. Start by writing the integral equation for
F(s) (Eq. 1.2) and then taking the derivative with respect to s of both sides:
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F(s) = L[f (t)] =
∫ ∞

0−
f (t)e−st dt

d[F(s)]

ds
= d

ds

[∫ ∞

0−
f (t)e−st dt

]
.

The derivative with respect to s is a linear operation that can be moved inside
the integral over time, so

d[F(s)]

ds
=

∫ ∞

0−
f (t)

d(e−st )

ds
dt =

∫ ∞

0−
f (t)(−te−st )dt

= −
∫ ∞

0−
[tf (t)]e−st dt = −L[tf (t)].

Thus

L[tf (t)] = −d[F(s)]

ds
. (3.19)

If you are concerned about taking the derivative of F(s) with respect to a
complex variable (s), you needn’t be. Once you have an expression for F(s)

in which s appears, you can treat s like any other variable for the purposes of
taking the derivative of F(s).

That is the mathematical reasoning behind this property of the Laplace
transform, and Eq. 3.19 can be extremely useful in finding the Laplace
transform of a function of the form tf (t). To get an intuitive sense of why this
relationship is true, remember that the generalized frequency-domain function
F(s) is the result of forming the inner product between the modified function
f (t)u(t)e−σ t and testing functions, which in this case are the sinusoidal basis
functions eiωt . That inner product involves multiplying the modified function
by the complex conjugate of the basis functions (that is, e−iωt ) and integrating
the result over time. The result of that process, F(s), tells you the amount of
each basis function present in the modified function f (t)u(t)e−σ t for a given
value of s = σ + iω.

But the modifying function e−σ t and the complex conjugate of the basis
function e−iωt both change as s changes, because a change in the real part of
s changes σ , and a change in the imaginary part of s changes iω. And here’s
the key point: if you ask how quickly those functions change as s changes, the
answer is that the rate of change of both functions is −t times the functions
themselves. That is, the rate of change of e−σ t with σ is −t times e−σ t , and
the rate of change of e−iωt with iω is −t times e−iωt . If you use that rate of
change (with s) of the two functions under the time integral on the right side
of the Laplace transform equation (Eq. 1.2), you get the rate of change (with s)
of the function F(s) on the left side of the equation.



106 3 Properties of the Laplace Transform

Of course, seeing the mathematical proof and having an intuitive feel for the
result are both helpful, but if you still feel a bit uncertain about this relationship,
you may find it helpful to see the time-domain function tf (t) synthesized from
the s-domain function −dF(s)/ds. You can see an example of that synthesis
on this book’s website.

There is also a rule for cases in which the time-domain function is a higher
power of t times f (t), which you can find by repeated application of the
development shown for tf (t). As you might expect, that rule relates higher
powers of t to higher-order derivatives of F(s):

L[tnf (t)] = (−1)n
dn

dsn
F (s), (3.20)

in which the factor of −1 is taken to the power of n (the power to which t is
raised) because each application of the derivative with respect to s brings down
an additional factor of −t .

Division of f (t) by t

Deriving the property that relates the integral of F(s) to the time-domain
function f (t)/t takes a few more steps than in the case of multiplication by t ,
but none of those steps is difficult. In this case, start by writing the Laplace
transform equation for the function g(t) = f (t)/t :

L[g(t)] =
∫ ∞

0−

f (t)

t
e−st dt = G(s).

Now use the result from the previous section that the Laplace transform of
tf (t) is −dF(s)/ds, applied to g(t):

L[tg(t)] =
∫ ∞

0−
[tg(t)]e−st dt = −dG(s)

ds
.

But tg(t) = f (t), so

−dG(s)

ds
=

∫ ∞

0−
[tg(t)]e−st dt =

∫ ∞

0−
[f (t)]e−st dt = F(s).

This equation relates the change in G(s), the Laplace transform of g(t) =
f (t)/t , to F(s), and the Laplace transform of f (t). To find an expression
for G(s) itself, it is necessary to integrate both sides of this equation, and
setting the lower limit of that integration to s (for reasons that will become
clear below) and the upper limit to ∞ gives
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∫ ∞

s

[
−dG(u)

du

]
du =

∫ ∞

s

F (u)du

or

−[G(∞) − G[s)] =
∫ ∞

s

F (u)du,

in which the generalized-frequency variable u is introduced to differentiate the
lower limit of integration from the integration variable.

Since all functions that are Laplace transforms such as G(s) must go to zero
as s goes to ∞, G(∞) = 0, which means

G(s) = L[g(t)] =
∫ ∞

s

F (u)du.

And since g(t) = f (t)/t , this is

L
[
f (t)

t

]
=

∫ ∞

s

F (u)du. (3.21)

Using logic similar to that in the case of multiplication of f (t) by t , an
intuitive sense of why this is true can be gained by once again recalling
that F(s) is given by the inner product between the modified time-domain
function and the sinusoidal basis functions of the Laplace transform. But in
this case, instead of asking how the real and complex exponential functions
(and therefore F(s)) change with s, consider the area under the curve of
those functions when plotted against s. That area is found by integrating the
functions over s, and for the function e−st , the integral between the limits of s

and ∞ results in a factor of 1/t times the function e−st itself when evaluated
at the limits (this is why the lower limit of integration was set to s). So finding
the area under the curve of the e−st function on the right side of the Laplace
transform equation (Eq. 1.2) results in the transform of f (t)/t , and doing the
same on the left side results in the integral of the frequency-domain function
F(u) between s and ∞.

At the end of this chapter, Problem 3.6 provides several functions to which
you can apply the Laplace-transform properties of multiplication and division
by t .

3.7 Transform of Periodic Functions

This property of the Laplace transform applies to periodic time-domain func-
tions – that is, functions for which the values of the function repeat themselves
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at later times, such as sinusoidal functions or a train of identical pulses. If f (t)

is a periodic function, then

f (t) = f (t + T ), (3.22)

in which T represents the period of the function.
For any periodic function that is continuous at times t = 0, t = T , and all

other multiples of T (that is, a function that does not have discontinuities at the
beginning or end of each period), the unilateral Laplace transform can be found
by performing the usual integration of f (t)e−st , but rather than integrating
from t = 0 to t = ∞, the upper limit can be set equal to T . In other words,
the integral can be taken over a single period, as long as you then divide the
results of that single-period integration by a factor of 1−e−sT . That makes the
equation for the Laplace transform of a periodic function look like this:

L[f (t)] =
∫ T

0 f (t)e−st dt

1 − e−sT
. (3.23)

To see why this works, break the integral in the Laplace transform (Eq. 1.2)
into two parts, with the first part from t = 0 to t = T , and the second part from
t = T to t = ∞:

L[f (t)] =
∫ ∞

0
f (t)e−st dt =

∫ t=T

t=0
f (t)e−st dt +

∫ t=∞

t=T

f (t)e−st dt .

Now in the second integral let t = τ + T and dt = dτ :

L[f (t)] =
∫ t=T

t=0
f (t)e−st dt +

∫ τ+T =∞

τ+T =T

f (τ + T )e−s(τ+T )dτ

=
∫ t=T

t=0
f (t)e−st dt +

∫ τ=∞

τ=0
f (τ + T )e−s(τ+T )dτ

=
∫ t=T

t=0
f (t)e−st dt + e−sT

∫ τ=∞

τ=0
f (τ + T )e−sτ dτ .

Since f (t) is a periodic function with period T , Eq. 3.22 tells you that f (τ+T )

must equal f (τ), so

L[f (t)] =
∫ t=T

t=0
f (t)e−st dt + e−sT

∫ τ=∞

τ=0
f (τ)e−sτ dτ .

The second integral in this equation is the Laplace transform of f (t) (the name
of the integration variable doesn’t affect the relationship), so

L[f (t)] =
∫ T

0
f (t)e−st dt + e−sT L[f (t)]
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or

L[f (t)] − e−sT L[f (t)] =
∫ T

0
f (t)e−st dt

L[f (t)](1 − e−sT ) =
∫ T

0
f (t)e−st dt

L[f (t)] =
∫ T

0 f (t)e−st dt

1 − e−sT

in agreement with Eq. 3.23. This result follows mathematically, but why is it
necessary to integrate over only one period, and what does that term in the
denominator mean?

To understand the answer to those questions, it may help you to think of the
integral of all the repetitions of the function f (t) after the first period as the
sum of all of the integrals taken over each period T :∫ ∞

T

f (t)e−st dt =
∫ 2T

T

f (t)e−st dt +
∫ 3T

2T

f (t)e−st dt

+
∫ 4T

3T

f (t)e−st dt + . . .

and so on for an infinite number of periods.
The sum of those contributions doesn’t grow to infinity because e−st

includes a factor of e−σ t , so, as long as σ is sufficiently large and f (t) is
piecewise continuous and of exponential order, the integral converges even
with an infinite number of periods. But what do all those other terms add up to?

To determine that, start by looking at the term for the second period (t = T

to t = 2T ). If you make the substitution t = τ + T and dt = dτ , that term
becomes ∫ t=2T

t=T

f (t)e−st dt =
∫ τ+T =2T

τ+T =T

f (τ + T )e−s(τ+T )dτ

=
∫ τ=T

τ=0
f (τ + T )e−sτ e−sT dτ

= e−sT

∫ τ=T

τ=0
f (τ + T )e−sτ dτ .

But f (τ + T ) = f (τ), so this is∫ t=2T

t=T

f (t)e−st dt = e−sT

∫ τ=T

τ=0
f (τ)e−sτ dτ = e−sT

∫ t=T

t=0
f (t)e−st dt .
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Adding this to the integral over the first period gives

∫ T

0
f (t)e−st dt + e−sT

∫ T

0
f (t)e−st dt = (1 + e−sT )

∫ T

0
f (t)e−st dt .

The same process for the integral over the third period (t = 2T to t = 3T ),
with the substitution t = τ + 2T and dt = dτ , gives

∫ t=3T

t=2T

f (t)e−st dt = e−2sT

∫ t=T

t=0
f (t)e−st dt

and adding this to the integrals over the first two periods gives

∫ T

0
f (t)e−st dt + e−sT

∫ T

0
f (t)e−st dt + e−2sT

∫ T

0
f (t)e−st dt

= (1 + e−sT + e−2sT )

∫ T

0
f (t)e−st dt .

Continuing this same process to later periods gives

∫ ∞

0
f (t)e−st dt = (1 + e−sT + e−2sT + e−3sT + . . . )

∫ T

0
f (t)e−st dt .

So the integral over each period gives the same contribution as the integral over
the first period multiplied by (e−sT )(n−1), where n is the number of the period
(two for the second period, three for the third period, and so on).

The final step is to realize that for |x| < 1

1 + x + x2 + x3 + · · · = 1

1 − x

and applying this with x = e−sT gives

∫ ∞

0
f (t)e−st dt = 1

1 − e−sT

∫ T

0
f (t)e−st dt

in accordance with Eq. 3.23.
So it’s the fact that each cycle of the periodic function f (t) contributes the

same amount (scaled by (esT )(n−1)) to the Laplace transform integral that leads
to this property.

You can apply this property of the Laplace transform to the periodic
function provided in Problem 3.7 at the end of this chapter, and you can check
your result in the interactive solutions on this book’s website.
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3.8 Convolution

The mathematical operation of convolution is a form of multiplication of
two functions that has important applications in signal processing, statistics,
probability, image processing, and other fields in mathematics, physics, and
engineering. For two causal time-domain functions f (t) and g(t) (that is,
two functions which both have zero amplitude for all negative time), the
convolution (f ∗ g)(t) is defined as

(f ∗ g)(t) =
∫ τ=t

τ=0
f (τ)g(t − τ)dτ . (3.24)

Note that the convolution result f ∗ g is a function of time t , and that τ is a
time-domain variable of integration which plays no role in the result, since it
disappears when the integration limits are inserted.

If you haven’t encountered convolution in your studies, or if you’re
uncertain about the process, you may find it helpful to take a look at the short
tutorial called “Convolution” on this book’s website.

And if you have seen convolution before, especially in the context of Fourier
transforms, you may be wondering about the limits of integration in Eq. 3.24,
since in some applications it is common to define the convolution integral over
all time, from t = −∞ to t = ∞. The reason that a lower limit of τ = 0 is
used in the definition above is that a causal function such as f (t) must have
an amplitude of zero for all negative time, so the smallest value of τ for which
f (τ) can contribute to the convolution is f (0). Likewise, the upper limit of
τ = t is used because if τ were allowed to become greater than t , the argument
of g(t−τ) would be negative, and since g(t) is also causal, this function cannot
contribute to the convolution if its argument is less than zero.

So exactly what happens between those limits of τ? Here are the major
steps represented by Eq. 3.24: one of the two functions, g(τ) in this case, is
reversed in time, making g(−τ). This function is then offset in time by amount
t , making g(t − τ), multiplied by the other function (which is f (τ) in this
case), and the multiplication products are added up (that’s the integral over τ ).
This reverse, shift, multiply, and accumulate process gives one point (at one
time t) in the function that is the convolution (f ∗ g)(t). Then as time passes
and t increases, the function g(t − τ) “slides past” the function f (τ). As that
happens, the point-by-point multiplication of g(t − τ) and f (τ) is repeated,
and the results are accumulated for each value of t . So at each position of the
shifted function g(t − τ), it is the overlap of the two functions that contributes
to the convolution.
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What does the convolution of two functions tell you? There are several
ways to interpret the convolution result, but the common thread is that the
convolution process is a form of weighted averaging of one of the functions
over time, with the values of the other function providing the weights that are
applied in the averaging process. That is why you may have seen convolution
described as a blending process in which one of the functions is used to “smear
out” the other function. That doesn’t sound particularly useful, but in fact the
convolution process can accomplish much more than blurring.

One reason that convolution is immensely useful is that the Laplace trans-
form of the convolution between two time-domain functions gives the same
result as simply multiplying the Laplace transforms of those two functions
point by point. For example, if the Laplace transform of f (t) is F(s) and the
Laplace transform of g(t) is G(s)

F (s) =
∫ ∞

0
f (t)e−st dt G(s) =

∫ ∞

0
g(t)e−st dt,

then the Laplace transform of the convolution of f (t) and g(t) is the product
of F(s) and G(s):

L[(f ∗ g)(t)] = L[f (t)]L[g(t)] = F(s)G(s). (3.25)

To see why that’s true, start by writing the product F(s)G(s) as

F(s)G(s) =
∫ τ=∞

τ=0
f (τ)e−sτ dτ

∫ α=∞

α=0
g(α)e−sαdα, (3.26)

in which separate variables τ (representing the time variable in f ) and α

(representing the time variable in g) are used in order to distinguish the
integration variable for each function. The relevant time variables τ and α are
explicitly shown in the integration limits to help you keep track of the limits as
these integrals change position in the equations and as a change of variables is
made.

Since the integral of g(α) has no dependence on τ , that integral can be
moved inside the τ integral, and the terms f (τ) and e−sτ can be moved inside
the α integral for the same reason:

F(s)G(s) =
∫ τ=∞

τ=0
f (τ)e−sτ

[∫ α=∞

α=0
g(α)e−sαdα

]
dτ

=
∫ τ=∞

τ=0

∫ α=∞

α=0
f (τ)g(α)e−s(τ+α)dαdτ .

Now define the following variables:

t = τ + α α = t − τ dα = dt
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Figure 3.2 Changing the order of integration in a double integral of the function
Z(t,τ ).

and insert these expressions for α and dα into the equation for F(s)G(s).
That gives

F(s)G(s) =
∫ τ=∞

τ=0

∫ t−τ=∞

t−τ=0
f (τ)g(t − τ)e−s(τ+t−τ)dtdτ

=
∫ τ=∞

τ=0

∫ t=∞

t=τ

f (τ )g(t − τ)e−st dtdτ . (3.27)

To relate this equation to the Laplace transform of the convolution of f (t)

and g(t), it is necessary to have the integration over t on the outside and the
integration over τ on the inside – in other words, to switch the order of these
two integrals.

To see how that’s done, recall that the double integration of a function of
two variables, such as Z(t,τ ) = f (τ)g(t − τ)e−st , can be thought of as the
process of finding the volume between the function Z(t,τ ) and the t,τ plane
over some range of values of t and τ , as shown in Fig. 3.2. In both Fig. 3.2a and
Fig. 3.2b, that total volume is found using a volume element of area dtdτ and
height Z(t,τ ), and the order of integration in the double integral determines
how that volume element is swept over the region of interest.

Figure 3.2a illustrates how this works with the τ integral on the outside and
the t integral on the inside. In that case, the total volume is determined by
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sweeping the volume element in the t direction at a fixed value of τ . The line
along which the volume element is swept begins at t = τ (the lower limit of
the inner integral) and extends to infinity (the upper limit of the inner integral).
Once the volume element has been swept along the entire line at a given value
of τ , the process is repeated along another (parallel) line at a higher value of τ .
This procedure is done from τ = 0 (the lower limit of the outer integral) to
τ = ∞ (the upper limit of the outer integral).

Switching the order of integration puts the t integral on the outside and the
τ integral on the inside, and in that case the volume element is swept in the τ

direction while t is held constant, as shown in Fig. 3.2b. Now the line along
which the volume element is swept begins at τ = 0 (the lower limit of the inner
integral) and extends to τ = t (the upper limit of the inner integral). Once
again, after sweeping the volume element along the entire line (this time at
a given value of t), the process is repeated along another (parallel) line at a
higher value of t . In this case the procedure is done from t = 0 (the lower limit
of the outer integral) to t = ∞ (the upper limit of the outer integral).

The key point is that the result is the same for both methods of determining
the volume between the Z(t,τ ) function and the t,τ plane (that is, the value of
the double integral), although the limits of integration are different in the two
approaches.

After switching the order of integration in Eq. 3.27, the product of F(s) and
G(s) looks like this:

F(s)G(s) =
∫ τ=∞

τ=0

∫ t=∞

t=τ

f (τ )g(t − τ)e−st dtdτ

=
∫ t=∞

t=0

∫ τ=t

τ=0
f (τ)g(t − τ)e−st dτdt

=
∫ t=∞

t=0

[∫ τ=t

τ=0
f (τ)g(t − τ)dτ

]
e−st dt .

Comparing the inner integral to the convolution equation shown in Eq. 3.24,
you can see that

F(s)G(s) =
∫ t=∞

t=0

[∫ τ=t

τ=0
f (τ)g(t − τ)dτ

]
e−st dt

=
∫ t=∞

t=0

[
(f ∗ g)(t)

]
e−st dt,
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which is just the Laplace transform of (f ∗ g)(t). Thus

F(s)G(s) =
∫ t=∞

t=0

[
(f ∗ g)(t)

]
e−st dt = L[(f ∗ g)(t)], (3.28)

in agreement with Eq. 3.25 above.
So that is the mathematical proof that the Laplace transform of the convo-

lution between two causal time-domain functions is the same as the product of
the Laplace transforms of those functions. To gain an intuitive understanding
of why this is true, it may help to remember that the time-domain functions
f (t) and g(t) can be represented as the weighted superposition of basis
functions, with the weights of those basis functions provided by the values
of F(s) and G(s). From that perspective, the shift-and-multiply process of
convolution is a form of polynomial multiplication, in which each term of
one function is multiplied by all the terms of the other function. But in
the Laplace transform, the basis functions that make up the modified time-
domain functions f (t)u(t)e−σ t and g(t)u(t)e−σ t are orthogonal sinusoids,
which means that the only terms that survive the process of multiplication and
integration over time are those terms that have identical frequencies.

Hence it makes sense that the Laplace transform of those terms gives
the point-by-point multiplication F(s)G(s), in which every value of F(s) is
multiplied by the value of G(s) for the same complex frequency s.

You can see how the convolution property of the Laplace transform works
for two exponential functions in Problem 3.8 at the end of this chapter.

3.9 Initial- and Final-Value Theorems

The initial- and final-value theorems of the Laplace transform relate the
behavior of the time-domain function f (t) to the behavior of the s-domain
function F(s) at limiting values of t and s. As its name implies, the initial-
value theorem relates f (t) to F(s) for small values of time (and large values
of s), while the final-value theorem pertains to large values of time (and small
values of s). Both of these theorems can be derived from the Laplace-transform
derivative characteristic discussed in Section 3.4, which says

L
[
df (t)

dt

]
= sF (s) − f (0−), (3.12)
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so if you’re not clear on the meaning of this equation, this would be a good
time to review that section.

Initial-Value Theorem

The initial-value theorem tells you that the limit of the time-domain function
f (t) at very small (positive) values of t equals the limit of sF (s) at very large
values of s:

lim
t→0+

[f (t)] = lim
s→∞[sF (s)] (3.29)

as long as f (t) is of exponential order and the limits exist. In this equation, the
limit as s → ∞ is taken along the positive real axis.

To see the mathematics leading to the initial-value theorem, start by taking
the limit of both sides of Eq. 3.12 as s → ∞. To properly account for the
possibility of a discontinuity in f (t) at t = 0, for this theorem it is important to
explicitly show that the unilateral Laplace transform integral lower limit is 0−:

lim
s→∞L

[
df (t)

dt

]
= lim

s→∞[sF (s) − f (0−)],

lim
s→∞

∫ ∞

0−

df (t)

dt
e−st dt = lim

s→∞[sF (s)] − f (0−),

lim
s→∞

∫ ∞

0−
e−st df = lim

s→∞[sF (s)] − f (0−).

Now divide the integral into two portions, the first from just before t = 0 (that
is, 0−) to just after t = 0 (0+), and the second from t = 0+ to t = ∞. That
gives

lim
s→∞

[∫ t=0+

t=0−
e−s(0)df +

∫ t=∞

t=0+
e−st df

]
= lim

s→∞[sF (s)] − f (0−).

The limit as s approaches infinity of the second integral is zero, since f (t) is
piecewise continuous and of exponential order, so this is

lim
s→∞

[
f (0+) − f (0−) + 0

] = lim
s→∞[sF (s)] − f (0−),

f (0+) − f (0−) = lim
s→∞[sF (s)] − f (0−),

f (0+) = lim
s→∞[sF (s)].
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Writing f (0+) as the limit of f (t) as t → 0+ makes this

lim
t→0+

f (t) = lim
s→∞[sF (s)],

consistent with Eq. 3.29.
You may be wondering why this is true, that is, why the limit of sF (s) as s

goes to ∞ has the same value as the time-domain function f (t) at time t = 0+.
To understand this result, recall that large values of the real part of s mean that
the real exponential-decay factor e−σ t in the Laplace transform reduces the
amplitude of the modified function f (t)u(t)e−σ t very quickly with time. That
tends to suppress the behavior of f (t) after time t = 0+, which is why time-
domain functions that include f (t) = c, f (t) = eat , f (t) = cos (ω1t), and
f (t) = cosh (at) all have Laplace transforms F(s) that vary as 1/s for large
values of s. Hence the product sF (s) approaches a constant value for each of
those functions at large s, and the value of that constant is determined by the
value of the function f (t) at time t = 0+.

Alternatively, time-domain functions such as f (t) = sin (ω1t) and f (t) =
sinh (at) have Laplace transforms that vary as 1/s2 for large values of s, so
the product sF (s) varies as 1/s. That means that sF (s) approaches zero as
s approaches ∞, which matches the value of these functions at time t = 0+.
Thus the initial-value theorem holds in these cases, as well.

Final-Value Theorem

The final-value theorem relates the limit of the time-domain function f (t) at
large values of t to the limit of sF (s) at small values of s:

lim
t→∞[f (t)] = lim

s→0
[sF (s)] (3.30)

provided that the Laplace transform of f (t) exists and that the limit of f (t)

as t approaches infinity also exists. That means that the final-value theorem
cannot be applied to pure sinusoidal functions, which oscillate forever and
do not have a defined limit as t approaches infinity, nor can it be applied
to increasing exponentials, which grow without limit. But for any function
f (t) that has a Laplace transform and that reaches a limit as time increases,
you can use the final-value theorem to determine the long-term (some-
times called the “steady-state”) value of f (t) by finding the value of F(s) as s

goes to zero.



118 3 Properties of the Laplace Transform

Like the initial-value theorem, the final-value theorem can be derived from
the derivative property of the Laplace transform. In this case, take the limit of
Eq. 3.12 as s → 0:

lim
s→0

L
[
df (t)

dt

]
= lim

s→0
[sF (s) − f (0−)]

or

lim
s→0

∫ ∞

0−

[
df (t)

dt

]
e−st dt = lim

s→0
[sF (s)] − f (0−).

Since est → 1 as s → 0, this can be written as∫ ∞

0−
df (t) = lim

τ→∞

∫ τ

0−
df (t) = lim

s→0
[sF (s)] − f (0−)

lim
τ→∞ f (τ) − f (0−) = lim

s→0
[sF (s)] − f (0−)

lim
τ→∞ f (τ) = lim

s→0
[sF (s)]

in agreement with Eq. 3.30.
You can see how the final-value theorem works (or doesn’t apply) by

considering the time-domain function f (t) = Aeat with values of the constant
a that are greater than zero, equal to zero, or less than zero. In the first case,
with a > 0, f (t) grows without limit as t approaches infinity, which means
that the final-value theorem cannot be applied.

But if a = 0, then f (t) is constant in time, and the Laplace transform
of f (t) is F(s) = A/s for all positive values of s. So in this case the limit
of sF (s) = s(A/s) = A as s goes to 0, which equals the value of f (t) at all
values of t , so A is the limit of f (t) as t approaches infinity.

The final-value theorem also applies to the function f (t) = Aeat when
the value of a is negative. In that case the limiting value of f (t) as
t → ∞ is zero, and the Laplace transform gives F(s) = A/(s − a). Hence
sF (s) = sA/(s − a), which also approaches zero as s → 0.

Reading about the Laplace transforms of basic functions and the useful
properties of the Laplace transform is a good first step, but if you want to
develop a deep understanding of how to use the properties discussed in this
chapter, you should make an effort to work through each of the problems in the
next section. If you need some help as you do that, you’ll find full interactive
solutions for every problem on this book’s website.
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3.10 Problems

1. Use the linearity property of the unilateral Laplace transform and the
examples of F(s) for basic functions in Chapter 2 to find F(s) for
f (t) = 5 − 2e

t
2 + 1

3 sin (6t) − 3t4 + 8 sinh (0.2t).
2. Use the linearity, time-shift, and frequency-shift properties of the

unilateral Laplace transform to find F(s) for

(a) f (t) = 2e
t−3

2 + 1
3 sin (6t − 9) − 3(t − 2)4 + 8 sinh (0.2t − 0.6)

(b) f (t) = −5e− t
3 + et cos ( 4t

3 ) + e
t
2
(

t
2

)2 − 1
3

cosh (4t)

e3t .

3. Use the linearity property of the unilateral Laplace transform to find F(s)

for f (t) = (2t)3 + (
t
2

)2, then show that using the scaling property of
Section 3.3 gives the same result.

4. Take the derivative of each of the following functions with respect to
time, then find the unilateral Laplace transform of the resulting function
and compare it to the result of using the time-derivative property of the
Laplace transform on the original function:

(a) f (t) = cos (ω1t)

(b) f (t) = e−2t

(c) f (t) = t3.

5. Integrate each of the following functions over time from 0 to t , then find
the unilateral Laplace transform of the resulting function and compare it
to the result of using the time-integration property of the Laplace
transform on the original function:

(a) f (t) = sin (ω1t)

(b) f (t) = 2e6t

(c) f (t) = 3t2.

6. Use the linearity property and the multiplication and division by t

properties of the unilateral Laplace transform to find F(s) for

(a) f (t) = t2 sin (4t) − t cos (3t)

(b) f (t) = sin (ω1t)
t

+ 1−e−t

t

(c) f (t) = t cosh (−t) − sinh (2t)
t

.

7. Find the unilateral Laplace transform for the periodic triangular function
f (t) = t for 0 < t < 1 sec and f (t) = 2 − t for 1 < t < 2 sec, if the
period of this function is 4 seconds.
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8. Find the convolution of the causal functions f (t) = 3et and g(t) = 2e−t

and show that

L[f ∗ g(t)] = F(s)G(s),

in which F(s) = L[f (t)] and G(s) = L[g(t)], in accordance with
Eq. 3.25.

9. Find the unilateral Laplace transform for the time-domain function
f (t) = 5 − 2t + 3 sin (4t)e−2t and show that the initial-value theorem
(Eq. 3.29) holds in this case.

10. Find the unilateral Laplace transform for the time-domain function
f (t) = 4t2e−3t − 3 + e−t cosh (2t) and show that the final-value theorem
(Eq. 3.30) holds in this case.



4
Applications of the Laplace Transform

The previous three chapters were designed to help you understand the meaning
and the method of the Laplace transform and its relation to the Fourier
transform (Chapter 1), to show the Laplace transform of a few basic functions
(Chapter 2), and to demonstrate some of the properties that make the Laplace
transform useful (Chapter 3). In this chapter, you will see how to use the
Laplace transform to solve problems in five different topics in physics and
engineering. Those problems involve differential equations, so the first section
of this chapter (Section 4.1) provides an introduction to the application of
the Laplace transform to ordinary and partial differential equations. Once
you have an understanding of the general concept of solving a differential
equation by applying an integral transform, you can work through specific
applications including mechanical oscillations (Section 4.2), electrical circuits
(Section 4.3), heat flow (Section 4.4), waves (Section 4.5), and transmission
lines (Section 4.6). Each of these applications has been chosen to illustrate a
different aspect of using the Laplace transform to solve differential equations,
so you may find them useful even if you have little interest in the specific
subject matter. And as in every chapter, the final section (Section 4.7) of this
chapter has a set of problems you can use to check your understanding of the
concepts and mathematical techniques presented in this chapter.

4.1 Differential Equations

It’s a common saying in physics and engineering that many of the important
laws of nature are expressed as differential equations. That is true because
natural laws often describe how quantities change over space and time, and the
mathematical expressions for those spatial and temporal changes are ordinary

121
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derivatives for quantities depending on a single variable or partial derivatives
for quantities depending on multiple variables. Those quantities can represent
the condition of an object, the properties of a material, or the state of a process,
and differential equations tell you how the spatial and temporal changes of
those quantities relate to other quantities (or other changes).

Of course, if you want to know the value of the function that represents
the quantity of interest, knowing how that function changes over a given
distance or period of time is useful, but you also need to know its value at
a specific location or time (and in some cases more than one location or time).
Those known values are generally called “boundary conditions”; an “initial
condition” is a boundary condition that occurs at a time or at a location that
you have defined as zero.

So what is it about the Laplace transform that makes it so helpful in solving
differential equations? Many of the properties discussed in Chapter 3 such
as linearity, shifting, and scaling are important, but of special importance in
this case is the property concerning derivatives. As you have seen if you’ve
worked through Section 3.4, that property says that the Laplace transform of
the derivative a time-domain function f (t) with respect to time is related to the
product of the complex frequency s and the s-domain function F(s) as well as
the initial value of f (t):

L
[
df (t)

dt

]
= sF (s) − f (0−), (3.12)

and the version of this property for second-order time derivatives is

L
[
d2f (t)

dt2

]
= s2F(s) − sf (0−) − df (t)

dt

∣∣∣∣
t=0−

. (3.13)

To understand the value of this property, consider the following linear
second-order ordinary differential equation1:

d2f (t)

dt2
+ df (t)

dt
= t2 (4.1)

with initial conditions f (0−) = 0 and df (t)
dt

∣∣∣∣
t=0−

= 0.

Before trying to solve an equation like this, it is often helpful to think
about what the equation is telling you – that is, what does each term of this

1 This equation is “linear” because the each of the derivatives is raised to the first power,
“second-order” because the highest-order derivative is a second derivative, “ordinary” because
the function f (t) depends on a single variable (t), and “differential” because it involves
derivatives of the function f (t).



4.1 Differential Equations 123

equation mean? In this case, recall that the first derivative df (t)
dt

represents the

slope of the function f (t) plotted over time, and the second derivative d2f (t)

dt2

is the change in that slope over time, which is a measure of the curvature
of the function. So Eq. 4.1 says that the sum of the curvature and the slope
of the function f (t) over time equals the square of the value of time, and the
initial conditions tell you that both the function and its slope have a value of
zero at time t = 0− (the instant before time t = 0, as described in Chapter 1).

You may know a way (or several ways) of solving an equation like this, but
consider what happens when you take the Laplace transform of both sides of
Eq. 4.1:

L
[
d2f (t)

dt
+ df (t)

dt

]
= L

[
t2

]
. (4.2)

As described in Section 3.1, the linearity property of the Laplace transform
means that you can apply the transform to each term on the left side
individually:

L
[
d2f (t)

dt

]
+ L

[
df (t)

dt

]
= L

[
t2

]
. (4.3)

Now apply the second-order derivative property of the Laplace transform
(Eq. 3.13) to the first term and the first-order derivative property (Eq. 3.12) to
the second term. That results in an algebraic equation:

s2F(s) − sf (0−) − df

dt

∣∣∣∣
t=0−

+ sF (s) − f (0−) = L
[
t2

]
, (4.4)

and applying the initial conditions given above makes this

s2F(s) + sF (s) = L
[
t2

]
. (4.5)

For the right side of this equation, you can use the result shown in
Section 2.4 of Chapter 2:

L
[
tn

] = n!

s(n+1)
, (4.6)

which for n = 2 is

L
[
t2

]
= 2!

s(2+1)
= 2

s3
. (4.7)

So taking the Laplace transform of both sides of Eq. 4.1 leads to the following
equation:

s2F(s) + sF (s) = 2

s3
(4.8)
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or

s(s + 1)F (s) = 2

s3
. (4.9)

Hence

F(s) = 2

s3(s)(s + 1)
= 2

s4(s + 1)
. (4.10)

This is the Laplace transform of the solution to the differential equation, so
taking the inverse Laplace transform of the s-domain function F(s) will give
the time-domain solution f (t). The most straightforward way to find that
inverse Laplace transform is to use partial-fraction decomposition to write
Eq. 4.10 as

F(s) = 2

s4(s + 1)
= 2

[
1

s4
− 1

s3
+ 1

s2
− 1

s
+ 1

s + 1

]
(4.11)

(if you need help getting this result, see the problems at the end of this chapter
and the online solutions, and remember that there is an overview of partial
fractions with links to helpful resources on this book’s website).

With F(s) in this form, f (t) can be written as the inverse transform:

f (t) = L−1
[

2

(
1

s4
− 1

s3
+ 1

s2
− 1

s
+ 1

s + 1

)]
(4.12)

and, since the Laplace transform and its inverse are linear processes, this is

f (t) = 2

[
L−1

(
1

s4

)
− L−1

(
1

s3

)
+ L−1

(
1

s2

)

−L−1
(

1

s

)
+ L−1

(
1

s + 1

)]
.

With f (t) in this form, you can use the inverse of Eq. 4.6 to find the inverse
Laplace transform of the first four terms on the right side:

L−1
[

n!

s(n+1)

]
= tn (4.13)

or

L−1
[

1

s(n+1)

]
= 1

n!
tn. (4.14)

Use this equation with n = 3 for the first term on the right side of Eq. 4.12,
with n = 2 for the second term, n = 1 for the third term, and n = 0 for the
fourth term.
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That leaves only the rightmost term of Eq. 4.12 with s + 1 in the denom-
inator, and, to find the inverse Laplace transform of that term, recall from
Section 2.2 that L[eat ] = 1

s−a
in the region of convergence of s > a, so

L−1
[

1

s − a

]
= eat . (4.15)

This can be applied to the rightmost term of Eq. 4.12 by setting a = −1.
Putting the five terms together gives f (t) as

f (t) = 2

[
1

3!
t3 − 1

2!
t2 + 1

1!
t1 − 1

0!
t0 + e(−1)t

]

or

f (t) = 1

3
t3 − t2 + 2t − 2 + 2e−t . (4.16)

You can verify that this is a solution to the differential equation Eq. 4.1 by
taking the first and second temporal derivatives of f (t) and confirming that
their sum is t2.

In this case, the coefficients of the derivatives are constant and the initial
conditions are both zero, but the approach of using the Laplace transform to
convert a differential equation into an algebraic equation works even when the
coefficients are variable and the initial conditions are nonzero. You can see
some examples of that in the other sections of this chapter and in the chapter-
end problems and online solutions.

Although many problems in physics and engineering involve ordinary
differential equations such as that discussed above, many more situations are
described by functions of more than one variable. In that case, the relevant
equation may be a partial differential equation, and the Laplace transform can
be helpful in solving that type of equation, as well.

To understand how that works, consider a function that depends not only on
time but on space as well. For example, the function f (x,t) depends on time
(t) and on a single spatial dimension (x). In that case, the derivative property
of the Laplace transform looks like this:

L
[
∂f (x,t)

∂t

]
= sF (x,s) − f (x,0−), (4.17)

which is the multivariable version of Eq. 3.12; note that the derivative is taken
with respect to the time variable.
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As you might expect, this can be extended to higher-order time derivatives
using a modified version of Eq. 3.15. For second-order time derivatives, it
looks like this:

L
[
∂2f (x,t)

∂t2

]
= s2F(x,s) − sf (x,0−) − ∂f (x,t)

∂t

∣∣∣∣
t=0−

. (4.18)

Converting time derivatives into multiplication by a power of s and subtract-
ing initial values is useful in many situations, but you may be wondering “What
about differential equations that involve the partial derivative of f (x,t) with
respect to x rather than (or in addition to) the partial derivative with respect to
t?” In such cases, the Laplace transform may also be helpful by converting a
partial differential equation into an ordinary differential equation.

To see how that works, note that the integral in the Laplace transform is
taken over the time variable, and Leibnitz’s rule says that∫ b

a

∂f (x,t)

∂x
dt = d

dx

(∫ b

a

f (x,t)dt

)
(4.19)

as long as the integration limits are constant. Note that the derivative on the
right side of this equation is written as an ordinary rather than as a partial
derivative, since the time dependence of f (x,t) is “integrated out” by the
integration process. Thus

L
[
∂f (x,t)

∂x

]
=

∫ ∞

0−

∂f (x,t)

∂x
e−st dt = d

dx

(∫ ∞

0−
f (x,t)e−st dt

)

= d

dx
F(x,s). (4.20)

Hence the partial derivative of the space- and time-domain function f (x,t)

with respect to x can be pulled outside the transform integral, becoming
an ordinary derivative of F(x,s) for which the time dependence has been
integrated out.

And if the differential equation involves a second-order partial derivative
with respect to x, the same approach can be used:

L
[
∂2f (x,t)

∂x2

]
= d2

dx2
[F(x,s)] . (4.21)

The concepts and mathematical techniques discussed in this section can be
applied to a variety of differential equations that arise in specific applications.
You can see several of those applications in the other sections of this chapter
and in the chapter-end problems.
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Figure 4.1 Parameters of a hanging mass oscillating in one dimension.

4.2 Mechanical Oscillations

An instructive application of the Laplace transform comes about by consid-
ering the situation of a mass hanging from a spring as shown in Fig. 4.1.
Considering only vertical motion (that is, ignoring any side-to-side movement)
makes this a one-dimensional problem, so if you define the y-axis as pointing
vertically upward, the objective is to determine the position y(t) of the mass
as a function of time after some initial displacement.

As is often the case in mechanics problems, the position of an object as
a function of time can be determined by solving the “equation of motion”
relevant to the situation. In this case, the equation of motion can be derived
from Newton’s second law relating the vector acceleration2 −−−→

accel of an object
of mass m to the vector sum of the forces � �F acting on the object:

−−−→
accel = � �F

m
. (4.22)

For one-dimensional motion along the y-axis, this vector equation can be
written using the scalar quantities accel for acceleration and �F for the sum
of the forces as long as the directional information is included by using the
appropriate sign:

accel = �F

m
, (4.23)

2 In this section, acceleration is represented by “accel” because the single letter “a” will be used
for a different variable.
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in which the acceleration (accel) and all forces (F ) are positive if their
direction is upward (toward positive y) and negative if their direction is
downward (toward negative y). This same convention applies to velocity (v),
as well.

To understand why Newton’s second law leads to a differential equation,
recall that the velocity (v) of an object can be written as the change in the
object’s position y over time – that is, the time derivative of y:

v = dy

dt
. (4.24)

Recall also that acceleration accel is the change in velocity over time, so
acceleration can be written as the first time derivative of velocity or as the
second time derivative of position:

accel = dv

dt
= d2y

dt2
. (4.25)

Using this expression for acceleration makes Newton’s second law
(Eq: 4.23) look like this:

d2y

dt2
= 1

m
�F, (4.26)

which is a linear second-order differential equation that is the basis for the
equation of motion of the hanging mass.

Before solving that equation, it is necessary to determine each of the forces
acting on the object and then to express those forces in terms of known
quantities. As long as the system is near the surface of the Earth, one force
you must consider is the force of gravity Fg:

Fg = −mg, (4.27)

in which m represents the mass (SI units of kg) and g is the acceleration due
to gravity (SI units of m/sec2). At the Earth’s surface, g has a magnitude
of 9.8 m/sec2, and the minus sign in this equation encapsulates the fact that
the force of gravity operates downward, which is defined as the negative-y
direction in this case.

The spring also exerts a force on the hanging mass, and to find an expression
for the spring force Fs , begin by calling the unstretched length of the spring,
L, as shown in Fig. 4.1a. Hanging mass m on the spring causes it to stretch,
and Hooke’s law tells you that the force of the spring increases linearly with
distance from the unstretched length:

Fs = −kyd, (4.28)
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in which k represents the spring constant (with SI units of Newtons per meter
[N/m]), yd represents the displacement of the bottom end of the spring from
the unstretched position (with SI units of meters), and the minus sign indicates
that the spring force is always in the opposite direction from the displacement.
So with the y-axis pointing vertically upward, yd is negative as the spring
stretches, which means that the spring force is upward (toward positive y) in
that case.

When the upward force of the stretched spring exactly balances the
downward force of gravity, the mass is in the equilibrium position, which you
can define as y = 0, as shown in Fig. 4.1b . At the equilibrium position, the
spring has stretched by amount �L (taken as positive for a stretched spring),
so Eq. 4.28 tells you that the upward force of the spring is −kyd = k�L at
that point (remember that yd is negative while �L is positive).

Knowing that the spring force at equilibrium equals k�L is useful, because
you know that at equilibrium the acceleration is zero – the mass will stay put
at this position if its initial velocity is zero. And zero acceleration means that
the total force acting on the mass must be zero:

accel = �F

m
= 0. (4.29)

So if the only forces acting on the mass are the force of gravity (Fg = −mg)
and the spring force (Fs = k�L at equilibrium), then

�F = Fg + Fs = 0,

and

Fs = −Fg,

k�L = −(−mg) = mg. (4.30)

Now consider what happens if a temporary external force (such as your
hand) pulls the mass down below the equilibrium position, as shown in
Fig. 4.1c. If the new position of the mass (that is, the attachment point of
the mass to the bottom of the spring) is y (a negative number), the upward
spring force increases by the amount −ky, while the downward force of gravity
remains −mg. That makes Newton’s second law look like this:

accel = �F

m
= 1

m
(Fg + Fs)

= 1

m
(−mg + k�L − ky)

= 1

m
(−mg + mg − ky) = −

(
k

m

)
y. (4.31)
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If the temporary force that pulled the mass to a position below equilibrium is
then released, the upward force of the spring will cause the mass to accelerate
upward. When the mass reaches the equilibrium point, the total force acting
on it is zero, so the mass passes through equilibrium and continues moving
upward. Above equilibrium the upward spring force is less than the downward
force of gravity, and the net downward force causes the upward speed of the
mass to decrease until the mass stops and begins to accelerate downward. After
the mass passes downward through the equilibrium point, the process repeats.
This process is called “simple harmonic motion,” and writing the acceleration
as the second derivative of the position with respect to time turns Eq. 4.31 into
the differential equation of this motion:

accel = d2y

dt2
= −

(
k

m

)
y

or

d2y

dt2
+

(
k

m

)
y = 0. (4.32)

Before using the Laplace transform to find the solution to this equation,
consider the effect of adding another force to the situation, such as a drag force
that opposes the motion of the hanging mass. Such a force arises if the mass
is immersed in a fluid, as shown in Fig. 4.1d. In this arrangement, sometimes
called a “dashpot,” the magnitude of the drag force is directly proportional to
the speed of the mass, and the direction of the drag force is always opposite to
the direction in which the mass is moving.

The constant of proportionality between the speed of the mass (v = dy/dt)
and the drag force (Fd ) is the coefficient of drag (cd ), so in the one-dimensional
case the drag force may be written as

Fd = −cdv = −cd

dy

dt
, (4.33)

in which the SI units of the drag coefficient cd are N/(m/s) and the minus sign
accounts for the fact that the drag force always points in the opposite direction
from the velocity.

Adding the drag force to the force of gravity and the spring force makes the
one-dimensional version of Newton’s second law look like this:

accel = �F

m
= 1

m
(Fg + Fs + Fd), (4.34)
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and the equation of motion (Eq. 4.32) becomes

d2y

dt2
= 1

m

(
−ky − cd

dy

dt

)

or

d2y

dt2
+

(cd

m

) dy

dt
+

(
k

m

)
y = 0. (4.35)

So with the gravitational force, spring force, and drag force acting on the
hanging mass, the equation of motion for the time-dependent position y(t) is
an ordinary second-order differential equation containing one term with the
second time derivative of y(t), one term with the first time derivative of y(t),
and one term with y(t).

One approach to finding y(t) is to use the Laplace transform to convert
this differential equation into an algebraic equation. In the notation of earlier
chapters, the position function y(t) serves as the time-domain function f (t),
and the Laplace transform L[y(t)] = Y (s) is the s-domain function F(s).
Taking the Laplace transform of both sides of Eq. 4.35 gives

L
[
d2y

dt2
+

(cd

m

) dy

dt
+

(
k

m

)
y

]
= L [0] , (4.36)

and the linearity property of the Laplace transform means that you can apply
the transform to each term individually and that constant terms can be pulled
outside the transform:

L
[
d2y

dt2

]
+

(cd

m

)
L

[
dy

dt

]
+

(
k

m

)
L

[
y
] = L[0]. (4.37)

With the equation of motion in this form, the time-derivative properties of
the Laplace transform discussed in Section 3.4 can be applied. For the second-
order time derivative in the first term in the equation of motion, Eq. 3.13 gives:

L
[
d2y

dt2

]
= s2Y (s) − sy(0−) − dy

dt

∣∣∣∣
t=0−

, (4.38)

and for the first-order derivative in the second term in the equation of motion,
Eq. 3.12) gives

L
[
dy

dt

]
= sY (s) − y(0−). (4.39)
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Now use the definition of the Laplace transform on the remaining term:

L
[
y
] = Y (s), (4.40)

and, finally, use the fact that the Laplace transform of 0 is also 0:

L [0] = 0. (4.41)

Thus the algebraic version of the equation of motion for the hanging mass is

s2Y (s) − sy(0) − dy

dt

∣∣∣∣
t=0

+
(cd

m

) [
sY (s) − y(0)

] +
(

k

m

)
Y (s) = 0.

(4.42)

This equation makes it clear that the s-domain function Y (s), and therefore
the time-domain function y(t), depend on the initial conditions, specifically
on the starting position y(0) and the initial speed dy/dt at time t = 0. If the
starting position is taken as y0 and the speed is zero at time t = 0, the equation
of motion becomes

s2Y (s) − sy0 − 0 +
(cd

m

) [
sY (s) − y0

] +
(

k

m

)
Y (s) = 0, (4.43)

which can be rearranged to give

Y (s)

[
s2 +

(cd

m

)
s +

(
k

m

)]
= sy0 +

(cd

m

)
y0 (4.44)

or

Y (s) = sy0 + (
cd

m

)
y0

s2 + (
cd

m

)
s + (

k
m

) . (4.45)

This is the s-domain solution to the differential equation of motion of the
hanging mass, but if you want to know the position y(t) of the mass as a
function of time you must take the inverse Laplace transform of Y (s). For many
problems (including this one), the most straightforward approach to finding the
inverse Laplace transform is to attempt to convert the s-domain function into
a form recognizable as the Laplace transform of a known function, such as the
basic functions used in the examples in Chapter 2.

In this case, one way to do that is to begin by completing the square in the
denominator of the expression for Y (s) (Eq. 4.45):

s2 +
(cd

m

)
s +

(
k

m

)
=

(
s + cd

2m

)2 −
( cd

2m

)2 +
(

k

m

)
.
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To make this recognizable as one of the basic functions from the examples
in Chapter 2, start by defining a variable a (not the acceleration) as

a = cd

2m
(4.46)

and note that the units of a are the units of the drag coefficient cd divided by the
units of m. Since the SI units of cd are N/(m/sec) and the SI units of m are kg,
the SI units of a are N/(m/sec)/kg. But the units N are the same as kg m/sec2,
so the SI units of a are kg(m/sec2)/(m/sec)/kg), which reduces to 1/sec. Thus
a has units of frequency, and as you’ll see below, this variable plays a role in
y(t) not of an oscillation frequency (cycles/sec), but as an amplitude-variation
frequency (number of 1/e steps per second).

With this definition of a, the denominator becomes

s2 +
(cd

m

)
s +

(
k

m

)
= (s + a)2 − a2 +

(
k

m

)
.

Now define an angular frequency related to the spring constant and the mass
of the hanging object:

ω2
0 = k

m
; (4.47)

the reason for defining this angular frequency will become clear when you
have an expression for y(t). Note that the SI units of ω2

0 are (N/m)/kg, which
reduce to 1/sec2, so ω0 has units of 1/sec (and remember that radians are
dimensionless, so this is equivalent to rad/sec).

Using this definition makes the denominator look a bit more familiar if you
have worked through the examples in Chapter 2:

s2 +
(cd

m

)
s +

(
k

m

)
= (s + a)2 − a2 + ω2

0;

and one more definition should make the denominator even more familiar:

ω2
1 = ω2

0 − a2. (4.48)

This definition of ω1 is useful long as ω2
0 is greater than a2; cases in which ω2

0
is equal to or smaller than a2 are discussed below.

The denominator of Eq. 4.45 now looks like this:

s2 +
(cd

m

)
s +

(
k

m

)
= (s + a)2 + ω2

1

so

Y (s) = sy0 + (
cd

m

)
y0

(s + a)2 + ω2
1

. (4.49)
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Now consider the numerator, which can be written as

sy0 +
(cd

m

)
y0 = sy0 + 2ay0 = sy0 + ay0 + ay0

= (s + a)y0 + ay0

and plugging this in for the numerator of Eq. 4.49 makes it

Y (s) = (s + a)y0 + ay0

(s + a)2 + ω2
1

= y0
(s + a)

(s + a)2 + ω2
1

+ y0
a

(s + a)2 + ω2
1

. (4.50)

This is the complex-frequency domain function that satisfies the partial
differential equation representing the equation of motion of the hanging mass.
As stated above, if you want to know the position y(t) of the mass as a function
of time, you need to take the inverse Laplace transform of Y (s).

To do that, look carefully at each of the terms in Eq. 4.50. If the first term
looks familiar, you may be remembering the function F(s) resulting from
the Laplace transform of the time-domain function cos (ω1t). Of course, this
function includes s+a rather than s, but recall the shift property of the Laplace
transform discussed in Section 3.2. That property says that replacing s by s+a

in the complex-frequency domain function F(s) has the effect of multiplying
the corresponding time-domain function f (t) by the factor e−at . So the inverse
Laplace transform of the first term of Eq. 4.50 is

L−1

[
y0

(s + a)

(s + a)2 + ω2
1

]
= y0e

−at cos (ω1t). (4.51)

Now consider the second term of Eq. 4.50. Multiplying this term by ω1
ω1

gives

y0
a

(s + a)2 + ω2
1

=
(

ay0

ω1

)
ω1

(s + a)2 + ω2
1

, (4.52)

which has the form of the function F(s) resulting from the Laplace transform
of the time-domain function sin (ω1t). So the inverse Laplace transform of the
second term is

L−1

[(
ay0

ω1

)
ω1

(s + a)2 + ω2
1

]
=

(
ay0

ω1

)
e−at sin (ω1t). (4.53)

Putting the terms together gives the time-domain function y(t) that is the
solution to the equation of motion for the hanging mass with ω2

0 > a2:

y(t) = y0e
−at cos (ω1t) +

(
ay0

ω1

)
e−at sin (ω1t). (4.54)
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Figure 4.2 Example solutions Y (s) and y(t) for damped hanging mass.

Before considering the meaning of this expression, it is worthwhile to
make sure that y(t) satisfies the equation of motion (Eq. 4.35) as well as the
boundary conditions. Taking the first and second time derivatives and doing the
appropriate summation of the results shows that Eq. 4.54 does indeed satisfy
the equation of motion and the initial conditions of position y(0) = yd and
velocity (dy/dt = 0) at time t = 0 (if you need help proving that, see the
chapter-end problems and online solutions).

Once you are confident that Eq. 4.54 meets the requirements for the solution
to this problem, you may find it helpful to look at the terms of y(t) to see what
they are telling you about the behavior of the system over time. Both terms have
a sinusoidal factor that oscillates between +1 and −1 with angular frequency
of ω1, and the amplitude of those oscillations decreases exponentially over
time due to the factor of e−at . Additionally, the amplitude of the cosine term
is weighted by a factor of y0 (the initial displacement), and the sine term has
additional amplitude weighting a/ω1, which is the ratio of the exponential-
decay frequency to the oscillation frequency.

The real and imaginary parts of the resulting s-domain function Y (s) and
the time-domain function y(t) are shown in Fig. 4.2 with parameters cd = 0.25
N/(m/sec), k = 1 N/m, m = 1 kg, and y0 = 1 m. This combination of param-
eters makes the cosine term of y(t) somewhat larger than the sine term, so
it shouldn’t be too surprising that the s-domain function Y (s) resembles the
Laplace transform derived for the cosine function in Section 2.3, such as that
shown in Fig. 2.13. In the limit of zero drag (cd = 0), the exponential factor
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e−at would equal unity (Eq. 4.46) and the multiplicative factor in front of the
sine term in y(t) would be zero, so in that case y(t) would be a cosine function
and Y (s) would be identical to the F(s) for the cosine function in Chapter 2.

In the bottom portion of Fig. 4.2, you can see the effect of the sinusoidal
factor as well as the exponential factor in y(t). The sinusoidal factor has
angular frequency ω1 = 0.99 rad/sec, corresponding to a period (T = 2π/ω1)
of approximately 6.3 seconds, and the exponential factor has step frequency of
a = 0.125/sec, corresponding to a 1/e amplitude-step period (T = 1/a) of 8.0
seconds. So the oscillations of the hanging mass in this system are “damped”
(reduced in amplitude) by the drag force produced by the fluid in the dashpot.

The (numerical) inverse Laplace transform of Y (s) with σ = 0.1/sec
over an angular frequency range of −50 rad/sec to +50 rad/sec is shown in
Fig. 4.3, verifying that the exponentially decreasing sinusoidal function y(t)

given by Eq. 4.54 can be synthesized from the s-domain function Y (s) given
by Eq. 4.50.

Of course, the behavior shown in Fig. 4.3 depends on the values of
the spring constant, mass, drag coefficient, and initial displacement. And as
mentioned above, the time-domain function y(t) given by Eq. 4.54 pertains to
situations in which ω2

0 is greater than a2.
To determine the behavior of the system when that is not the case (that is,

when a2 is greater than ω2
0), start by defining ω1 as

ω2
1 = a2 − ω2

0. (4.55)
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Figure 4.3 y(t) synthesized by numerically integrating Y (s)est .
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With this definition, the s-domain function Y (s) becomes

Y (s) = y0
(s + a)

(s + a)2 − ω2
1

+ y0
a

(s + a)2 − ω2
1

. (4.56)

Just as in the previous case, the next step is to find the inverse Laplace
transform of Y (s). The inverse transform of the first term is

L−1

[
y0

(s + a)

(s + a)2 − ω2
1

]
= y0e

−at cosh (ω1t) (4.57)

and the inverse Laplace transform of the second term (again multiplied by
ω1/ω1) is

L−1

[(
ay0

ω1

)
ω1

(s + a)2 − ω2
1

]
=

(
ay0

ω1

)
e−at sinh (ω1t). (4.58)

Adding these terms together gives y(t):

y(t) = y0e
−at cosh (ω1t) +

(
ay0

ω1

)
e−at sinh (ω1t), (4.59)

in which the sinusoidal functions in the previous case have been replaced
by the hyperbolic sinusoidal functions, while the exponential factors and
multiplicative constants remain the same.

You can see plots of the s-domain function Y (s) and the time-domain
function y(t) for a system with a2 > ω2

0 in Fig. 4.4. In this case the mass
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Figure 4.4 Example solutions Y (s) and y(t) for overdamped hanging mass.
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remains 1 kg, the spring constant remains 1 N/m, and the initial conditions are
the same, but the drag coefficient has been increased from 0.25 to 4 N/(m/s).
Notice that this greater drag prevents the system from completing even one
oscillation as the mass slowly works its way toward the equilibrium point; this
system is “overdamped”.

One more situation of interest occurs when ω2
0 = a2. That means that

k = c2
d/4m and ω1 = 0, and in that case the the s-domain function Y (s) is

Y (s) = y0
(s + a)

(s + a)2
+ y0

a

(s + a)2
. (4.60)

As in the previous two cases, start by taking the inverse Laplace transform
of the first term. To do that, remember from Section 2.2 that

L[e−at ] = 1

s + a
,

so the inverse Laplace transform of the first term is

L−1
[
y0

(s + a)

(s + a)2

]
= y0L−1

[
1

s + a

]
= y0e

−at . (4.61)

Now take the inverse Laplace transform of the second term. Recall from
Section 2.4 that

L[tn] = n!

sn+1
= 1

s2
for n = 1

and applying the frequency-shifting property (Section 3.2) gives

L[e−at t] = 1

(s + a)2
.

So

L−1
[

ay0

(s + a)2

]
= ay0te

−at (4.62)

and adding these two terms together makes y(t) look like this:

y(t) = y0e
−at + ay0te

−at = y0e
−at (1 + at). (4.63)

The s-domain function Y (s) and the time-domain function y(t) for this
case are shown in Fig. 4.5. As before, the mass, spring constant, and initial
conditions are unchanged, but now the drag coefficient is 2 N/(m/s). This
balances the spring force and the drag force in a way that allows the system
to return to the equilibrium position (and remain there) in the shortest possible
time without oscillating. Systems in this condition are described as “critically
damped.”
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Figure 4.5 Example solutions Y (s) and y(t) for critically damped hanging mass.

One reason that the analysis of a mass hanging on a spring gets a lot of
attention in physics and engineering classes is that the differential equation
describing the position of the object is quite similar to equations pertaining to
very different situations. You can see one of those situations in the next section.

4.3 Electric-Circuit Oscillations

In this section, you’ll see how to apply the Laplace transform to the solution of
the differential equation that describes the flow of charge in an electric circuit
that contains a resistor, inductor, and capacitor in series. If you have studied
circuits, you may remember that connecting devices “in series” means that all
the current that flows through one device also flows through the other devices,
so in a series RLC circuit such as that shown in Fig. 4.6 there is only a single
loop, with no branch points at which some of the current may divert into a
different path.

As you can see on the left side of this figure, this series RLC circuit may also
contain a voltage source, and the voltage (also called the “potential difference”
or “electromotive force [emf]”) produced by that device may vary with time, as
indicated by the little sine wave shown in the device’s symbol. A voltage source
with output that varies periodically is often called an “alternating current” (AC)
generator, in contrast to a fixed-potential or “direct current” (DC) device such
as a battery.
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Figure 4.6 Series RLC circuit with AC voltage source.

A word on notation and units in this section: In describing quantities
such as current and charge that change over time, many texts (including this
one) use lower-case Roman letters, such as i(t) for AC current and q(t) for
charge. However, fixed-device characteristics such as resistance, inductance,
and capacitance are typically written using upper-case roman letters, so R for
resistance, L for inductance, and C for capacitance.

Concerning units: the base SI unit of charge is the coulomb (written as “C”)
and the base SI unit of current is the ampere (written as “A” and equivalent to
coulombs per second), while most other circuit quantities have derived units
(that is, units made up of combinations of base units). So potential difference
has SI units of volts (written as V, with base units of kg m2/(sec3 A)), resistance
has units of ohms (written as � and with base units of kg m2/(sec3 A2)),
inductance has units of henries (base units of kg m2/(sec2 A2)), and capacitance
has units of farads (written as ‘H’ and with base units of sec4 A2/(m2 kg).
These relations to base units are presented here because they may help
you understand why certain combinations of quantities such as

√
1/LC and

R/(2L) have units of frequency, and also because checking units is often a
good way to verify the consistency of an equation with many terms.

So how does a differential equation describe the behavior of this type of
circuit? To understand that, recall that the Kirchhoff voltage law says that the
sum of the voltage changes across the elements of a series circuit must add
to zero. For each element in the circuit, the change in voltage depends on the
nature of the device under consideration. Imagine making an “analysis loop”
around the circuit in which you keep track of the potential change across each
circuit element (you can do this in either direction as long as you continue
in the same direction around the entire circuit). If you make a complete loop
around the circuit, you can be sure that any voltage increase across one or more
of the elements will be offset by voltage decreases across other elements.
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Here is what happens to the potential across each of the devices in a series
RLC circuit driven by a voltage generator. Across the voltage source, the
electrical potential difference between the terminals is given by the emf (E)
of the generator, which is fixed for a DC source such as a battery but which
varies with time for an AC source. As you continue around your analysis loop
to a resistor, if the direction in which you cross the resistor is the same as
the direction in which current is flowing, you will see a decrease in potential
(a voltage drop) equal to the product of the current (i) and the resistance
(R). Likewise, the potential drop across the inductor is given by the product
of the inductance (L) and the time derivative of the current (di/dt), and
across a capacitor the potential drop is given by the ratio of the charge (q)
to the capacitance (C). When considering these relationships, it is important
to remember that voltage “gains” and “drops” can be positive or negative – a
negative voltage gain (a decrease in potential) is a positive voltage drop, and a
negative voltage drop is a positive voltage gain (an increase in potential).

But whatever the sign and magnitude of the potential change across each of
the devices in the circuit, you can be sure that the voltage gain of the voltage
source equals the sum of the voltage drops across the resistor, capacitor, and
inductor. Thus Kirchhoff’s voltage law leads to this differential equation:

E = Ri + L
di

dt
+ q

C
. (4.64)

Since electric current consists of moving electric charge, the relationship
between the current (i) and the charge (q) on the capacitor is

i = dq

dt
, (4.65)

and the time-varying potential difference of an AC voltage source can be
written as

E = Vs sin (ωst), (4.66)

in which Vs represents the amplitude of the voltage source and ωs is the angular
frequency of the voltage source.

Inserting these expressions for AC current and emf into the voltage-drop
equation (Eq. 4.64) gives

E = Vs sin (ωst) = R
dq

dt
+ L

d

dt

(
dq

dt

)
+ q

C
= R

dq

dt
+ L

d2q

dt2
+ q

C
,

(4.67)

which is a second-order ordinary differential equation amenable to solution
using the Laplace transform and its inverse.
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Taking the Laplace transform of both sides of this equation gives:

L[Vs sin (ωst)] = L
[
R

dq

dt
+ L

d2q

dt2
+ q

C

]
. (4.68)

The linearity property of the Laplace transform means you can apply the
transform to the individual terms and that constants can be brought outside
the transform operator:

VsL[sin (ωst)] = RL
[
dq

dt

]
+ LL

[
d2q

dt2

]
+ 1

C
L[q]. (4.69)

Just as in the case of mechanical oscillations discussed in the previous
section, you can use the time-derivative properties of the Laplace transform
described in Section 3.4 to convert this differential equation into an algebraic
equation. Using Eq. 3.15, the second-order time derivative of charge q

becomes

L
[
d2q

dt2

]
= s2Q(s) − sq(0−) − dq

dt

∣∣∣∣
t=0−

(4.70)

and Eq. 3.12 makes the first-derivative term

L
[
dq

dt

]
= sQ(s) − q(0−). (4.71)

The definition of the Laplace transform can be applied to the term involving q:

L
[
q
] = Q(s). (4.72)

That leaves only the voltage-source term E = Vs sin (ωst), for which the
Laplace transform is given in Section 2.3 as

L [E] = VsL[sin (ωst)] = Vs

ωs

s2 + ω2
s

. (4.73)

Using these Laplace transforms of q and E, the differential equation for this
series RLC circuit (Eq. 4.67) becomes the algebraic equation

Vs

ωs

s2 + ω2
s

= R
[
sQ(s) − q(0−)

]

+ L

[
s2Q(s) − sq(0−) − dq

dt

∣∣∣∣
t=0−

]
+ 1

C
Q(s). (4.74)

This equation can be solved for the s-domain function Q(s) if the ini-
tial conditions q(0−) and dq/dt |t=0− are known, and the inverse Laplace
transform can then be used to find the time-domain function q(t).
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One straightforward case has no voltage generator, just a switch that opens
or closes the circuit loop through the resistor, inductor, and capacitor. In
this case, the capacitor has an initial charge of q0, and the switch is closed
(completing the circuit and allowing current to flow) at time t = 0. Inserting
the values V0 = 0, q(0−) = q0 and dq/dt |t=0− = 0 into Eq. 4.74 gives

0 = RsQ(s) − Rq0 + Ls2Q(s) − Lsq0 + 1

C
Q(s).

Now solve for Q(s):

Q(s)

(
Ls2 + Rs + 1

C

)
= (R + Ls)q0,

Q(s) = (R + Ls)q0

Ls2 + Rs + 1
C

.

To put this expression for Q(s) into a form that is recognizable as the Laplace
transform of a basic function, start by pulling a factor of the inductance L from
the denominator:

Q(s) = (R + Ls)q0

L
(
s2 + R

L
s + 1

LC

) =
(
s + R

L

)
q0

s2 + R
L
s + 1

LC

(4.75)

and then complete the square in the denominator:

s2 + R

L
s + 1

LC
= s2 + R

L
s +

(
R

2L

)2

+ 1

LC
−

(
R

2L

)2

=
(

s + R

2L

)2

+ 1

LC
−

(
R

2L

)2

.

Inserting this expression into the denominator of Eq. 4.75 gives

Q(s) =
(
s + R

L

)
q0(

s + R
2L

)2 + 1
LC

− (
R
2L

)2
. (4.76)

As in the previous section, the next step is to define several new variables,
starting with a (again, not the acceleration):

a = R

2L
, (4.77)

which has dimensions of resistance divided by inductance (SI units of
ohms/henries), which reduce to 1/sec. So this variable a also has units of
frequency, serving as an amplitude-variation frequency (number of 1/e steps
per second) in q(t).
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Two additional definitions are useful in describing the behavior of an RLC
circuit. The first is

ω2
0 = 1

LC
, (4.78)

which is often called the “natural angular frequency” of the circuit. In the limit
of zero resistance (R = 0), this is the angular frequency at which an initial
electric charge q0 will oscillate from one plate of the capacitor to the other,
flowing through the inductor along the way. With no resistance to dissipate
energy as heat, this process will continue forever, with energy alternating
between the electric field of the capacitor (when charge is present) and the
magnetic field of the inductor (when current is flowing). This is a direct analog
to an oscillating mass hanging on a spring with zero drag; in that case the
energy alternates between the kinetic energy of motion and the potential energy
of the spring and gravitational field.

The second useful definition is

ω2
1 = 1

LC
−

(
R

2L

)2

= ω2
0 − a2, (4.79)

often called the “damped angular frequency” of the circuit since it pertains to
the case in which a resistor removes energy from the system, having an effect
similar to that of drag in a mechanical system. You may see ω1 referred to as a
pseudo-frequency, since frequency is technically defined as a characteristic of
periodic (i.e. repeating) systems, and the changing oscillation amplitude means
that the system behavior does not necessarily repeat.

Another caveat that you may have expected if you have worked through the
previous section on mechanical oscillations is that this definition of ω1 is useful

as long as ω2
0 is greater than a2, which means 1

LC
>

(
R
2L

)2
. Cases in which ω2

0
is equal to or smaller than a2 are discussed below.

Using these definitions of a, ω0, and ω1, Eq. 4.76 becomes

Q(s) = (s + 2a)q0

(s + a)2 + ω2
1

= q0
(s + a) + a

(s + a)2 + ω2
1

, (4.80)

which has the same form as the s-domain function Y (s) (Eq. 4.50) for the
hanging mass discussed in the previous section. Just as in that case, the inverse
Laplace transform of this s-domain function has decreasing exponential (e−at )
as well as sinusoidal terms with angular frequency ω1. The resulting time-
domain function is

q(t) = q0e
−at cos (ω1t) + q0

[
a

ω1

]
e−at sin (ω1t), (4.81)
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which is identical to y(t) for the hanging mass with the variable changes
cd ↔ R, m ↔ L, and k ↔ 1

C
. So the oscillations of charge in this series

RLC circuit behave like the oscillations of a hanging mass under equivalent
initial conditions.

Using these definitions and results, the Laplace-transform analysis of a
series RLC circuit driven by a variable-voltage generator with amplitude Vs

and angular frequency ωs is reasonably straightforward. Consider the case in
which the initial charge on the capacitor and the initial current are both zero,
so q(0−) = 0 and i(0−) = dq/dt |t=0− = 0. These initial conditions make
Eq. 4.74

Vs

ωs

s2 + ω2
s

= R [sQ(s)] + L
[
s2Q(s)

] + Q(s)

C
, (4.82)

which can be rearranged to give

Q(s)

(
Ls2 + Rs + 1

C

)
= Vsωs

s2 + ω2
s

(4.83)

or

Q(s) = Vsωs

(s2 + ω2
s )

[
Ls2 + Rs + 1

C

] . (4.84)

Once again, it is helpful to pull out a factor of L and to complete the square
on the right term in the denominator:

Q(s) = Vsωs/L

(s2 + ω2
s )

[(
s + R

2L

)2 + 1
LC

− (
R
2L

)2
], (4.85)

and inserting the definitions for a and ω1 makes this

Q(s) = Vsωs/L

(s2 + ω2
s )[(s + a)2 + ω2

1]
. (4.86)

If you compare this expression for Q(s) to Eq. 4.80 for the undriven case,
you will see that the addition of an AC voltage generator has resulted in a more-
complicated denominator. Specifically, the denominator of Q(s) now contains
the product of two polynomials of the generalized frequency s, suggesting that
partial fractions will be useful to put this expression into a form for which the
inverse Laplace transform is known.
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One way to do that is to use the approach described in the tutorial on
partial fractions on this book’s website, which starts by writing each of the
two polynomials as the denominator of a separate fraction:

Vsωs/L

(s2 + ω2
s )[(s + a)2 + ω2

1]
= Vsωs

L

[
As + B

s2 + ω2
s

+ C(s + a) + D

(s + a)2 + ω2
1

]
. (4.87)

You can solve this equation for the constants A, B, C, and D in terms of
the circuit parameters by multiplying both sides by the denominator of the
left side and equating equal powers of s. That process leads to the following
expressions for these constants:

A = −2a

(ω2
s − ω2

0)
2 + 4a2ω2

s

= −R/L

(ω2
s − 1

LC
)2 + (

R
L

)2
ω2

s

, (4.88)

B =
(

ω2
s − ω2

0

2a

)
A, (4.89)

C = −A, (4.90)

and

D = −aA − B. (4.91)

One of the chapter-end problems and its online solution provide details of the
calculations leading to these results and contain expressions for B, C, and D

in terms of the circuit parameters.
With these constants in hand, you know the s-domain charge function Q(s),

and you can use the inverse Laplace transform to determine the time-domain
function q(t). To do that, start by taking the inverse Laplace transform of both
sides of Eq. 4.86 and using Eq. 4.87:

q(t) = L−1[Q(s)] = Vsωs

L
L−1

[
As + B

s2 + ω2
s

+ C(s + a) + D

(s + a)2 + ω2
1

]
. (4.92)

The linearity property of the Laplace transform means that you can apply
the inverse transform to each term of Q(s). Here is how that looks if you retain
the notation A, B, C, and D for the constants for simplicity:

L−1
[

As

s2 + ω2
s

]
= AL−1

[
s

s2 + ω2
s

]
= A cos (ωst), (4.93)
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L−1
[

B

s2 + ω2
s

]
=

(
B

ωs

)
L−1

[
ωs

s2 + ω2
s

]
=

(
B

ωs

)
sin (ωst), (4.94)

L−1

[
C(s + a)

(s + a)2 + ω2
1

]
= CL−1

[
s + a

(s + a)2 + ω2
1

]
= Ce−at cos (ω1t),

(4.95)

and

L−1

[
D

(s + a)2 + ω2
1

]
=

(
D

ω1

)
L−1

[
ω1

(s + a)2 + ω2
1

]

=
(

D

ω1

)
e−at sin (ω1t). (4.96)

Adding these terms gives the time-domain charge function q(t):

q(t) = Vsωs

L

[
A cos (ωst) +

(
B

ωs

)
sin (ωst)

+Ce−at cos (ω1t) +
(

D

ω1

)
e−at sin (ω1t)

]
. (4.97)

This equation tells you that the function q(t) representing the capacitor
charge in the driven series RLC circuit as a function of time consists of
sinusoidal terms (both sine and cosine) at the drive frequency of ωs as well
as exponentially decreasing sinusoidal terms at the damped system frequency
of ω1. The rate of decrease of those terms is determined by a = R/2L, so the
larger the resistance (and the smaller the inductance), the faster the ω1 terms
decrease.

Note also that the ωs terms and the ω1 terms may be out of phase (that is, the
peaks of one function may line up with the valleys of another), so these terms
may partially cancel one another as they interfere destructively. Of course, if
ω1 is significantly different from the drive frequency ωs , the phase relationship
changes quickly with time, and the decreasing amplitude of the ω1 terms also
changes the amount of cancellation even when the peaks temporarily align with
valleys.

You can see this behavior in Figure 4.7, which shows the real and imaginary
parts of Q(s) as well as q(t) for a series RLC circuit containing a 100-�
resistor, 416.5-mH inductor, and 600-nF capacitor driven by an AC voltage
source with Vs = 10 V at an angular frequency of ωs = 2000 rad/sec. With
these parameters, the circuit is being driven at a frequency within about
3 rad/sec of the damped system frequency, and the attenuation frequency
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Figure 4.7 Q(s) and q(t) for series RLC circuit driven at ωs = ω0.

parameter is a = 120/sec, which means that the terms containing e−at are
reduced to about 30% of their initial values after 0.01 seconds and 9% after
0.02 seconds.

This explains why the amplitude of the charge oscillations increases quickly
after time t = 0 even though the presence of the resistor provides damping,
which causes the amplitude to decrease in the undriven circuit described earlier
in this section. The reason is that the out-of-phase terms in q(t) containing the
factor e−at decrease quickly over time, and the partial cancellation that occurs
shortly after t = 0 is significantly reduced after 20 to 30 milliseconds.

The behavior of the circuit during the time that the exponentially decreasing
terms contribute substantially to the total is called the “transient” behavior; at
later times those terms become insignificant and the circuit then displays its
“steady-state” behavior.

This analysis suggests that reducing the resistance R while retaining the
other parameters should slow the decrease in the e−at terms and extend the
time over which the partial cancellation is effective in reducing the amplitude
of the charge oscillation. In other words, the duration of the transient response
should be increased.

Figure 4.8 shows the behavior of the circuit if the value of the resistor is
reduced from 100 � to 10 �, which reduces the value of a from 120/sec to
12/sec. In this case, the e−at factor rolls off much more slowly; the amplitude
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Figure 4.8 Q(s) and q(t) for series RLC circuit with smaller R driven at ω0.

of this factor is reduced only to about 89% of its initial value of unity after 0.01
seconds and 79% after 0.02 seconds. That means that the partial cancellation
between the terms of q(t) remains effective for a considerably longer time, as
shown in the figure.

You may be wondering what happens if an RLC circuit is driven at
a frequency significantly different from the natural or damped oscillation
frequency. In that case, the phase relationship between the ωs terms and the
ω1 terms of q(t) changes very quickly, and the combination of those terms
can produce complicated behavior during the transient period. You can see one
example of such behavior in Fig. 4.9, which is the response of the same series
RLC circuit with R = 100 �, L = 416.5 mH, and C = 600 nF driven by
a 10-V AC voltage source. But in this case that circuit is driven at a 25%
higher frequency (2500 rad/sec rather than 2000 rad/sec). As you can see,
the oscillation amplitude is greater than the steady-state amplitude for some
portions of the transient period and smaller than the steady-state amplitude
during others. This indicates that the interference between the terms of q(t) is
changing quickly from constructive to destructive, as expected when sinusoidal
functions with significantly different frequencies are combined.

The functions Q(s) and q(t) just discussed pertain to the case in which
ω2

0 > a2, but the analysis is quite similar when that condition does not hold.
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Figure 4.9 Q(s) and q(t) for series RLC circuit driven above ω0.

If ω2
0 < a2 you can find Q(t) by reversing the terms in the definition of ω1,

like this:

ω2
1 =

(
R

2L

)2

− 1

LC
= a2 − ω2

0. (4.98)

That gives

Q(s) = Vsωs/L

(s2 + ω2
s )[(s + a)2 − ω2

1]
(4.99)

and

q(t) = Vsωs

L

[
A cos (ωst) +

(
B

ωs

)
sin (ωst)

+Ce−at cosh (ω1t) +
(

D

ω1

)
e−at sinh (ω1t)

]
. (4.100)

And if ω2
0 = a2 then the ω2

1 = ω2
0 − a2 term drops out of the denominator

of Q(s), leaving

Q(s) = Vsωs/L

(s2 + ω2
s )(s + a)2

(4.101)
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and q(t) becomes

q(t) = Vsωs

L

[
A cos (ωst) +

(
B

ωs

)
sin (ωst) + Ce−at + Dte−at

]
. (4.102)

You can work through the analysis of an RLC circuit driven by a constant-
voltage source in one of the chapter-end problems and its online solution.

4.4 Heat Flow

The application to which the Laplace transform is applied in this section is
the flow of heat over space and time. Heat flow is the transfer of energy by
thermal conduction or related processes, and as in the previous applications in
this chapter, this process can be described by a differential equation. Hence
the general approach will be to apply the Laplace transform to the differential
equation in order to find the s-domain function F(s) that solves the equation,
and then to use the inverse Laplace transform to determine the time-domain
solution f (t).

There is, however, a very important difference between the heat equation
and the equations describing the oscillations of a hanging mass or a series
RLC circuit. As you may recall, the equations used in those examples are
ordinary differential equations containing functions of a single variable (the
position of the hanging mass y(t) and the charge q(t) in the RLC circuit). But
the differential equation describing heat flow is not an ordinary differential
equation, it is a partial differential equation that includes a first-order partial
temporal derivative as well as a second-order partial spatial derivative.

To understand the origin and physical meaning of the differential equation
pertaining to heat flow, often called the heat equation, a good place to begin
is Fourier’s law of thermal conduction. In the differential form of that law,
the density of heat flow (that is, the heat flow per unit area) in any direction
is proportional to the temperature change in that direction. Representing the
density of heat flow as vector �q with magnitude equal to the amount of heat
energy passing through unit area in unit time (SI units of J/(m2 sec) or W/m2),
Fourier’s law looks like this:

�q = −κ �∇τ, (4.103)

in which the spatial change in temperature3 is represented by the temperature
gradient �∇τ (SI units of K/m), which is explained below. In this equation, κ

3 The symbol τ is used for the time-domain function of temperature in this section, while T is
used for the corresponding s-domain function.



152 4 Applications of the Laplace Transform

represents the thermal conductivity (SI units of J/(K m sec) or W/(K m), which
is a measure of a material’s ability to conduct heat – materials such as metals
through which heat energy passes easily have high thermal conductivity, while
insulators such as wood have low thermal conductivity.

The minus sign in Eq. 4.103 is important, because it makes this equation
consistent with the observation that heat flows from regions of high tempera-
ture to regions of low temperature – that is, in the direction in which the change
in temperature is negative.

Before showing how Fourier’s law leads to the heat equation, it is worth a
bit of effort to make sure you understand three uses of the differential operator
represented by the symbol ∇ (usually called “del” or “nabla”), all of which
play a role in using the Laplace transform to solve the heat equation. The
application of this differential operator can yield either a vector or a scalar
result; for example, the gradient of a scalar function, written as �∇f , is a
vector (having direction as well as magnitude), while the divergence of a vector
function �(A), written as the dot product �∇ ◦ �A, is a scalar (having magnitude
but no direction). Taking the divergence of a gradient ( �∇ ◦ �∇) gives the
Laplacian operator ∇2 (sometimes written as �), which also produces a scalar
result. In three-dimensional Cartesian coordinates, the gradient, divergence,
and Laplacian are given by

�∇f (x,y,z) = ∂f

∂x
ı̂ + ∂f

∂y
ĵ + ∂f

∂z
k̂ gradient,

�∇ ◦ �A = ∂Ax

∂x
+ ∂Ay

∂y
+ ∂Az

∂z
divergence,

and

∇2f (x,y,z) = ∂2f

∂x2
+ ∂2f

∂y2
+ ∂2f

∂z2
Laplacian.

So what is the physical meaning of each of these uses of the ∇ operator?
As suggested above, the vector gradient �∇ is a measure of how quickly and
in what direction a function such as f (x,y,z) changes over distance. So if
f (x,y,z) represents height above some reference level (such as mean sea
level), the gradient �∇f at any point on a hill tells you how steep the hill is
at that location. Since it is a vector quantity, the gradient also has a direction,
and that direction is the direction of steepest increase of the function. So in the
case of ground height above a reference level, at every location the gradient
vector points uphill, toward larger values of height.

To understand the physical meaning of the divergence �∇ ◦ �(A), consider a
“vector field” such as a group of vectors specifying the speed and direction
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of the flow of water at various locations in a stream. The divergence of the
vector field at any location is an indicator of whether the flow into a small
volume at that location is greater than, equal to, or less than the flow out of
that small volume. By convention, the divergence is taken to be positive if
the flow out is greater than the flow in, and negative if the flow in is greater.
This concept of “flow in vs. flow out” can be applied even when the vector
field does not describe the actual flow of a physical material; for example,
when specifying the magnitude and direction of an electric or magnetic field
at various locations. But it is easy to visualize a divergence test in which you
sprinkle a material such as sawdust into a stream and look for locations at
which the particles “spread out” (positive divergence) or are pushed closer to
one another (negative divergence).

Combining the divergence and the gradient to form the Laplacian (∇2) finds
use in many areas of physics and engineering, in part because the process
of finding the locations of peaks and valleys of a function is useful in many
applications. And how does the Laplacian, the divergence of the gradient of a
function, help with that? One way to understand that is to consider the gradient
vectors near the top of a circular hill. Since the gradient vectors all point uphill,
if you look down on that hill from directly above, you’ll see the gradient
vectors “converging” on the hilltop. Hence the divergence of the gradient has
a negative value at that location. Likewise, the gradient vectors all point uphill
from the bottom of a circular depression or valley, so viewed from above those
vectors will be seen diverging from the bottom, resulting in a positive value for
divergence at that location.

Another useful perspective for this characteristic of the Laplacian concerns
the value of a function at a location relative to its average value at nearby
locations. Specifically, the Laplacian can be shown to be proportional to the
difference between the value of a function at a specific location and the average
value of the function at points surrounding that location at equal distance.4

When the value of the function at a given location exceeds the average value
of the function at surrounding points (as it does on at the top of a hill, where the
height of surrounding points is less than the height at the peak), the Laplacian
has a negative value. But at the bottom of a circular depression, the average
height of the surrounding points is greater than the height at the bottom, so the
Laplacian has a positive value at that point.

With some understanding of the gradient, divergence, and Laplacian, you
should be ready to take the next step along the route that leads from Fourier’s

4 A detailed explanation of the relationship of the Laplacian to the average values of a function is
provided in A Student’s Guide to Vectors and Tensors.
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Figure 4.10 Effect of change in flow q(x,t) over distance.

law to the heat equation. That step defines the variable Q as the heat energy
per unit volume (SI units of J/m3), and considers the relationship of Q to the
flow of heat �q.

Consider the flow of heat shown in Fig. 4.10. In this figure, heat flow is
one-dimensional along the x-axis, so q(t) can be written as a scalar, taken as
positive for heat flow to the right (toward positive x) and negative for flow to
the left (toward negative x). The arrows in this diagram represent the heat-flow
density at various locations, and the length of each arrow is proportional to the
magnitude of the heat flow at that location. In the top portion of the figure, the
arrows get shorter as you move to the right along the x-axis, meaning the heat
flow is decreasing as x increases. At a location such as the point marked “A”
in the figure, the decreasing heat flow with x means that the flow of heat into a
small volume around point A will be greater than the flow out of that volume.
In the absence of a source that adds energy or a sink that removes energy at
point A, this means that the greater inward heat flow will cause the heat-energy
density to increase over time at that location.

Now consider the lower portion of this figure, in which the heat flow is
increasing in the positive-x direction. In this case, the increasing heat flow with
x means that more energy will flow out of a small volume surrounding point
B than flows in, and the greater outward heat flow will cause the heat-energy
density at this location to decrease over time.

This relationship can be written mathematically using the partial time
derivative of heat-energy density Q and the divergence of the heat flow �q:

∂Q

∂t
= −�∇ ◦ �q,



4.4 Heat Flow 155

in which the derivative of Q is a partial derivative since Q depends on
both space (x) and time (t). Using the expression for �q from Fourier’s law
(Eq. 4.103) makes this

∂Q

∂t
= −�∇ ◦ (−κ �∇τ) = κ∇2τ . (4.104)

The final step to the heat equation can be made by relating the change in
heat energy of a material to the change in temperature of that material. That
relationship is

∂Q

∂t
= ρcp

∂τ

∂t
(4.105)

in which ρ represents the density of the material (SI units of kg/m3), cp

represents the heat capacity of the material (SI units of J/(K kg)), and τ

represents the temperature of the material in kelvins at the location of interest.
Inserting this expression into Eq. 4.104 gives

ρcp

∂τ

∂t
= κ∇2τ

or

∂τ

∂t
= κ

ρcp

∇2τ . (4.106)

This is the heat equation, a partial differential equation which is a version
of general equation called the “diffusion equation” that describes the flow
or diffusion of a quantity over space and time. The diffusion equation has
widespread application, with the diffusing quantity ranging from the concen-
tration of a physical substance in fluid dynamics to probability in quantum
mechanics, in which the Schrödinger equation is a version of the diffusion
equation.

The law of diffusion can be written as

∂f

∂t
= D∇2f, (4.107)

in which f represents the diffusing quantity and D represents the diffusion
coefficient. Following the logic described above for the ∇2 operator, you
should be able to understand the physical meaning of the diffusion equation:
in the absence of sources or sinks, the change in the function f that describes
a diffusing quantity over time at a specified location depends on the difference
between the value of the function at that location and the average value of the
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Figure 4.11 Material with temperature held at τ0 on face at x = 0.

function at surrounding points (that is, the Laplacian of the function). So if the
value of the amount of a substance or the temperature of a material is greater
than the average value at surrounding locations, diffusion causes the value to
decrease over time, since the Laplacian is negative in that case. But if the value
at a location is less than the value at surrounding points, diffusion causes the
value to increase over time.

In one spatial dimension (x), the diffusion equation is

∂f (x,t)

∂t
= D

∂2f (x,t)

∂x2
(4.108)

and, in this case, the diffusion equation tells you that the change over time of
the function f (x,t) is proportional to the curvature of that function over space,
given by the second partial derivative with respect to x.

Getting back to the heat equation, here is how it looks in one spatial
dimension:

∂τ(x,t)

∂t
= κ

ρcp

∂2τ(x,t)

∂x2
, (4.109)

and this is the equation to which the Laplace transform will be applied in the
remainder of this section. The specific problem used as an example involves
the flow of heat through a sample of material for which the left face is held at a
constant temperature τ0, as illustrated in Fig. 4.11. As you can see, the material
extends along the x-axis with the origin (x = 0) at the left face. The material is
taken as homogeneous (the same at all locations) and isotropic (the same in all
directions within the material). The initial condition of constant temperature
τ0 at the left face (x = 0) can be expressed as τ(0,t) = τ0.

Taking the Laplace transform of both sides of the one-dimensional heat
equation (Eq. 4.109) results in

L
[
∂τ(x,t)

∂t

]
= L

[
κ

ρcp

∂2τ(x,t)

∂x2

]
= κ

ρcp

L
[
∂2τ(x,t)

∂x2

]
. (4.110)
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The time derivative can be eliminated using the derivative property of the
Laplace transform:

∂τ(x,t)

∂t
= sT (x,s) − τ(x,0), (4.111)

in which the s-domain temperature function T (x,s) is the Laplace transform
of the time-domain temperature function τ(x,t):

T (x,s) = L[τ(x,t)]. (4.112)

The second-order partial spatial derivative of the time-domain function
τ(x,t) can be converted to a second-order ordinary spatial derivative of the
s-domain function T (x,s), as explained in Section 4.1 (see Eq. 4.21):

L
[
∂2τ(x,t)

∂x2

]
= d2T (x,s)

dx2
. (4.113)

Inserting these expressions into Eq. 4.110 gives

sT (x,s) − τ(x,0) = κ

ρcp

d2T (x,s)

dx2
(4.114)

or

d2T (x,s)

dx2
− ρcp

κ
[sT (x,s) − τ(x,0)] = 0. (4.115)

So in this case the Laplace transform has not converted a differential
equation into an algebraic equation, but it has produced a simpler ordinary
differential equation that can be easily solved. If the initial temperature of the
material is zero, so τ(x,0) = 0, the solution to this equation is

T (x,s) = Ae

√
ρcp
κ

sx + Be
−

√
ρcp
κ

sx
, (4.116)

as you can verify by substituting this expression for T (x,s) into Eq. 4.115. But
you know that Laplace transform functions must approach zero as s approaches
infinity, and the first term in this equation becomes infinite as s approaches
infinity. That means that the coefficient A must equal zero, and

T (x,s) = Be
−

√
ρcp
κ

sx . (4.117)

To determine the constant B, insert x = 0 into this equation, giving

T (0,s) = Be0 = B (4.118)

and take the Laplace transform of the constant initial condition τ(0,t) = τ0:

T (0,s) = L[τ(0,t)] = L[τ0] = τ0L[1] = τ0
1

s
. (4.119)
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Hence

T (0,s) = B = τ0
1

s
, (4.120)

which makes the expression for T (x,s)

T (x,s) = Be
−

√
ρcp
κ

sx = τ0

s
e
−

√
ρcp
κ

sx . (4.121)

This is the s-domain solution to the heat equation in this situation, and the
inverse Laplacian transform of T (x,s) gives the time-domain solution τ(x,t).

To find the inverse Laplace transform for this function, it helps to define a
variable a = x

√
ρcp/κ , making T (x,s) look like this:

T (x,s) = τ0

s
e
−

√
ρcp
κ

sx = τ0

s
e−a

√
s . (4.122)

The inverse Laplace transform of a function of this form can be found in a table
of Laplace transforms:

L−1

[
e−a

√
s

s

]
= erfc

(
a

2
√

t

)
, (4.123)

in which “erfc” represents the complementary error function. This function
is related to the error function “erf” obtained by integrating the Gaussian
function e−v2

:

erf(x) = 2√
π

∫ x

0
e−v2

dv. (4.124)

Subtracting the error function from one gives the complementary error
function:

erfc(x) = 1 − erf(x) = 1 −
(

2√
π

) ∫ x

0
ev2

dv. (4.125)

The relationship of the Gaussian function to the error function and the
complementary error function is illustrated in Fig. 4.12.

So the time-domain solution to the heat equation in this situation is

τ(x,t) = L−1[T (x,s)] = τ0erfc

(
x
√

ρcp/κ

2
√

t

)
= τ0erfc

(
x
√

ρcp

2
√

κt

)
.

(4.126)

An example solution with constant temperature τ0 = 300 K at the left
face and a material with the thermal properties of iron is shown in Fig.
4.13. In the upper portion of this figure, the real and imaginary parts of the
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Figure 4.13 T (x,s) at distance x = 0.01 m and τ(x,t) at times t = 0.1 sec, 5 sec,
and 10 sec with the left face of the material held at τ0.

s-domain temperature function T (x,s) are shown as functions of ω at distance
x = 0.01 m, and in the lower portion the time-domain temperature τ(x,t) is
shown as a function of x at times t = 0.1 sec, 5 sec, and 50 sec.

As you may have anticipated, heat flow from the left end of the material,
held at τ0 = 300 K in this example, causes the temperature at locations along
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the x-axis to rise over time from its initial value τ(x,0) = 0. That makes sense
physically, and the mathematical explanation for that rising temperature is the
factor of

√
t in the denominator of the argument of the complementary error

function (since the erfc function gets larger as its argument gets smaller). Note
also that the temperature at locations farther from the left end rises more slowly
due to the factor of x in the numerator of the complementary error function.
You can work through this problem with a different initial condition in one of
the chapter-end problems and its online solution.

4.5 Waves

In this section, you will see how the Laplace transform can be used to find
solutions to the wave equation. Like the heat and diffusion equations discussed
in the previous section, the wave equation is a second-order partial differential
equation involving both spatial and time derivatives. But in this case both the
spatial and temporal derivatives are second-order, and that leads to differences
in the physical meaning of the equation and in its solutions.

If you have taken a course in mechanics, electricity and magnetism,
astronomy, quantum mechanics, or just about any other area of physics, you’re
probably aware that there are many different types of wave, and you may have
encountered several different definitions of exactly what constitutes a wave.
To understand the wave equation discussed in this section, you may find it
helpful to think of a wave as a disturbance from an equilibrium (undisturbed)
condition. Specifically, that disturbance, which generally varies over space
and time, causes the values of one or more parameters to change from their
equilibrium values.

In mechanical waves such as ocean waves or atmospheric-pressure waves,
the disturbance occurs in a physical medium (water or air in these cases), but
electromagnetic waves require no medium. Those waves can propagate in a
pure vacuum, and in that case the disturbance is in the values of electric and
magnetic fields in the region in which the wave is propagating. You may see the
disturbance of a wave called “displacement,” but that doesn’t necessarily mean
that a physical material is being displaced, just that the wave is causing some
parameter to be “displaced” in the sense that it moves away from its value in
the equilibrium condition.

Note also that although many waves are periodic, meaning that the dis-
turbance repeats itself over time (after one period) and over space (after one
wavelength), other waves are not periodic. Those waves may consist of a
disturbance such as a single pulse or a “wave packet” that contains constituent
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waves of different frequencies. Those component waves can interfere with one
another constructively at some times and locations and destructively at others,
producing a disturbance that is limited in time and space. But a true single-
frequency wave such as a pure sine or cosine wave has uniform amplitude over
all time, repeating itself over and over again, with no beginning and no end.
Such single-frequency waves are a theoretical construct rather than a practical
reality, but they form the basis of Fourier synthesis and analysis, as described
in Chapter 1.

The amount of disturbance produced by a wave can be described as the
“shape” of the wave, and you can see that shape by making a graph of the
disturbance as a function of location or time. A mathematical function that
represents the shape of a wave is often called a “wave function,” sometimes
written as the single word “wavefunction.” A wave function can vary with
both position and time, and the wave equation relates the spatial changes of
the wave function to its temporal changes.

For reasons explained below, the most useful form of the wave equation for
many applications involves second derivatives:

∂2f

∂t2
= v2∇2f, (4.127)

in which f represents the wave function, v is the speed of propagation of the
wave, and ∇2 is the Laplacian operator described in the previous section.

Expressing the Laplacian in three-dimensional Cartesian coordinates makes
the wave equation

∂2f (x,y,z,t)

∂t2
= v2

[
∂2f (x,y,z,t)

∂x2
+ ∂2f (x,y,z,t)

∂y2
+ ∂2f (x,y,z,t)

∂z2

]
(4.128)

and in the one-dimensional case it looks like this:

∂2f (x,t)

∂t2
= v2 ∂2f (x,t)

∂x2
. (4.129)

To understand the origin and meaning of this form of the wave equation,
recall that the first temporal derivative ∂f (x,t)/∂t represents the instantaneous
slope of a function over time, and the second temporal derivative ∂2f (x,t)/∂t2

tells you how quickly the slope of the function f (x,t) changes with time. When
you make a graph of a function that has a slope that changes over time, the line
representing the function on that graph is curved, and the second temporal
derivative is a measure of the curvature of the function over time. Likewise,
the second partial derivative ∂2f (x,t)/∂x2 tells you the change in the slope of
the function f (x,t) over distance (x), and that change in slope is a measure
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of the curvature of the function with distance. Hence the wave equation says
that the wave function’s curvature in time is proportional to its curvature over
space, and the constant of proportionality is the speed (v) of the wave squared.

The general form of a wave function satisfying the wave equation for a wave
propagating in the positive-x direction is f (kx − ωt), in which the function f

describes the shape of the wave. In case you need a bit of a refresher on wave
parameters, in this expression the variable “k” represents the wavenumber,
which is inversely proportional to the wavelength of the wave. Specifically,
for a wave with wavelength λ (SI units of meters) and angular frequency ω (SI
units of radians per second), the wavenumber k is defined as

k = 2π

λ
(4.130)

and has SI units of radians per meter. Similarly, the angular frequency ω is
defined as

ω = 2π

T
, (4.131)

in which T represents the period of the wave (SI units of seconds). In the wave
function with the form of f (kx − ωt), the role of k in the spatial domain is
similar to the role of ω in the time domain. That is because multiplying the time
t by the angular frequency ω tells you how many radians of phase the wave
goes through in time t , and multiplying the distance x by the wavenumber
k tells you how many radians of phase the wave goes through in distance x.
Hence k converts distance to phase in the same way that ω converts time to
phase.

One additional point about ω and k: the ratio of these parameters (ω/k) has
dimensions of speed (SI units of meters per second); the “phase speed” given
by this ratio is the speed v at which a given phase point (for example, a peak,
zero crossing, or valley of a sinusoidal wave) propagates. For nondispersive
waves, that is, waves in which all frequency components propagate with the
same speed, this is also the speed with which the envelope of the wave moves.

Although it is possible to write a version of the wave equation using first-
order rather than second-order partial derivatives, the second-order wave equa-
tion given by Eq. 4.129 has the advantage of applying to waves propagating in
both the positive-x and the negative-x direction.5

And how does the Laplace transform help you solve the second-order partial
differential wave equation? To understand that, consider the situation shown
in Fig. 4.14. As depicted in this figure, a string extending from x = 0 to

5 The reason for this is explained in detail in A Student’s Guide to Waves.
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given by y(x, t)
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x = 0 given by y(0, t) = g(t)

End of string displaced

over time by function g(t)

y

Figure 4.14 String driven by function g(t).

x = +∞ is disturbed from its equilibrium position by a force (such as the
hand shown in the figure). The applied force causes the left end of the string to
undergo a physical displacement over time, and that displacement is given by
the time-domain function g(t). Calling the vertical displacement of the string
a function of space and time y(x,t) makes the one-dimensional wave equation
look like this:

∂2y(x,t)

∂t2
= v2 ∂2y(x,t)

∂x2
. (4.132)

As you may have anticipated if you’ve worked through the previous
applications in this chapter, the boundary conditions have a significant impact
on the solution of differential equations such as the wave equation. Taking the
initial time conditions as zero displacement and zero vertical speed at time
t = 0 and the spatial boundary condition that the displacement of the left end
of the string is given by the function g(t), the boundary conditions are

y(x,0) = 0
dy

dt

∣∣∣∣
t=0

= 0 y(0,t) = g(t). (4.133)

With these boundary conditions in hand, along with condition that the
displacement of the string must remain finite for all time over all locations,
the next step is to take the Laplace transform of both sides of Eq. 4.132:

L
[
∂2y(x,t)

∂t2

]
= L

[
v2 ∂2y(x,t)

∂x2

]
= v2L

[
∂2y(x,t)

∂x2

]
. (4.134)

The time-derivative property of the Laplace transform tells you that

L
[
∂2y(x,t)

∂t2

]
= s2Y (x,s) − sy(x,0) − ∂y

∂t

∣∣∣∣
t=0

(4.135)
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and the discussion around Eqs. 4.20 and 4.21 in Section 4.1 explains how to
relate first- and second-order x-derivatives in the t- and s-domains:

L
[
∂2y(x,t)

∂x2

]
= d2Y (x,s)

dx2
. (4.136)

Hence Eq. 4.134 becomes

s2Y (x,s) − sy(x,0) − ∂y

∂t
|t=0 = v2 d2Y (x,s)

dx2
(4.137)

and inserting the boundary conditions given above makes this

s2Y (x,s) − 0 − 0 = v2 d2Y (x,s)

dx2
(4.138)

or

d2Y (x,s)

dx2
− s2

v2
Y (x,s) = 0. (4.139)

At first glance, this equation looks almost identical to the the differential
equation for heat flow (Eq. 4.115) discussed in the previous section. But a
closer inspection reveals an important difference: in this equation, the factor
in front of the s-domain function Y (x,s) is s2 rather than s. That difference
means that the general solution includes exponential terms containing s rather
than

√
s:

Y (x,s) = Ae
s
v
x + Be− s

v
x (4.140)

and the requirement that Y (x,s) remain bounded as s goes to infinity means
that the coefficient A must be zero. So

Y (x,s) = Be− s
v
x . (4.141)

As in the previous example, the coefficient B can be determined by inserting
x = 0 into this equation, which gives

Y (0,s) = Be0 = B. (4.142)

Note also that the s-domain function Y (0,s) is the Laplace transform of the
time-domain function y(0,t):

Y (0,s) = L[y(0,t)], (4.143)

and that the displacement y(0,t) at the left end of the string (x = 0) is specified
above to be the driving function g(t). Denoting the Laplace transform of g(t)

as G(s), this means that

Y (0,s) = L[y(0,t)] = L[g(t)] = G(s), (4.144)



4.5 Waves 165

�100 �50 100

�2

�1

0

1

�100 �500 50 0 50 100

�1

�0.5

0

0.5

1

0 1 2 3 4 5 6 7 8 9 10
�1

�0.5

0

0.5

1

Real part of Y(x, s) Imaginary part of Y(x, s)

w (rad/sec) � (rad/sec)

x (meters)

y(x, t) = g(t ��x/v)

s�����	/sec s�����	/sec

y
max

 = 1 m� � �
w = 20� rad/sec

x = 0.01 m x = 0.01 m

t = 0.075 sec

v = 100 m/sec

g(t) = y(0, t) = y
max

sin(wt)

Figure 4.15 Y (x,s) and y(x,t) for string wave driven by g(t) = ymax sin (ωt).

and Eq. 4.142 says that Y (0,s) = B. Setting B equal to G(s) makes Eq. 4.141

Y (x,s) = Be− s
v
x = G(s)e− s

v
x . (4.145)

So this is the s-domain function that satisfies the wave equation and the
boundary conditions, and as in the previous examples, the final step is to get
back to the time domain by taking the inverse Laplace transform of Y (x,s).
You know that g(t) is the inverse Laplace transform of G(s), and the time-shift
property of the Laplace transform tells you that multiplying by an exponential
in the s-domain results in a time shift in the t-domain. Thus

y(x,t) = L−1[Y (x,s)] = L−1[G(s)e− s
v
x] = g

(
t − x

v

)
(4.146)

for all time t > x/v.
This is the solution for the displacement as a function of x and t , and it

tells you that at any location x, the string undergoes displacement that equals
the displacement at the string’s left end, given by g(t) and delayed by the time
x/v that it takes for the disturbance, traveling at the wave speed v, to propagate
from x = 0 to that point.

An example of this solution is shown in Fig. 4.15. In this example, the
function driving the left end of the string is a sine function with angular
frequency of 20π rad/sec and maximum vertical displacement of 1 m. The
wave speed in the string is taken to be 100 m/sec, and the plot of the string
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displacement is shown for a time of 0.075 seconds. At that time, the sine-
wave disturbance of the string has propagated a distance x = vt = (100
m/sec)(0.075 sec) = 7.5 m; portions of the string at larger values of x remain at
the equilibrium position of y = 0.

And what happens if the string has some initial displacement – that is, the
initial condition is not y(x,0) = 0? You can work through that case in one of
the chapter-end problems and online solutions.

4.6 Transmission Lines

The transmission of electrical power and signals between locations using
transmissions lines is an important topic in physics and engineering, and the
resulting coupled differential equations for voltage and current can be solved
using the Laplace transform. There are many different kinds of transmission
lines such as coaxial cable, twisted-pair, and waveguide, but a common
characteristic of all types is that the properties of the transmission line are
distributed along the line, rather than in the “lumped elements” that are the
traditional devices such as resistors, capacitors, and inductors that make up an
electrical circuit.

The properties of a transmission line include resistance, capacitance, induc-
tance, and conductance, usually represented by the symbols R,C,L, and G,
with one very important difference: in this case, the values of these parameters
are typically specified as the amount per unit length rather than the total
quantity. So when you’re analyzing a transmission line, the SI units of R are not
simply ohms, but ohms per meter. Likewise, C represents the capacitance
per unit length (farads per meter in the SI system), L represents the inductance
per unit length (SI units of henries per meter), and G represents the conduc-
tance per unit length (SI units of inverse ohms or siemens (sometimes called
“mhos”) per meter). The authors of some texts use slightly modified symbols
to represent these “per unit length” quantities, such as R′,C′,L′, and G′, but
most just use the same letters and expect you to remember the units. Why is
this worth mentioning? One reason is that an important way to check your
work and the expressions you derive when working a problem is to make sure
that your equations and answers have the proper dimensions, and that means
that you must include the inverse meters in the units of R,C,L, and G when
working transmission-line problems.

So how do these properties of a transmission line affect the response of the
line to an applied voltage? To understand that, take a look at the sketch of a
transmission line in Fig. 4.16.
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Figure 4.16 Voltage (v) and current (i) for transmission line with distributed
resistance (R), inductance (L), capacitance (C), and conductance (G).

This figure depicts a semi-infinite transmission line extending from x = 0
to x = ∞. The two dark horizontal lines represent the conductors across which
a voltage is applied at the “sending” end (the left end in this figure); the voltage
between these two conductors at any location and time is given by v(x,t) and
the current is given by i(x,t). In this section, lowercase letters v(x,t) and i(x,t)

are used for time-domain voltage and current, while uppercase letters V (x,s)

and I (x,s) are used for generalized frequency-domain voltage and current. So

V (x,s) = L[v(x,t)] I (x,s) = L[i(x,t)].

As shown in the figure, the applied voltage at the sending end is v0 = v(0,t),
and over the distance �x the voltage changes from v(x,t) to v(x + �x,t)

while the current changes from i(x,t) to i(x + �x,t). The amount by which
the voltage and current change over space and time is determined by the
line’s resistance (which impedes the flow of current along the conductors), the
capacitance between the two conductors (which causes energy to be stored in
the electric field between the conductors), the inductance (which causes energy
to be stored in the magnetic field around the conductors), and the conductance
(which allows leakage current to flow between the conductors).

The voltage change along the line depends on the line’s resistance and
inductance as well as the current and the change in current with time. If the
voltage change between locations x and x + �x is defined as

�xv(x,t) = v(x + �x,t) − v(x,t) = ∂v(x,t)

∂x
�x, (4.147)

then

�xv(x,t) = ∂v(x,t)

∂x
�x = −∂i(x,t)

∂t
L�x − i(x,t)R�x, (4.148)

in which L�x is the inductance and R�x is the resistance of a portion of the
line of length �x.
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Likewise, the current change along the line depends on the line’s capaci-
tance and conductance as well as the voltage and the change in voltage with
time. Defining the current change between locations x and x + �x as

�xi(x,t) = i(x + �x,t) − i(x,t) = ∂i(x,t)

∂x
�x (4.149)

then

�xi(x,t) = ∂i(x,t)

∂x
�x = −∂v(x,t)

∂t
C�x − v(x,t)G�x, (4.150)

in which C�x is the capacitance and G�x is the conductance of a portion of
the line of length �x.

Now consider a transmission line in which the inductance (L) and conduc-
tance (G) per meter are negligible, with boundary conditions of zero initial
voltage and current at time t = 0, so v(x,0) = 0 and i(x,0) = 0. As shown
in the figure, the voltage applied by the generator at the sending end of the
line (x = 0) is v(0,t) = v0. One final boundary condition is that v(x,t) must
remain bounded at all locations and times.

Under these conditions, Eq. 4.148 becomes

∂v(x,t)

∂x
= −i(x,t)R (4.151)

and Eq. 4.150 becomes

∂i(x,t)

∂x
= −∂v(x,t)

∂t
C. (4.152)

As you have probably anticipated if you’ve worked through the other
sections of this chapter, the next step is to take the Laplace transform of both
of these equations. That looks like this:

L
[
∂v(x,t)

∂x

]
= L [−i(x,t)R] = −RL[i(x,t)] (4.153)

and

L
[
∂i(x,t)

∂x

]
= L

[
−∂v(x,t)

∂t
C

]
= −CL

[
∂v(x,t)

∂t

]
. (4.154)

As mentioned above, the Laplace transform of the time-domain voltage
function is L[v(x,t)] = V (x,s) and the Laplace transform of the time-domain



4.6 Transmission Lines 169

current function is L[i(x,t)] = I (x,s). Applying the x-derivative property of
the Laplace transform to Eq. 4.153 gives

L
[
∂v(x,t)

∂x

]
= dV (x,s)

dx
= −RL[i(x,t)] = −RI (x,s)

or

dV (x,s)

dx
= −RI (x,s) (4.155)

and applying the both the x-derivative and the t-derivative properties of the
Laplace transform to Eq. 4.154 gives

L
[
∂i(x,t)

∂x

]
= dI (x,s)

dx
= −CL

[
∂v(x,t)

∂t

]
= −C [sV (x,s) − v(x,0)] .

(4.156)

Applying the initial condition v(x,0) = 0 simplifies the last equation to

dI (x,s)

dx
= −C [sV (x,s)] . (4.157)

Now take the derivative with respect to x of both sides of Eq. 4.155:

d

dx

[
dV (x,s)

dx

]
= d

dx
[−RI (x,s)]

d2V (x,s)

dx2
= −R

dI (x,s)

dx
(4.158)

and substitute the expression for the x-derivative of I (x,s) from Eq. 4.157.
That gives

d2V (x,s)

dx2
= −R[−CsV (x,s)] = RCsV (x,s). (4.159)

Just as in the heat-flow application discussed in Section 4.4, the solution to
this second-order ordinary differential equation can be written as

V (x,s) = Ae
√

RCsx + Be−√
RCsx . (4.160)

But once again, the Laplace transform V (x,s) must remain bounded for all
x, so the coefficient A of the first term must equal zero, and

V (x,s) = Be−√
RCsx . (4.161)
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As in the heat-flow application, the remaining coefficient can be determined
using the boundary condition on v(0,t) = v0 which means that L[v(0,t)] =
L[v0]. And since v0 is a constant, you know that L[v0] = v0

s
, so

V (0,s) = v0

s
= Be0 = B, (4.162)

which makes Eq. 4.161 look like this:

V (x,s) = Be−√
RCsx = v0

s
e−√

RCsx . (4.163)

As shown in Section 4.4, the inverse Laplace transform of a function of this
form is

L−1

[
e−a

√
s

s

]
= erfc

a

2
√

t
(4.123)

and letting a = √
RCx gives

v(x,t) = L−1[V (x,s)] = v0L−1

[
e−√

RCsx

s

]
= (v0)erfc

(√
RCx

2
√

t

)
,

(4.164)

which is the desired solution to the differential equation for the voltage as a
function of location and time for the given boundary conditions.

To determine the current i(x,t) along the transmission line, note that solving
Eq. 4.151 for the current gives

i(x,t) = − 1

R

∂v(x,t)

∂x
. (4.165)

To take the partial derivative of v(x,t) given by Eq. 4.164, recall that the
complementary error function is related to the error function by

erfc

(√
RCx

2
√

t

)
= 1 − erf

(√
RCx

2
√

t

)
(4.166)

and the error function in this case is

erf

(√
RCx

2
√

t

)
= 2√

π

∫ √
RCx/2

√
t

0
e−v2

dv. (4.167)
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So taking the partial derivative of v(x,t) with respect to x looks like this:

∂v(x,t)

∂x
= v0

∂

∂x

[
1 − erf

(√
RCx

2
√

t

)]

= v0
∂

∂x

[
1 − 2√

π

∫ √
RCx/2

√
t

0
e−v2

dv

]
, (4.168)

which may appear a bit daunting at first look. But recall from the fundamental
theorem of calculus that

∂

∂x

[∫ a(x)

0
f (v)dv

]
= f (a)

∂a(x)

∂x
, (4.169)

which you can apply to this case by setting a(x) = √
RCx/(2

√
t) and f (v) =

e−v2
. Doing that gives

∂v(x,t)

∂x
= v0

∂(1)

∂x
− v0

2√
π

e
−

( √
RCx

2
√

t

)2
∂

∂x

(√
RCx

2
√

t

)

= 0 − 2v0√
π

e− RCx2
4t

(√
RC

2
√

t

)
= −v0

√
RC

πt
e− RCx2

4t . (4.170)

Thus the current i(x,t) is given by

i(x,t) = − 1

R

∂v(x,t)

∂x
= − 1

R

(
−v0

√
RC

πt
e− RCx2

4t

)

= v0

√
C

Rπt
e− RCx2

4t . (4.171)

As you may have anticipated from the similarity of the solution for the
voltage v(x,t) to the solution for the temperature τ(x,t) in Section 4.4, the
voltage v0 applied at time t = 0 to the sending end of the transmission line
causes the voltage along the line to increase from its initial value over time,
asymptotically approaching v0 as t → ∞.

In the top portion of Fig. 4.17, you can see the real and imaginary parts of
the s-domain function V (x,s) for a transmission line with the resistance and
capacitance per unit length of the coaxial cable type RG-58/U transmission line
(R = 0.053 �/m and C = 93.5 pF/m) with applied voltage v0 = 10 V. The
middle and bottom portions of this figure show the time-domain voltage v(x,t)

and current i(x,t) for times t = 1 nsec, 10 nsec, and 100 nsec after the voltage
is applied.
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Figure 4.17 Example solutions V (x,s) and v(x,t) for the RG-58/U transmission
line driven by constant voltage v0 = 10 V.

As always, I strongly recommend that you work through the problems in
the final section of this chapter – and don’t forget that help is available in the
form of full, interactive solutions on this book’s website.

4.7 Problems

1. Use partial fractions to decompose the s-domain function F(s) in
Eq. 4.10 into the five terms shown in Eq. 4.11.

2. Use the Laplace transform and the inverse Laplace transform to solve the
differential equation

d2f (t)

dt2
+ 4

df (t)

dt
− 2f (t) = 5e−t

with initial conditions f (0) = −3 and df (t)
dt

|t=0 = 4.
3. Here is a differential equation with nonconstant coefficients:

t
d2f (t)

dt2
+ t

df (t)

dt
+ f (t) = 0.

Find f (t) using the Laplace transform and the inverse Laplace transform
if the initial conditions are f (0) = 0 and df (t)

dt
|t=0 = 2.
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xx = 0

t(x, 0) = t
0
sin(px/L)

t(0, t) = 0

Temperature

maintained at

Initial temperature distribution

t(L, t) = 0

Temperature

maintained at

x = Lx = L/2

4. Use the Laplace transform to convert the following partial differential
equations into ordinary differential equations and solve those equations:

(a) ∂f (x,t)
∂t

= ∂f (x,t)
∂x

+ f (x,t) with f (x,0) = 4e−2x .

(b) ∂f (x,t)
∂t

= ∂f (x,t)
∂x

with f (x,0) = cos (bx).

5. Show that the expression for y(t) in Eq. 4.54 is a solution to the
differential equation of motion for a mass hanging on a spring (Eq. 4.35)
and satisfies the initial conditions y(0) = yd and dy/dt = 0 at time
t = 0.

6. Derive the expressions shown in Eqs. 4.88 to 4.91 for the partial-fraction
decomposition of Eq. 4.87 and write the constants B,C, and D in terms
of circuit parameters.

7. Find the s-domain function F(s) and the time-domain function f (t) for a
series RLC circuit in which the voltage source is a battery with constant
emf V0 and zero initial charge and current.

8. Find the s-domain temperature function T (x,s) and the time-domain
temperature function τ(x,t) for the block of material shown above if the
ends at x = 0 and x = L are held at temperature τ = 0 and the initial
temperature distribution is τ(x,0) = τ0 sin

(
πx
L

)
.

9. Find the s-domain function Y (s) and the time-domain function y(t) for
the string wave discussed in Section 4.5 if the initial displacement of the
string at time (t = 0) is y(x,0) = y0 sin (ax).

10. Find the time-domain voltage v(x,t) and current i(x,t) for the
transmission line discussed in Section 4.6 if the line has an initial voltage
v(x,0) = vi in which vi is a constant.



5
The Z-Transform

Another useful transform related to the Fourier and Laplace transforms is
the Z-transform, which, like the Laplace transform, converts a time-domain
function into a frequency-domain function of a generalized complex frequency
parameter. But the Z-transform operates on sampled (or “discrete-time”)
functions, often called “sequences” while the Laplace transform operates on
continuous-time functions. Thus the relationship between the Z-transform
and the Laplace transform parallels the relationship between the discrete-
time Fourier transform and the continuous-time Fourier transform. Under-
standing the concepts and mathematics of discrete-time transforms such as
the Z-transform is especially important for solving problems and designing
devices and systems using digital computers, in which differential equations
become difference equations and signals are represented by sequences of data
values.

You can find comprehensive discussions of the Z-transform in several text-
books and short introductions on many websites, so rather than duplicating that
material, this chapter is designed to provide a bridge to the Z-transform from
the discussion and examples of the Laplace transform and its characteristics in
previous chapters.

The foundations of that bridge are laid in Section 5.1 with the definition of
the Z-transform and an explanation of its relationship to the Laplace transform,
along with graphical depictions of the mapping of the Laplace s-plane to
the z-plane and a description of the inverse Z-transform. Section 5.2 has
examples of the Z-transform of several basic discrete-time functions, and the
properties of the Z-transform are presented in Section 5.3. As in previous
chapters, the final section of this chapter contains a set of problems which
will allow you to check your understanding of the chapter’s material.

174
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5.1 Introduction to the Z-Transform

A sampled time-domain function can be written as the product of a continuous-
time function such as f (t) and series of delta (δ) functions:

fsamp(t) =
∞∑

n=−∞
f (t)δ(t − nT0), (5.1)

in which T0 is the sample period and fsamp(t) is a sampled version of the
continuous time-domain function f (t). Since δ(t − nT0) has nonzero value
only at times t = nT0, this can be written as

fsamp(t) =
∞∑

n=−∞
f (nT0)δ(t − nT0) (5.2)

and fsamp(t) can be represented by a sequence of values. Note that n takes
on negative as well as positive values in this case, but in many applications
only positive-time samples are used. In that case, the sampled function can be
defined as

fsamp(t) =
∞∑

n=−∞
f (t)u(t)δ(t − nT0) =

∞∑
n=0

f (nT0)δ(t − nT0), (5.3)

in which u(t) represents the unit-step function with a value of zero for t < 0
and unity for t ≥ 0. These sampled positive-time functions will be the primary
focus of the Z-transform discussions in this chapter.

Relationship to the Laplace Transform

To understand the origin of the Z-transform, start by considering the Laplace
transform of the sampled time-domain function of Eq. 5.3. That transform can
be written as

L[fsamp(t)] = L
[ ∞∑

n=0

f (nT0)δ(t − nT0)

]

=
∫ ∞

0−

∞∑
n=0

f (nT0)δ(t − nT0)e
−st dt . (5.4)
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But each value of f (nT0) is a constant, so these terms in the summation can
be moved outside the integral over time:

L[fsamp(t)] =
∞∑

n=0

f (nT0)

∫ ∞

0−
δ(t − nT0)e

−st dt

=
∞∑

n=0

f (nT0)e
−snT0, (5.5)

in which the sifting property of the time-shifted Dirac δ-function described in
Chapter 1 has been used.

Defining a new generalized-frequency variable

z = esT0 = e(σ+iω)T0 (5.6)

makes Eq. 5.5

L[fsamp(t)] =
∞∑

n=0

f (nT0)z
−n = F(z), (5.7)

which is the definition of the one-sided Z-transform of the discrete-time
function f (nT0), with F(z) representing the z-domain function that results
from the process.

In many texts, the sample period T0 is set to one unit of whatever time units
are convenient for the situation. Setting the sample period T0 to unity makes
the unilateral Z-transform look like this:

F(z) = L[fsamp(t)] =
∞∑

n=0

f (n)z−n, (5.8)

and just as the symbol L is used to denote the process of taking the Laplace
transform of a time-domain function, the Z-transformation operator can be
represented by the symbol Z. So the one-sided Z-transform process can be
written as

F(z) = Z[f (n)] =
∞∑

n=0

f (n)z−n. (5.9)

So what exactly is z? Like the Laplace parameter s, it is a form of
generalized frequency – specifically, z is a single complex value of esT0 , which
is often written as es when a sample period T0 of one unit is assumed. It is
important to realize that z is not a basis function, just as s = σ + iω is not
a basis function; to turn these single complex values into basis functions, you
must raise z to the power of n, in which n is the series of integers from zero
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to ∞. Since z = es , raising z to the power of n produces the function zn = esn,
which is an exponentially decaying or growing sinusoidal basis function for
each value of s, just as est is an exponentially decaying or growing sinusoidal
basis function in the case of the Laplace transform.

And what does the z-domain function F(z) tell you? Just as the s-domain
function F(s) produced by the Laplace transform is a measure of the amount
of each complex-exponential basis function est that makes up the time-domain
function f (t), F(z) tells you the amount of each basis function zn present in
the sampled time-domain function f (n).

Here is a little table showing the relevant variables, basis functions,
transformation operators, and complex planes of the Laplace transform and the
Z-transform:

Complexfrequency − domainvariable s or z

Time − domainvariable t or n

Basisfunctions e−st or z−n

Transformoperator L or Z
Graphicalplane s −plane or z −plane.

The relationship between the Laplace-transform s-plane and the
Z-transform z-plane is explained in the next subsection.

The z-Plane

It is important to realize that the Z-transform F(z) of the sampled time-domain
function f (n) is periodic in angular frequency ω. That is, the values of F(z)

over any angular frequency range of 2π/T0 rad/sec are the same as the values
over the next (or previous) range of 2π/T0. For example, F(z) over the range
of ω = 0 to 2π/T0 rad/sec is identical to F(z) over the range of −2π/T0 to 0
rad/sec and from 2π/T0 to 4π/T0 rad/sec, and so forth.

To see why that is true, let T0 = 1 sec and allow ω to become ω+2π in Eq.
5.9. If Forig(z) is the Z-transform of f (n) at angular frequency ω and Fnew(z)

is the Z-transform of f (n) at angular frequency ω + 2π , then

Forig(z) =
∞∑

n=0

f (n)z−n =
∞∑

n=0

f (n)e−n[σ+iω] (5.10)

and

Fnew(z) =
∞∑

n=0

f (n)e−n[σ+i(ω+2π)] =
∞∑

n=0

f (n)e−nσ e−inωe−in2π . (5.11)
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Figure 5.1 Lines of constant σ and ω in (a) the s-plane and (b) the z-plane.

But the factor e−in2π is unity for all integer values of n:

e−in2π = cos (n2π) − i sin (n2π) = 1 − i(0) = 1 (5.12)

so Eq. 5.11 is

Fnew(z) =
∞∑

n=0

f (n)e−nσ e−inω(1) =
∞∑

n=0

f (n)z−n = Forig(z). (5.13)

This periodicity of F(z) with ω suggests that polar rather than rectilinear
coordinates may be useful in displaying the Z-transform of sampled time-
domain functions. You can see how that works in Fig. 5.1, which shows both
the s-plane and the z-plane. As indicated in this figure, the vertical lines of
constant σ in the s-plane can be mapped onto concentric circles of radius
r = eσT0 in the z-plane, while the horizontal lines of constant ω in the s-plane
are mapped onto radial lines in the z-plane.

You should note that the angle that the radial constant-ω lines make with
the positive real axis is given by ωT0, and the sample period T0 can be written
in terms of the sampling angular frequency ω0 as T0 = 2π/ω0. So the angle φ

of the radial lines in Fig. 5.1b is

φ = ωT0 = ω

(
2π

ω0

)
= 2π

ω

ω0
, (5.14)

which means that the angle is simply the ratio of the angular frequency to the
sampling angular frequency (that is, ω/ω0) converted to radians by multiplying
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Figure 5.2 Mapping the σ = 0 axis from the s-plane onto the unit circle in the
z-plane.

by 2π . This explains why you may see the angle in the z-plane labeled as ω in
some texts and websites – the authors of those books and sites have assumed a
sampling period T0 of unity, which means that 2π/ω0 = 1, so φ = ω.

Additional details of the mapping from the s-plane to the z-plane are shown
in Fig. 5.2. This figure shows how four points on the σ = 0 axis in the s-plane
map onto the unit circle (that is, the circle with radius r = e0 = 1) in the
z-plane. Those four points have angular frequency values of ω = 0, ω0/4,
ω0/2, and 3ω0/4; the point at ω = ω0 maps onto the same point in the Z-plane
as ω = 0.

As indicated in this figure, all points with σ < 0 (that is, the entire left half
of the s-plane) map into the inside of the unit circle in the z-plane, while all
points with σ > 0 (the entire right half of the s-plane) map onto the outside of
the unit circle in the z-plane. This is important when you consider the region
of convergence (ROC) of the Z-transform, as you’ll see in the Z-transform
examples in Section 5.2.

Before delving into the inverse Z-transform, you may find it instructive
to consider the three-dimensional z-plane plot shown in Fig. 5.3. In figures
such as this, the real (Re(z)) and imaginary (Im(z)) parts of z = eσ+iω are
plotted along the x- and y-axes, while the complex z-domain function F(z) is
plotted on the z-axis. As in the case of the Laplace-transform s-plane function
F(s), the complex nature of the generalized frequency-domain function F(z)

means that two plots are needed to convey all information contained in the
function. Those two plots are usually the real and imaginary parts of the
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Figure 5.3 Real and imaginary parts of F(z) for f (nT0) = cos (ω1nT0) for
ω1T0 = π/3 rad at three values of σ .

function, as in this figure, but you may also encounter three-dimensional plots
of the magnitude and phase of F(z).

As you may have anticipated if you’ve worked through the examples in
Chapter 2, the z-plane function F(z) shown in Fig. 5.3 is the result of taking
the Z-transform of a positive-time cosine function (that is, a cosine function
that has zero amplitude for all samples before time t = 0). Specifically, the
sampled time-domain function in this case is f (nT0) = 0 for all n < 0 and
f (nT0) = cos (ω1nT0) for n ≥ 0, which is one of the examples you can read
about later in this chapter. As you will see, this Z-transform has a ROC of
|z| = |eσ eiω| > 1, which means that any positive value of σ will cause the
Z-transform series to converge for this sequence.

In Fig. 5.3, the angular frequency ω1 times the sample period T0 is π/3 rad;
this tells you the relationship between the angular frequency ω1 of the cosine
function and the sampling angular frequency ω0. To find ω1 in terms of ω0, use
Eq. 5.14 with ω1 in place of ω:

φ = ω1T0 = ω1

(
2π

ω0

)
= 2π

(
ω1

ω0

)
= π

3
, (5.15)

which means

ω1 =
(

1

2π

)
ω0

(π

3

)
= ω0

6
. (5.16)

There are three curves in both Fig. 5.3a and Fig. 5.3b, corresponding
to σ values of 0.1/sec, 0.2/sec, and 0.3/sec. That means that the radii of
the constant-σ circles of these three curves are e0.1 = 1.11, e0.2 = 1.22, and
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e0.3 = 1.35 units. So these curves all lie outside the unit circle, within the
ROC for this function. And what do those curves tell you?

As mentioned above, the z-domain function F(z) is a measure of the
amount of each zn basis function that makes up the corresponding time-
domain function – in this case, the sampled time-domain function f (nT0) =
cos (ω1nT0). Weighting those basis functions by the z-domain function F(z)

and combining them by integration synthesizes the time-domain function
f (nT0). That synthesis process is accomplished using the inverse Z-transform,
which is the subject of the next subsection.

The Inverse Z-Transform

The mathematical statement of the inverse Z-transform looks like this:

f (nT0) = 1

2πi

∮
C

F(z)zn−1dz, (5.17)

in which the integral is performed over a closed path (C) within the ROC
surrounding the origin in the z-plane. As in the case of the inverse Laplace
transform, this equation is rarely used to find the inverse Z-transform in
practice; for most applications the inverse Z-transform can be determined by
finding F(z) and the corresponding sampled time-domain function f (n) in a
table of Z-transforms (perhaps after using partial-fraction or series methods to
express F(z) in terms of basic functions).

You may find it helpful to consider the relationship of the inverse
Z-transform expressed by Eq. 5.17 to the inverse discrete-time Fourier
transform. To do that, start by recalling that on the unit circle in the z-plane,
σ = 0, so z = e(σ+iω)T0 = eiωT0 . And since the s-plane ω axis maps onto
the z-plane unit circle, integrating around the unit circle in the z-plane is
equivalent to integrating along the σ = 0 line from ω = −π to ω = +π in the
s-plane. Also note that the increment dz is related to the angular-frequency
increment dω:

dz

dω
= deiωT0

dω
= iT0e

iωT0 = iT0z (5.18)

so dz = iT0zdω. Hence Eq. 5.17 can be written as

f (nT0) = 1

2πi

∮
C

F(z)zn−1dz = 1

2πi

∫ π

−π

F (z)zn−1(iT0)zdω

= T0

2π

∫ π

−π

F (z)zndω, (5.19)
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Figure 5.4 Inverse Z-transform of F(z) for f (nT0) = cos (ω1nT0) with ω1T0 =
π/4 and integration range of ωT0 = −π/8 rad to ωT0 = +π/8 rad.

which is the inverse Fourier transform for a discrete-time sequence with
sampling period T0. So as long as the unit circle in the z-plane lies within
the ROC, the inverse Z-transform with σ = 0 and the inverse discrete-time
Fourier transform will produce the same result.

And exactly how does the inverse Z-transform of the z-domain function
F(z) give the discrete-time function f (nT0)? The process is the discrete-time
equivalent of the synthesis of continuous-time functions f (t) performed by the
inverse Laplace transform.

You can see that process in action for the inverse Z-transform of f (nT0) =
cos (ω1nT0) for n > 0 in Figs. 5.4 through 5.6 (as mentioned above, cosine
functions are one of the examples of the Z-transform described in the next
section of this chapter, where you can see how this result comes about).
The angular frequency of the positive-time cosine function is chosen to be
ω1 = π/4 rad/sec with σ = 0.01/sec in each of these figures, but the range
of integration is varied to show the contributions of low, medium, and high
frequencies (relative to the sampling angular frequency ω0) to the synthesis
of f (nT0).

In Fig. 5.4, the range of integration, indicated by the dark portions of the
F(z) curves, extends from ωT0 = −π/8 rad to ωT0 = +π/8 rad, so only the
lowest angular frequencies are included. The results of integrating the product
F(z) and zn are shown in the lower portion of this figure; these results are
normalized to a value of unity to make it easier to compare them to the cosine
function with angular frequency ω1 (shown as a dashed line in this figure).



5.1 Introduction to the Z-Transform 183

Real part of F(z) for f(nT
0
) = cos(w

1
nT

0
)  (n > 0)

n

Integration range

wT
0

= �(p/3) to + (p/3)

Imaginary part of F(z) for f(nT
0
) = cos(w

1
nT

0
)  (n > 0)

Re(z) Re(z)

Im(z) Im(z)

Integration range

wT
0

= �(p/3) to + (p/3)

Integration

results

Continuous cosine
function at w

1

s ��0.01/sec s���0.01/secw
1
T

0
= p/4 rad w

1
T

0
= p/4 rad

Figure 5.5 Inverse Z-transform of F(z) for f (nT0) = cos (ω1nT0) with ω1T0 =
π/4 and integration range of ωT0 = −π/3 rad to ωT0 = +π/3 rad.

As you can see, the dominant frequency of the integrated results is
considerably lower than ω1, and the amplitude of the oscillations rolls off
with increasing positive n. Additionally, the synthesized samples of f (nT0)

for n < 0 have significant amplitude rather than the desired zero amplitude
for negative time. As described in the discussions of the Laplace transform
in chapters 1 and 2, additional frequency components with appropriate phase
(given by the mixture of cosine and sine functions) are needed to cancel the
contributions of these low-frequency components for negative-time samples.

The effect of including additional frequency components is shown in
Fig. 5.5, for which the range of integration extends from ωT0 = −π/3 rad to
ωT0 = +π/3 rad. In this case, the large-amplitude peaks in the real portion of
F(z) and the sign-flipping peaks in the imaginary portion of F(z) are included
in the integration (again indicated by the dark portion of the curve in the upper
portions of the figure), and the impact of those peaks on the integrated result is
significant.

You can see that impact in the lower portion of Fig. 5.5; the result of
integrating over this range of angular frequencies is much closer to a cosine
function for n > 0 than the result of using a narrower integration range, and the
negative-time (n < 0) samples have been driven considerably closer to zero.
The same rationale described in Section 2.3 for continuous-time sinusoidal
functions applies to this discrete-time function and, just as in the continuous
case, additional high-frequency components are required to further reduce the
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Figure 5.6 Inverse Z-transform of F(z) for f (nT0) = cos (ω1nT0) with ω1T0 =
π/4 and integration range of ωT0 = −π rad to ωT0 = +π rad.

deviation of the negative-time samples from zero and the slight differences in
the positive-time samples from a cosine function.

Those higher-frequency components are included in the integration results
shown in Fig. 5.6, for which the range of integration covers the entire range
from ωT0 = −π rad to ωT0 = +π rad. As expected, integrating over a full
period of 2π radians in ωT0 produces a discrete-time result that is indistin-
guishable from the sampled time-domain function f (nT0) of which F(z) is
the unilateral Z-transform.

With this explanation of the meaning of the Z-transform and the function
F(z) in hand, you should be ready to work through the Z-transform process of
several basic functions. That is the subject of the next section.

5.2 Examples of the Z-transform

This section shows the Z-transform of six basic discrete time-domain func-
tions, including the unit-impulse and unit-step functions, exponential func-
tions, and sinusoidal functions. Like the Laplace transform, the Z-transform is
a linear operation with characteristics that allow the transforms of basic func-
tions to be combined to produce the transform of more-complicated functions.
This property and several other useful characteristics of the Z-transform are
described in Section 5.3.
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For each of the examples in this section, the sample period T0 is taken as
unity, and T0 is not explicitly written. That means you will see values for
quantities such as σ = 0.01 and ω = π/2 rad written without the usual SI
units of seconds in the denominator, since these values represent σT0 and ωT0

and the time units of T0 have canceled the “per time” units of the frequencies
σ and ω.

The Unit-Impulse Function

The unit-impulse function δ(n) is the discrete-time version of the continuous-
time delta function δ(t) described in Section 1.3. Just as δ(t) has nonzero value
only at time t = 0, δ(n) has nonzero value only when its argument (n in this
case) is zero. So

δ(n) =
{

1, (n = 0)

0, (n �= 0)
, (5.20)

in which n represents the sample number. Note that, unlike the continuous-
time delta function, which must become infinitely tall to maintain an area of
unity as its width shrinks to zero, the amplitude of the unit-impulse function
is defined as one for a single sample. Hence multiplying a continuous-time
function f (t) by δ(n) produces a single nonzero sample with amplitude equal
to the amplitude of f (t) at time t = 0.

Note also that it is the argument of the unit-impulse function that determines
the number of the nonzero sample. So δ(n − 5) has value of unity when
n − 5 = 0, which means n = 5. Multiplying f (t) by δ(n − 5) gives the single
value f (t)δ(n − 5) = f (5).

To determine the Z-transform of the unit-impulse function, set

f (n) = δ(n) (5.21)

in the equation for the unilateral Z-transform (Eq. 5.9):

F(z) =
∞∑

n=0

f (n)z−n =
∞∑

n=0

δ(n)z−n. (5.22)

But δ(n) = 0 unless n = 0, so only one term contributes to the summation,
and the z-domain representation of the unit-impulse function is

F(z) =
∞∑

n=0

δ(n)z−n = δ(0)z0 = (1)(1) = 1. (5.23)
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Figure 5.7 F(z) and inverse Z-transform for the sequence f (n) = δ(0).

Thus the Z-transform output F(z) is a constant, real function with unity
amplitude for the sequence f (n) = δ(n). The summation converges for any
value of z, so the ROC is the entire z-plane in this case.

This result shouldn’t be surprising if you have worked through the Fourier-
and Laplace-transform discussions in chapters 1 and 2, because F(z) = 1
means that at any value of σ , all angular frequencies (ω), weighted equally,
combine to produce a time-domain delta function.

You can see the real (unity) and imaginary (zero) parts of F(z) for σ = 0.01
in the upper portion of the three-dimensional z-plane plot in Fig. 5.7. As
explained above, the unitless value of 0.01 represents the quantity σT0 with
sampling period T0 set to unity.

And do these values of F(z) produce the time-domain unit-impulse function
when inserted into the inverse Z-transform equation (Eq. 5.19)? You can see
that they do in the lower portion of this figure, which is the output of the inverse
Z-transform integrated around the full circle from ω = −π to ω = π with
radius e0.01 = 1.1. As expected, the time-domain result is a single non-zero
sample at n = 0.

The Unit-Step Function

The discrete-time unit-step function is the sampled version of the positive-time
constant function f (t) = c for t ≥ 0 discussed in Section 2.1. In this case,
the sampled function has a value of unity for all samples n ≥ 0 and zero for
all samples with negative n:



5.2 Examples of the Z-transform 187

u(n) =
{

1, n ≥ 0

0, n < 0
, (5.24)

in which u(n) represents the discrete-time unit-step function.
To find the Z-transform of the unit-step function, set the time-domain

function f (n) equal to u(n)

f (n) = u(n) (5.25)

and insert this into the Z-transform equation (Eq. 5.9):

F(z) =
∞∑

n=0

f (n)z−n =
∞∑

n=0

u(n)z−n =
∞∑

n=0

(
1

z

)n

. (5.26)

The terms of this summation form a power series in 1/z, and as long as
|x| < 1, that power series converges:

∞∑
n=0

xn = 1

1 − x
. (5.27)

Substituting 1/z for x in this relation gives

F(z) =
∞∑

n=0

(
1

z

)n

= 1

1 − 1
z

= z

z − 1
, (5.28)

in which the condition for convergence is that |z| > 1.
The real and imaginary parts of F(z) for σ = 0.01 are shown in the upper

portion of the three-dimensional z-plane plot in Fig. 5.8. Once again, the value
of 0.01 represents the quantity σT0 with sampling period T0 set to unity.

Comparing the z-domain function F(z) for the discrete-time unit-step
function to the s-domain function F(s) for the continuous-time step function
reveals that in both cases the real part of the generalized frequency-domain
function has a single, symmetrical peak about ω = 0 while the imaginary
part has a sign reversal at that frequency. The reasons for this behavior are
explained in Section 2.1 in terms of the sine and cosine components that make
up the time-domain functions f (t) and f (n).

The result of taking the inverse Z-transform of F(z) is shown in the lower
portion of this figure, for which the integration has been performed around the
full circle from ω = −π to ω = π with radius e0.01 = 1.1. The resulting time-
domain function has zero amplitude for all negative-n samples and unity
amplitude for n equal to or greater than zero.
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Figure 5.8 F(z) and inverse Z-transform for f (n) = unit-step function.

Constant-to-a-Power Functions

A discrete-time function often encountered in Z-transform applications is a
sequence of values given by a constant (represented by a in this section) raised
to an integer power corresponding to the sample number n:

f (n) = an n ≥ 0 (5.29)

for positive values of n.
Note that this type of function differs from the power of t functions

discussed in Section 2.4 – in that case the base (t) increased while the exponent
(n) remained constant, but in this case the base (a) remains constant while the
exponent (n) increases.

The unilateral Z-transform of the function defined in Eq. 5.29 is given by

F(z) =
∞∑

n=0

f (n)z−n =
∞∑

n=0

anz−n =
∞∑

n=0

(
a

z

)n

, (5.30)

and using the same power-series relation (Eq. 5.27) as in the previous example
makes this

F(z) =
∞∑

n=0

(
a

z

)n

= 1

1 − a
z

= z

z − a
, (5.31)

and in this case the convergence requirement is that |z| > |a|. Hence the ROC
consists of all points in the z-plane outside the circle with radius equal to
eσ = a.
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Figure 5.9 F(z) and inverse Z-transform for f (n) = an.

As you can see in the bottom portion of Fig. 5.9, for σ = 0.6 and a = 0.5,
the amplitude of the time-domain sequence f (n) decreases rapidly toward
zero with increasing n, and the real and imaginary parts of F(z) shown in
the top portion are similar to those of the Z-transform of the unit-impulse
function. That shouldn’t be surprising, since in both cases a wide range of
frequencies is needed to produce a narrow time-domain response. However,
since the unit-impulse response is symmetric about ω = 0, in that case only the
real portions of F(z) (that is, the cosine components) have nonzero amplitude,
but the asymmetric nature of the an sequence (for positive n only) requires
contributions from the imaginary portions (sine components) of F(z). The sign
of those components changes at ω = 0, as needed to cancel the contributions
of the cosine components for negative values of n.

Exponential Functions

Although exponential functions such as

f (n) = e−an n ≥ 0 (5.32)

can be considered to be versions of the “constant-to-a-power” functions
discussed in the previous example, the frequent appearance of exponential
sequences in Z-transform applications makes it worth a bit of your time to
consider the nature of the z-domain function F(z) for such functions.
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Figure 5.10 F(z) and inverse Z-transform for f (n) = e−an.

The unilateral Z-transform for the exponential sequence defined in
Eq. 5.32 is

F(z) =
∞∑

n=0

f (n)z−n =
∞∑

n=0

e−anz−n =
∞∑

n=0

(
eaz

)−n
, (5.33)

in which a represents the frequency (that is, the “rate of 1/e steps”) of the
sampled time-domain function f (n).

Once again, the same power-series relation (Eq. 5.27) used in the two
previous examples can be used to make this

F(z) =
∞∑

n=0

(
eaz

)−n = 1

1 − 1
zea

= z

z − e−a
(5.34)

as long as |zea| > 1.

The upper portion of Fig. 5.10 shows the real and imaginary parts of the
output F(z) of the Z-transform of an exponential function of this type with
a = 0.1 and σ = 0.01. For these parameters the shape of F(z) is between that
of the unit-step function (with constant amplitude for positive values of n)
and the constant-to-a-power function (with rapidly decreasing amplitude for
positive n). For larger values of a, the time-domain sequence f (n) will
decrease more quickly with increasing values of n, and the width of the
corresponding function F(z) will increase as higher frequencies are needed
to produce the narrower time-domain function.
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Sinusoidal Functions

The final two examples in this section are the sampled sinusoidal time-
domain functions of the form cos (ωn) and sin (ωn). Just as in the case of
the Laplace transforms of continuous-time sinusoidal functions discussed in
Section 2.3 the Z-transforms of these functions are a bit more complicated
than those of unit-step, constant, and exponential functions. Happily, several
of the mathematical techniques that proved useful in determining the Laplace
transform of sinusoidal functions are also helpful for Z-transforms, and the
conceptual understanding of the shape of the real and imaginary parts of F(s)

(that is, the relative amounts of sine and cosine components) can also be
applied to F(z).

A discrete-time cosine function with angular frequency ω1 for positive
values of n can be written as

f (n) = cos (ω1n) n ≥ 0 (5.35)

and plugging this expression for f (n) into the definition of the Z-transform
(Eq. 5.9) gives

F(z) =
∞∑

n=0

f (n)z−n =
∞∑

n=0

cos (ω1n)z−n. (5.36)

Now use the inverse Euler relation for the cosine function (Eq. 1.5 in
Section 1.1) to express the cosine function as the sum of two exponentials:

cos (ω1n) = eiω1n + e−iω1n

2
.

This makes Eq. 5.36 look like this:

F(z) =
∞∑

n=0

cos (ω1)z
−n =

∞∑
n=0

(
eiω1n + e−iω1n

2

)
z−n (5.37)

= 1

2

∞∑
n=0

[(
ze−iω1

)−n + (
zeiω1

)−n
]

(5.38)

= 1

2

∞∑
n=0

(
1

ze−iω1

)n

+ 1

2

∞∑
n=0

(
1

zeiω1

)n

. (5.39)
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The next step is to use the power-series relation given by Eq. 5.27 to
make this

F(z) = 1

2

(
1

1 − 1
ze−iω1

)
+ 1

2

(
1

1 − 1
zeiω1

)

= 1

2

(
ze−iω1

ze−iω1 − 1

)
+ 1

2

(
zeiω1

zeiω1 − 1

)

as long as |1/ze−iω1 | < 1 and |1/zeiω1 | < 1, which means |z| > 1.
These two exponential terms can be added after finding their common

denominator:

F(z) = 1

2

[ (
ze−iω1

) (
zeiω1 − 1

)
(
ze−iω1 − 1

) (
zeiω1 − 1

) +
(
zeiω1

) (
ze−iω1 − 1

)
(
zeiω1 − 1

) (
ze−iω1 − 1

)
]

= 1

2

[
z2 − ze−iω1 + z2 − zeiω1

z2 − ze−iω1 − zeiω1 + 1

]
= 1

2

[
2z2 − z

(
eiω1 + e−iω1

)
z2 − z

(
eiω1 + e−iω1

) + 1

]
.

The final step in determining F(z) is to use the inverse Euler relation to convert
the exponential terms into 2 cos (ω1), giving

F(z) = z2 − z cos (ω1)

z2 − 2z cos (ω1) + 1
. (5.40)

This is the unilateral Z-transform of the discrete-time cosine function in the
ROC |z| > 1.

The real and imaginary parts of F(z) are shown in the upper portion of
Fig. 5.11, and they should look familiar if you’ve worked through the first
section of this chapter and the discussion of the Laplace transform F(s) of
the continuous-time cosine function in Chapter 2. In this plot, the angular
frequency ω1 is chosen to be π/10, and σ = 0.01. The real part of F(z) has two
positive peaks, one at +ω1 and one at −ω1; the angle of those peaks from the
real axis in the z-plane can be found using Eq. 5.14 with ω = ω1 = π/10 and
T0 = 1 (which makes ω0 = 2π ):

φ = ω1T0 = 2π
ω1

ω0
= 2π

π/10

2π
= π/10 (5.41)

or about 18◦.
As explained in Chapter 2, the sine components in the Laplace or Z-

transform of a positive-time cosine function are required to produce zero
amplitude for negative time (t) in the continuous-time case and negative
sample number (n) in the discrete-time case. You can see the result of
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Figure 5.11 F(z) and inverse Z-transform for f (n) = cos (ω1n).

taking the inverse Z-transform of F(z) in the lower portion of Fig. 5.11; the
integration has been performed over the full range of angular frequency from
ω = −π to ω = +π to synthesize the sampled time-domain function f (n).

The same steps shown above for finding the Z-transform of the discrete-time
cosine function can be used for the discrete-time sine function. That function
can be written as

f (n) = sin (ω1n) n ≥ 0 (5.42)

and its Z-transform is

F(z) = z sin (ω1)

z2 − 2z cos (ω1) + 1
(5.43)

in the ROC |z| > 1 (you can see the steps leading to this in one of the chapter-
end problems and its online solution).

The real and imaginary parts of F(z) are shown in the upper portion of
Fig. 5.12, once again with angular frequency ω1 of π/10 and σ = 0.01. The
same rationale given in Chapter 2 for the shape of real and imaginary parts of
F(s) of the continuous-time sine function applies to F(z) for the discrete-time
version, and the result of taking the inverse Z-transform of F(z) is shown in
the lower portion of this figure.

Like the Laplace transform, the Z-transform has several useful characteris-
tics that allow you to use the basic examples presented in this chapter to find
the forward and inverse transform of more complicated functions. You can read
about the most useful of those characteristics in the next section.
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Figure 5.12 F(z) and inverse Z-transform for f (n) = sin (ω1n).

5.3 Characteristics of the Z-transform

The Z-transform shares many of the useful characteristics of the Laplace
transform, and the purpose of this section is to describe several of those
characteristics, including linearity, time-shifting, multiplication by exponen-
tials, differentiation, convolution, and the initial- and final-value theorems. The
comprehensive texts listed in the bibliography discuss additional properties
of the Z-transform that you may find useful in certain applications, but the
characteristics presented in this section are among the most widely applicable
in determining the Z-transform of more-complicated discrete-time functions
by combining the transforms of basic functions.

Linearity

As explained in Section 3.1, linearity encompasses two properties: homo-
geneity and additivity. Like the Laplace transform, the Z-transform is a linear
process, so it is both homogeneous:

Z[cf (n)] = cZ[f (n)] = cF (z), (5.44)

in which c represents a constant, and additive:

Z[f (n) + g(n)] = Z[f (n)] + Z[g(n)] = F(z) + G(z), (5.45)

in which F(z) and G(z) represent the Z-transforms of f (n) and g(n),
respectively.
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To see why the Z-transform is a linear process, start by producing a
combined function by adding two scaled functions: f (n) scaled by constant
c1 and g(n) scaled by constant c2. Then insert the sum c1f (n) + c2g(n) into
the definition of the Z-transform (Eq. 5.9):

Z[c1f (n) + c2g(n)] =
∞∑

n=0

[c1f (n) + c2g(n)]z−n

=
∞∑

n=0

[c1f (n)z−n + c2g(n)z−n]

= c1

∞∑
n=0

f (n)z−n + c2

∞∑
n=0

g(n)z−n

= c1F(z) + c2G(z). (5.46)

So the scaling and the summing can be done either in the discrete-time domain
or in the z-domain, and the result will be the same.

The rationale for the linearity of the Z-transform (beyond the mathematical
justification above) parallels that of the Laplace transform presented in Chapter
3. That is, scaling and adding discrete-time functions such as f (n) and g(n)

has the same effect as scaling and adding the basis functions that make up
those functions. That effect can also be achieved by scaling and adding the
Z-transforms F(z) and G(z), which tell you the “amounts” of basis functions
that make up f (n) and g(n).

Time-Shifting

One of the most useful properties of the Z-transform in signal processing
concerns the Z-transform of a discrete-time function that has been shifted in
time. The “right-shift” version of this property says that the Z-transform of a
function shifted toward later times by n1 samples can be found by multiplying
the Z-transform F(z) of the unshifted sequence by the factor z−n1 .

There is also a “left-shift”” version of the time-shift property in which the
Z-transform of the unshifted sequence is multiplied by z+n1 , but in that case
it’s also necessary to subtract off the contributions of the samples that are
left-shifted past n = 0. The mathematical statements of both the left-shift and
the right-shift versions of the Z-transform time-shift property are presented
below.

The time-shift property of the Z-transform has led to the widespread use of
the notation “z−1” to represent a unit-delay element in a discrete-time circuit.
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The right-shift version of the Z-transform time-shift property can be
written as

Z[f (n − n1)] = z−n1Z[f (n)] = z−n1F(z), (5.47)

in which the integer constant n1 in the exponent of the multiplying factor z−n1

determines the number of samples by which the discrete-time function f (n) is
shifted toward later time.

You can see the mathematical basis for this property by considering a causal
sequence such as f (n). Recall that for a causal sequence, all samples with
negative values of n (that is, to the left of sample with n = 0) must have zero
amplitude. So shifting this sequence toward higher positive values of n by n1

samples means that the first n1 samples of the shifted sequence f (n − n1)

must have zero amplitude, and the Z-transform of the shifted sequence looks
like this:

Z[f (n − n1)] =
∞∑

n=0

f (n − n1)z
−n =

∞∑
n=n1

f (n − n1)z
−n. (5.48)

The second equality is true because the first n1 samples of the sequence f (n−
n1) are zero, so starting the summation at n = n1 gives the same result as
starting at n = 0.

Now use the change of variable k = n − n1, which means n = k + n1:

Z[f (n − n1)] =
∞∑

k=0

f (k)z−(k+n1)

=
∞∑

k=0

f (k)z−kz−n1 = z−n1F(z), (5.49)

in which F(z) represents the Z-transform of the unshifted sequence.
For an intuitive understanding of why the process of multiplying a

Z-transform such as F(z) by z−n1 is equivalent to shifting f (n) by n1

samples toward later time, recall the explanation presented in Section 3.2
about the effect of multiplying F(s) by the complex exponential factor
e−sa = e−(σ+iω)a . That multiplication modifies the phase of each basis
function by just the right amount for the mixture to synthesize the shifted time-
domain function, and the same reasoning can be applied to the Z-transform.
That is true because z = e−s , so multiplying by z−n1 means multiplying by
the complex exponential e−sn1 .
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Similar logic leads to the left-shift version of the time-shift property, which
states that the Z-transform of the left-shifted sequence f (n + n1) is given by

Z[f (n + n1)] = zn1F(z) −
n1−1∑
k=0

f (k)zn1−k, (5.50)

in which n1 is again a positive integer and the terms in the summation are
subtracted to remove the contributions of samples which have been left-shifted
past n = 0. You can see details of the derivation of this equation and how it
works in one of the chapter-end problems and its online solution.

Multiplication by Exponentials

Multiplication of the discrete-time sequence f (n) by a complex exponential
sequence in the time domain results in scaling of the Z-transform output F(z)

in the z-domain. Specifically, if the multiplying sequence is

zn
1 = e(σ1+iω1)n (5.51)

then the Z-transform result is

Z
[
zn

1f (n)
] = F

(
z

z1

)
. (5.52)

The mathematical justification of this property comes about by inserting the
product zn

1f (n) into the Z-transform, which looks like this:

Z
[
zn

1f (n)
] =

∞∑
n=0

zn
1f (n)z−n =

∞∑
n=0

f (n)zn
1z−n

=
∞∑

n=0

f (n)

(
z

z1

)−n

= F

(
z

z1

)
.

So how does the z-domain function F(z/z1) compare to F(z)? This resem-
bles the frequency-domain scaling discussed in Section 3.3, but since z1 is a
complex exponential, the effects of dividing the argument of the function F(z)

by z1 depend on the nature of z1. To understand those effects, consider what
happens if the angular frequency ω1 in the time-domain multiplying factor
zn

1 = e(σ1+iω1)n is zero. In that case, dividing the argument of the z-domain
function F(z) by z1 has the effect of scaling (expanding or contracting) the
z-plane. One effect of that scaling is to cause the poles and zeros of the function
F(z) to move along radial lines, that is, along lines of constant ω. The amount
of that movement depends on the value of z1 – specifically, the distance of the
poles and zeros from the origin is scaled by a factor of |z|/|z1|.
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Now think about the case in which σ1 is zero, so the factor multiplying the
sequence f (n) is zn

1 = eiω1n. In that case, the poles and zeros of F(z) move
along lines of constant σ , which are circles about the origin of the z-plane.
So the poles and zeros rotate about the origin, and the angle of that rotation is
given by the value of ω1. This rotation in the z-plane makes the Z-transform
look like this:

Z
[
zn

1f (n)
] = F

(
z

z1

)
= F

(
e(σ+iω)

eiω1

)
= F(e[σ+i(ω−ω1)]), (5.53)

which is a form of frequency modulation, in which the frequency of a time-
domain signal is modulated by angular frequency ω1.

z-domain Differentiation

If you worked through Section 3.6 you will have seen that differentiation of a
Laplace-transform function F(s) in the s-domain is related to multiplication of
the corresponding time-domain function f (t) by t . The discrete-time parallel
of that property relates differentiation of the z-domain function F(z) and
multiplication of the result by −z to multiplication of the discrete time-domain
function f (n) by n.

The mathematical statement of this Z-transform property is

Z[nf (n)] = −z
dF (z)

dz
. (5.54)

To see why this is true, start by taking the derivative with respect to z

of F(z):

dF(z)

dz
= d

dz

[ ∞∑
n=0

f (n)z−n

]
. (5.55)

Derivation is a linear process, so the derivative can be moved inside the
summation, and the discrete-time function f (n) does not depend on z, so it
moves through the derivative:

dF(z)

dz
=

∞∑
n=0

d

dz

[
f (n)z−n

] =
∞∑

n=0

f (n)
d

dz

[
z−n

]

=
∞∑

n=0

f (n)(−n)z−n−1 = −1

z

∞∑
n=0

nf (n)z−n. (5.56)
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Multiplying both sides of this equation by −z gives

−z
dF (z)

dz
= −z

[
−1

z

∞∑
n=0

nf (n)z−n

]
=

∞∑
n=0

nf (n)z−n = Z[nf (n)]. (5.57)

An intuitive understanding of this property can be gained using the same
rationale described in the discussion of the multiplication by t property of the
Laplace transform in Section 3.6. In that discussion, the frequency-domain
derivative of F(s) (that is, the rate of change of F(s) with s) is related to the
change in the real time-domain exponential function e−σ t and the change in the
complex conjugate of the basis function e−iωt as s changes, and those changes
are proportional to −tf (t).

Applying the same logic to the Z-transform leads to the conclusion that the
z-domain derivative of F(z) can be related to multiplication of the discrete-
time function f (n) by n. However, taking the derivative with respect to z of
the factor z−n in the Z-transform doesn’t just bring down a factor −n, it also
reduces the power of z by one – that is, it divides z−n by z. For that reason, it
is necessary to multiply dF(z)/dz by −z in Eq. 5.57 to obtain the Z-transform
of nf (n).

Convolution

The process of convolution is explained in the “Convolution” document on
this book’s website, and the convolution property of the Laplace transform
is described in Section 3.8. A similar property applies to the Z-transform;
specifically, this property says that convolution in the time domain is equivalent
to multiplication in the z-domain.

So if the Z-transform of the discrete time-domain function f (n) is F(z)

and the Z-transform of the discrete time-domain function g(n) is G(z), the
convolution property can be written as

Z[f (n) ∗ g(n)] = F(z)G(z), (5.58)

in which ∗ represents convolution.
If both discrete-time sequences f (n) and g(n) have zero amplitude for n <

0, the convolution f (n) ∗ g(n) can be written as

f (n) ∗ g(n) =
∞∑

k=0

f (k)g(n − k) (5.59)
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and the unilateral Z-transform of f (n) ∗ g(n) is

Z[f (n) ∗ g(n)] =
∞∑

n=0

[ ∞∑
k=0

f (k)g(n − k)

]
z−n. (5.60)

Interchanging the order of summation makes this

Z[f (n) ∗ g(n)] =
∞∑

k=0

∞∑
n=0

f (k)g(n − k)z−n =
∞∑

k=0

f (k)

∞∑
n=0

g(n − k)z−n,

(5.61)

in which the function f (k) does not change with n and can therefore be brought
outside the summation over n.

Now make the change of variable m = n − k, or n = m + k:

Z[f (n) ∗ g(n)] =
∞∑

k=0

f (k)

∞∑
m=−k

g(m)z−m−k (5.62)

and since g(m) = 0 for m < 0, the lower limit of the second summation can
be set to zero:

Z[f (n) ∗ g(n)] =
∞∑

k=0

f (k)z−k
∞∑

m=0

g(m)z−m = F(z)G(z). (5.63)

As in the case of the Laplace transform, it may help your understanding
of this Z-transform property to consider the shift-and-multiply process of
convolution as a form of polynomial multiplication, in which each term of one
function is multiplied by all the terms of the other function. Remembering
that the discrete-time sequences f (n) and g(n) are comprised of a series
of sampled, orthogonal sinusoids makes it reasonable that only terms with
identical frequencies survive the process of multiplication and summation
over time, and the Z-transform of those terms is given by the point-by-point
multiplication F(z)G(z).

Initial- and Final-Value Theorems

The initial- and final-value theorems of the Z-transform for sequences f (n)

are similar to those of the Laplace transform for time-domain funcitons f (t)

discussed in Section 3.9, although there are some notable differences that arise
from the discrete-time nature of f (n).
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As in the Laplace case, the initial-value theorem relates f (n) to F(z) for
small values of time (or sample number) and large values of z, while the final-
value theorem pertains to large values of n and small values of z. These
theorems work as long as the limits exist.

For a causal discrete-time sequence f (n) with Z-transform F(z), the
mathematical statement of the initial-value theorem is

f (0) = lim
z→∞ F(z) (5.64)

and the final-value theorem is

lim
n→∞ f (n) = lim

z→1
(z − 1)F (z). (5.65)

To understand why the initial-value theorem is true, it is instructive to write
out some of the terms of the Z-transform summation:

F(z) =
∞∑

n=0

f (n)z−n = f (0)z0 + f (1)z−1 + f (2)z−2 + · · · + f (∞)z−∞

= f (0) + f (1)

z
+ f (2)

z2
+ · · · + f (∞)

z∞ . (5.66)

Now taking the limit as z approaches ∞ makes this

lim
z→∞ F(z) = f (0) + 0 + 0 + · · · + 0 = f (0), (5.67)

so only the n = 0 value of f (n) survives.
The Z-transform final-value theorem take a few more steps to prove, and

the most straightforward approach is to begin by taking the Z-transform of
f (n + 1) − f (n):

Z[f (n + 1) − f (n)] =
∞∑

n=0

[f (n + 1) − f (n)]z−n. (5.68)

The linearity of the Z-transform means that

Z[f (n + 1) − f (n)] = Z[f (n + 1)] − Z[f (n)], (5.69)

and the Z-transform of f (n + 1) can be related to the Z-transform of f (n) by
the left-shift relation (Eq. 5.50) with n1 = 1:

Z[f (n + 1)] = z1F(z) −
0∑

k=0

f (0)z1−0 = zZ[f (n)] − zf (0). (5.70)
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Hence Eq. 5.68 can be written as

zZ[f (n)] − zf (0) − Z[f (n)] =
∞∑

n=0

[f (n + 1) − f (n)]z−n (5.71)

or

(z − 1)Z[f (n)] − zf (0) =
∞∑

n=0

[f (n + 1) − f (n)]z−n. (5.72)

The next step is to take the limit of both sides of this equation as z → 1:

lim
z→1

(z − 1)Z[f (n)] − lim
z→1

zf (0) = lim
z→1

∞∑
n=0

[f (n + 1) − f (n)]z−n

lim
z→1

(z − 1)Z[f (n)] − f (0) =
∞∑

n=0

[f (n + 1) − f (n)]. (5.73)

Now consider the summation involving the difference between f (n + 1) and
f (n). As n is incremented from 0 to ∞, only the lowest-n and highest-n terms
survive the subtraction of f (n) from f (n + 1). So in the limit of n → ∞, this
summation may be written as f (n + 1) − f (0):

lim
z→1

(z − 1)Z[f (n)] − f (0) = lim
n→∞ f (n + 1) − f (0) (5.74)

and canceling the f (0) terms gives

lim
z→1

(z − 1)Z[f (n)] = lim
n→∞ f (n), (5.75)

in accordance with Eq. 5.65.
The concepts in this chapter may seem quite basic, but there is nothing

like working problems to make sure that your understanding of this material is
deep enough to allow you to tackle the next level of books and papers dealing
with Fourier, Laplace, and Z-transforms. The problems in the following section
are designed to help you do that, so you should take the time to work through
them – and remember that full, interactive solutions to every problem are freely
available on this book’s website.
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5.4 Problems

1. Find the Z-transform F(z) of the sequence shown above, then use the
right-shift version of the time-shift property of the Z-transform to find
F(z) for this sequence, shifted two samples to the right.

2. Use the inverse Euler relation and the approach shown in Section 5.2 to
verify Eq. 5.43 for F(z) for the discrete-time sine function
f (n) = sin (ω1n).

3. Use the Z-transform examples of Section 5.2 and the linearity property
discussed in Section 5.3 to find the Z-transform F(z) of the sequence
f (n) = 5(2n) − 3e−4n + 2 cos (6n).

4. Use the definition of the unilateral Z-transform (Eq. 5.9) to find F(z) for
f (n) = δ(n − k) and compare your result to the result of using the shift
property (Eq. 5.49).

5. Use the approach shown in the “Time-Shifting” subsection of Section 5.3
to confirm the left-shift relation (Eq. 5.50), then apply that relation to the
sequence of Problem 1, shifted two samples to the left.

6. Use the inverse Euler relation for the cosine function and the
multiply-by-an-exponential property along with the Z-transform of the
unit-step function u(n) to find F(z) for f (n) = An cos (ω1n)u(n).
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7. Find the unilateral Z-transform F(z) for the sequence f (n) = 2nu(n) +
(−3)nu(n) and make a z-plane plot showing the poles, zeros, and
ROC.

8. Use the Z-transform derivative property to find F(z) for
(a) f (n) = n for n ≥ 0 (b) f (n) = n2 for n ≥ 0.

9. Show that the convolution property of the Z-transform works for the
sequences

(a) f (n) = [−1,0,4,2] for n = 0 to 3 and g(n) = [3, − 1,1,5, − 2] for
n = 0 to 4; both sequences are zero elsewhere.

(b) f (n) = n and g(n) = c, in which c is a constant and n ≥ 0.

10. Use the Z-transform inital- and final-value theorems to

(a) Verify the initial-value theorem for the exponential function
f (n) = −e−2n and for the sinusoidals f (n) = 2 cos (3n) and
f (n) = sin (n).

(b) Verify the final-value theorem for the function f (n) = 5e−3n.
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i (imaginary unit), 4
s-parameter definition, 3
z-parameter definition, 176
z-plane, 177

relationship to s-plane, 178
z−1 as unit delay, 195

abstract vector space, 17
AC signal, 41
additivity, 92
alternating current, 139
analysis loop, 140
analytic continuation, 31

base units, 140
basis functions, 19
basis vectors, 18
boundary condition, 122

causal
function, 22
system, 2

causal sequence, 196
complementary error function, 158
complex frequency, 5
complex plane, 4
constant-to-a-power function, 188
contour integration, 37
convolution property

of Laplace transform, 111
of Z-transform, 199

critically damped, 138
curvature of a function, 123

damped angular frequency, 144
damped oscillations, 136
dashpot, 130
DC signal, 41
decomposing a function, 10, 19
del, 152
delta function, 13, 14
derived units, 140
differential equations, 121
differentiation property

of Laplace transform, 100
of Z-transform, 198

diffusion equation, 155
direct current, 139
discrete-time functions, 174
displacement, 160
distribution, 14
divergence, 152
division by t property, 106
domain, definition of, 2
dot product, 18
drag force, 130

electrical oscillations, 139
electromotive force, 139
equation of motion of hanging mass, 128
erf and erfc, 158
error function, 158
Euler’s relation, 5
even function, 13
expanded vectors, 18
exponential function, 52, 189
exponential order, 24
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final-value theorem
of Laplace transform, 117
of Z-transform, 201

Fourier analysis, 15
Fourier synthesis, 17
Fourier transform

equation, 7
of a constant function, 41

Fourier’s law, 151
frequency components, 8
frequency spectrum, 8

as inner product, 21

generalized frequency, 5
generalized vectors, 17
Gibbs phenomenon, 52
gradient, 152

hanging mass, 127
heat flow, 151
Heaviside function, 25
homogeneity, 92
homogeneous material, 156
Hooke’s law, 128

in series, 139
initial condition, 122
initial-value theorem

of Laplace transform, 116
of Z-transform, 201

inner product, 18
integral transform, 2
inverse Euler relations, 6
inverse Fourier transform, 16, 33
inverse Laplace transform, 17, 37
inverse transforms, 33
inverse Z-transform, 181
isotropic material, 156

Kirchhoff voltage law, 140

Laplace transform, 1
applied to differential equations, 121
applied to electrical oscillations, 139
applied to heat flow, 151
applied to mechanical oscillations, 127
applied to transmission lines, 166
applied to waves, 160
bilateral, 2

convolution property, 111
definition of, 2
differences from Fourier transform, 42
division by t property, 106
existence of, 24
final-value theorem, 117
initial-value theorem, 116
inverse, 37
linearity property, 92
multiplication by t property, 104
of tn functions, 71
of constant functions, 41
of exponential functions, 52
of hyperbolic functions, 78
of periodic functions, 107
of sinusoidal functions, 56
scaling property, 97
time- and frequency-shifting property, 94
time-domain derivative property, 99
time-domain integration property, 102
unilateral, 2

Laplace transform operator, 2
Laplacian, 152
left-shift property, 195
Leibnitz’s rule, 126
linear differential equation, 122
linearity

of Laplace transform, 92
of Z-transform, 194

lumped circuit elements, 166

mechanical oscillations, 127
multiplication by t property, 104
multiplication by exponentials property, 197

nabla, 152
natural angular frequency, 144
Newton’s second law, 127
nondispersive waves, 162

odd function, 45
one-sided transform, 2
ordinary differential equation, 122
orthogonal functions, 20
orthonormal vectors, 19
overdamped, 138

partial fractions, 37
periodic waves, 160
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phase speed, 162
phasor, 5
piecewise continuous, 24
pole-zero plot, 32
potential difference, 139

region of convergence (ROC), 24
right-shift property, 195

sampled functions, 174
scalar product, 18
scaling, 97
second-order differential equation, 122
sequences, 174
series methods, 37
series RLC circuit, 139
shape of a wave, 161
shifting property, 94
sifting property, 176
sifting property of delta function, 14
simple harmonic motion, 130
single-frequency waves, 161
sinusoidal functions, 191
spring constant, 129
spring force, 128
steady-state behavior, 148

time-domain derivative property, 99
time-domain integration property, 102
transform of periodic functions property, 107
transforms as inner products, 17
transient behavior, 148
transmission lines

Laplace transform applied to, 166
two-sided transform, 2

unit circle, 179
unit-impulse function, 185
unit-step function, 25, 186

vector field, 152
vectors, 17
voltage drop, 141

wave function, 161
wave packet, 160
waves

Laplace transform applied to, 160

Z-transform, 174
characteristics of, 194
convolution property, 199
definition of, 176
differentiation property, 198
examples of, 184
final-value theorem, 201
initial-value theorem, 201
introduction, 175
inverse, 181
left-shift property, 195
linearity property, 194
multiplying by exponentials, 197
of constant-to-a-power function, 188
of exponential function, 189
of sinusoidal functions, 191
of unit-impulse function, 185
of unit-step function, 186
operator, 176
relationship to Laplace transform,

175
right-shift property, 195


	Cover
	Half-title
	Series information
	Title page
	Copyright information
	About this book
	Contents
	Preface
	Acknowledgments
	1 The Fourier and Laplace Transforms
	1.1 Definition of the Laplace Transform
	1.2 Phasors and Frequency Spectra
	1.3 How These Transforms Work
	1.4 Transforms as Inner Products
	1.5 Relating Laplace F(s) to Fourier F(ω)
	1.6 Inverse Transforms
	1.7 Problems

	2 Laplace-Transform Examples
	2.1 Constant Functions
	2.2 Exponential Functions
	2.3 Sinusoidal Functions
	2.4 t[sup(n)] Functions
	2.5 Hyperbolic Functions
	2.6 Problems

	3 Properties of the Laplace Transform
	3.1 Linearity
	3.2 Time and Frequency Shifting
	3.3 Scaling
	3.4 Time-Domain Differentiation
	3.5 Time-Domain Integration
	3.6 Multiplication and Division of f(t) by t
	3.7 Transform of Periodic Functions
	3.8 Convolution
	3.9 Initial- and Final-Value Theorems
	3.10 Problems

	4 Applications of the Laplace Transform
	4.1 Differential Equations
	4.2 Mechanical Oscillations
	4.3 Electric-Circuit Oscillations
	4.4 Heat Flow
	4.5 Waves
	4.6 Transmission Lines
	4.7 Problems

	5 The Z-Transform
	5.1 Introduction to the Z-Transform
	5.2 Examples of the Z-transform
	5.3 Characteristics of the Z-transform
	5.4 Problems

	Further Reading
	Index

