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Foreword 

The names 'Bhaskaracarya' and 'Lilavati' are well-known. If a stu­
dent displays outstanding talent in Mathematics, the school teacher 
lovingly calls the student "Second Bbaskarlicarya". Many legends 
about Lilavati are in vogue. It is but natural that Indians have a special 
interest in Bhaskarlicarya and his works, especially the LTlavati. 
Bhaskarlicarya was born in Maharashtra. Many translations of the 
LI/avati as well as commentaries on it are available. However, there is 
no work in Marlitlii which studies this subject thoroughly from all 
angles in a modem - twentieth �entury - fashion. Professor N.H. 
Phadke has taken great pains in the preparation of the present work A 

New Light on Li/avati, thus filling a void. 
Eighteen years ago Professor Phadke wrote a booklet on Indian 

Mathematicians. Therein we find a lot of authentic and interesting 
information about Bhaskaracarya and Lilavati. Doubtless the readers 
of that booklet will look forward expectantly at the present treatise. 

In the LT/avati, Arithmetic is presented as an enjoyable playful ac­
tivity. Professor Phadke has admirably succeeded in preserving this 
spirit in the A New Light on LTlavati. Since Professor Phadke studied 
many books in Sanskrit, Hindi, English and Marlithi, he could have 
easily given scholarly notes and references all over. But the author has 
resisted that temptation and has given the relevant supplementary in-

v 



vi LI/avatf of Bhaskariicarya 
formation in six appendices. So the book is easy to read and the read­

ers enjoy the playful atmosphere. 

The Lilavati is a book on Arithmetic written in the twelfth century. 

It was used in India as a textbook for many centuries. Even now it is 

being used in Sanskrit Schools in some States. Techniques for the 

solution of problems are simple and easy to use and, moreover, there 

is a lot of interesting information in the problems presented therein. 

Here, I would like to narrate my own experience. At the beginning 

of the Sandhyavandanam ·(daily prayers), the Maharashtrians repeat 
twenty-four names of Lord Vi�1,1u but in the version repeated in North 

India, there are some variations and less than twenty-four names. 

When I was a Professor at Benares Hindu University, I asked several 

scholars about the mystery of twenty-four names. None could give a 

satisfactory explanation. Finally the late Professor Vasudeva Sharan 

Agrawala of the College of Indo logy unravelled the mystery. Profes­

sor Phadke has given the same explanation in connection with Stanza 

CCLXX. In the four hands of Lord Vi�u there are a conch, a disc, a 

mace and a lotus. They can be placed in 4x3x2x I = 24 ways in the 
four hands, thus giving rise to 24 different forms with 24 names. 

Similarly ten weapons can be placed in Lord Siva's ten hands in 10! = 
36,28,800 ways. But one does not find so many names of Lord Siva in 

the ancient li terature. 

Reader's attention is specially drawn to various forms of expres­

sions used to address the student in different stanzas. Thus we find: 

"0, you intelligent girl Liliivati ", "0, friend", "My beloved", "Deer­

eyed", "Fickle-eyed" etc. Scholars may draw varying conclusions 

from these regarding the types of students studying in the "Fun with 

Arithmetic" classes of Bhaskaracarya. Yet, one thing is crystal clear 

to the readers of the LI/avati, that learning begins with fun and flour­

ishes in wonder. At the end of stanza LXXVIII we find, "if you know 

Arithmetic well, tell the number". When such a challenge appears at 

the ends of an interesting problem, the readers feel that it would have 

been wonderful to have been the members of Bhaskaracarya's class! 

In stanza ·cxxn, the following problem is given: "Suppose relishes 

are made by mixing 1 ,  2, 3, 4, 5 or 6 at a time from six substances 

which are respectively sweet, bitter, astringent, sour, salty and hot. 

0, arithmetician, tell me how many different relishes can be pre-
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pared?" One does not know whether boys and girls prepared such rel­
ishes but the readers relish, time and again, such "gourmet" Arithme­
tic! 

LI/avati is such an ancient Arithmetic! Today we know many more 
techniques and results. In this regard, Professor Phadke has been quite 
alert. While explaining stanza CLXXV, he discusses the two cases (i) 
cos(t) = 0 and (ii) cos(!) "i= 0. This is an example of a result which was 
not known in the times of Bhaskaracarya but well-known now even to 
conscientious high school students. There is nothing surprising about 
this. Undergraduate students of Mathematics are now required to 
study several results which Newton did not know. 

For those who are interested in both Sanskrit and Mathematics, 
LIIavati is an attractive illustrated arithmetized book of stories. But i t  
would not be fair to merely consider A New Light on Li/avati as a 
cultural or literary treatise. In the history of Mathematics, LI/avati 
occupies an honoured place. It shows the extraordinary prowess of 
Bhaskaracarya who was not only a top Mathematician but also an 
excellent teacher. Plato says in Republic: "Arithmetic has a very great 
and elevating effect, compelling the soul to reason about abstract 
numbers, and if visible and tangible objects are intruding upon the 
argument, refusing to be satisfied." 

If there be any truth in the above statement, then without getting 
distracted by interesting problems, poetic fancy and attractive de­
scriptions, a child will be influenced by LI/avati and hopefully a new 
Bhiiskaracarya will emerge. 

In the history of Mathematics one does find such unusual incidents. 
The well-known Mathematician Madame Kowalewski was inspired by 
pages of an old Mathematics book which were used as wall paper! I 'll 
not be surprised if some "Lilavatf', inspired by the present treatise 
A New Light on Lilavati, will blossom forth into a top-notch re­
searcher in Modem Mathematics. 

Pune University 
23-5- 1 97 1  

V.V. Narlikar 
Lokmanya Tilak 

Professor of Applied Mathematics 
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Roman Transliteration of 

Devanagari 

VOWELS 
Short: 3i l " � � (and oo) 

a i u r l 
Long: 311 t i3i � 311 � atr 

a I i1 e 0 ai au 
Anusvara: = ri1 
Visarga: = 1:1 
Non-aspirant : ' = s 

CONSONANTS 
Classified : � � "'l "E{ � 

k kh g gh ri 
"{ � q � :5I 
c ch jh n 
c; � � � 11! 

th <:1 <;lh I;! 
ll � <\ � ""! 

th d dh n 

xi. 
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'l � if 'It 1{ 
p ph b bh m 

Un-Classified : -q � � <{ " 't � � 
y r I v s � s h 

Compound: II{ � lt 
k� tr jil 



Translators' Preface 

It gives me great pleasure in placing before you this book, largely a 
translation of the Llliivafi Punardarsana written in Marathi by my 
revered Guru, the late Professor N.H. Phadke in 1 97 1 . He took great 
pains in writing this Mara�hi translation with comments and explana­
tions. 

I must thank Smt. Subhadrabai Phadke for directing me to her eldest 
son Shri G.N. Phadke, Chief Engineer, Metropolitan Railway, Calcutta 
for the authority to publish this English translation, made by me, of 
Professor Phadke's Llliivafi Punardarsana. I acknowledge the kindness 
shown by Mr. G.N. Phadke in giving me the authority. 

It was some time in June 1 982 that my student Somashekhar 
Naimpally expressed to me his desire to publish the English translation 
of the Llliivafi. By the grace of the Almighty, I have been able to 
complete this translation before I completed 71 years of my life. I thank 
Somashekhar. I also wish to thank my wife Laxmibai (alias Mai) 
without whose cooperation I would not have been able to complete this 
work so soon. 

Pune K.S. Patwardhan 
November 2, 1 982 

xiii 
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In 1977, I was inspired to translate Liliivafi into English. Since I 

found the task difficult, I requested my esteemed teacher Professor 

Patwardhan, who not only readily agreed but finished the translation 

. in record time. I went through his version, compared it with the origi­

nal and made many changes. I have taken the liberty to shorten or 

simplify some derivations/proofs and to omit those that are found in 

current textbooks. It gives me a sense of fulfilment to have been able 

to play this role with my teachers Professors Patwardhan and Phadke 

who inspired me in my student days. It is a pleasure to express my 

gratitude. 

Thunder Bay 

June 1 7, 1983 
S.A. Naimpally 

The LIIavati has been my first interest for the last two decades. I am 

happy that Professor Som A. Naimpally chose me to join as a transla­

tor for this book, and I owe birr\ for the same. 

It has been my endeavour to narrow down the gap between Sans­

krit verses and their English renderings. Although it has been my 

ample endeavour that the English renderings should not be far away 

from the literary beauty of the verses, I have preferred to remain 

deeply faithful to the mathematical message. However, it seems that 

"faithfulness" and "beautifulness" rarely go together. As a conse­

quence, renderings of certain stanze give only mathematical formulae. 

I have taken the liberty of making various alterations in the original 

typescript. 
On behalf of the authors, I thank Professor K. V. Sarma of Madras 

for his high appreciation and suggestions to improve upon the original 

typescript. I record my appreciation and thank Mr. N.P. Jain and Dr. 

G.P. Bhatt for their interest and personal attention in bringing out this 

book and sharing some of the editing travails. 

I believe that LI/avati can give pleasure and insight to every class 

of readers, both from children to senior citizens. 

Rishikesh 

24-11-1991 

S.L. Singh 



Bhaskaracarya: 

His Life and Work 

Rarely does one come across a person, at least in Maharashtra, who 

has not heard about Bhaskaraciirya or Bhaskara II' - the great poet 

and mathematician. His book SiddhantaSiromal)i - especially the 

first part known as the LI/avati (Slate Mathematics or Arithmetic) -

is well-known all over the world. Because of the poetic name the 

Lilavati and the excellent problems contained therein, Bhaskariicarya 

has earned the respect of scholars for the last eight hundred years. 

The great nineteenth-century German mathematician Weierstrass 

said, 

"A mathematician, who is also not something of a poet, can 
never be a complete mathematician." 

One finds, in the West, many mathematicians who have a flair for 

writing poetry. Omar Khayyfun, famous for Rubai.s2 and sitting under 

a tree with wine and women, was primarily a mathematician. In the 

same way, we find in Bhaskaracarya an extraordinary combination of 

1 Bhliskara I was a great Astronomer of the seventh century. 
1 Quatrains. 

XV 



xvi Lilavati of Bhaskaracarya 

a poet and mathematician. His book amply demonstrates the qualities 

of head and heart. 

Bhaskariicarya was born in 1 1 14 A.D. He has made this clear in the 

fourth part of the SiddhantaSiromal)i titled 'Goladhyaya' (Astronomy). 

In the 58th stanza in the chapter of problems he says: 

I was born in Saka1 1036 (A.D. 1 1 14) and I wrote SiddhantaSiromal)i 
in Saka 1072 (A.D. 1 150) at the age of 36. 

Bhaskaracarya has given some information about his family back­

ground at the end of the chapter on problems in Goliidhyaya. From 

this, it follows that he �?elonged to the Sfu:l<;lilya lineage and that he 

lived in Vijjalavida. In the second stanza of the following verses, he 

talks about his art of writing with great confidence: 

alltftffitutg(iil'fl(iil�-� �fatlfa&WI" I 
� faWI(iifa� ti!IIIU';s("Q•�?I) �:II 
JJfldf¥tldfaT41\C'fii\CT4g\C) f.!l:t)qfatll�fil: I 
� h$1"{'81"1�1: II 
dWI'«<'tiii\COII\CfaC:g•l(iiSII'tiSI'fiiC:: "Wft: I 
���1·1 
� &Hm'fls�S�ii§M �(ijl4•1+<i � 1 
�llA cg�it"'IZA � qsfaq(<tCP\C: II 

Bhaskaracarya studied all sciences under the guidance of his father 

Mahesvara. Mahesvara was a great astrologer. According to late Mr. 
S.B . Dixit, Mahesvara was born in A.D. 1078. He wrote two books 

KaraiJ.a-Grantha and Jiitaka-fikii-Grantha. As Bhaskariicarya studied 

under the guidance of such a competent teacher, he became an expert 

in many branches of learning. 

Location of Vijjalavida 

In the �rst stanza quoted above, Bhaskariicarya says that he hailed 

from Vijjalavida. But no definite information is available regarding its 

1 Hindu calendar. 
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location. The last part of the name ('Vijjalavida') is corrupted into 
Bida and some think that Bhaskariicarya hailed from Bida. But Bida is 
64 km far from Ahmednagar in Marathawada and is not anywhere 
near the Sahya mountain. Besides, there no descendant of 
Bhaskariicarya is traceable in Bida. Some opine that Vijjalavida is the 
town Bedara near Hyderabad. The reason for this goes back to the 
great poet Faizi of Emperor Akbar's court. At the suggestion of Ak­
bar, Faizi translated Lilavati into Persian. Therein he says that 
Bhaskariicarya hailed from Bedara. But Bedara, which is 80 km far 
from Sholapur, does not have a single small hill even nearby. Hence, 
Vijjalavida is not Bedara. In Bhaskaracarya's times, a town Kalyana 
was ruled over by Oilukya dynasty. There i:J neither any reference to 
this dynasty in Bhaskariicarya's works nor a reference co him is made 
in the history of Oilukya dynasty. Is Vijjalavida the town of Vijapura? 
Some experts consider Bhaskaracarya to be a Vai�1,1avite Brahmin 
from Karnataka. PaPdit Sudhakar Dwivedi also takes him to be a 
Vai�avite on the basis of his frequent quotes from the Vi�J)U Puril)a 
ip the chapter 'Bhuvanakosa' of Goladhyaya. But then Vijapura is at 
least 160 km east of Sahya Mountain. Also, "Vijapura" seems to be 
derived from "Vidyapura" or "Vijayapura" rather than "Vijjilavida". 
So Vijjalavida cannot be identified with Vijapura. Further, there is an 
evidence that Bhaskariicarya was not from Karnataka. Nrsitpha in his 
commentary "'Vasanavarttika" on Lilavati writes 

'fawt(ilfa;s"'qi'l4l qfclBittG'8451\CD�: "'lCI\CI�I"fl¥11� "'�ll4\CoiC:'1: 
�l't4i\Citu4: 1 '  

i .e. Bhaskaracarya was from Maharashtra. In another commentrary 
Maricikli, Munisvara describes Vijjalavida thus: 

"'tltu«!1(ilqo:fai"C''•fa � "'lii\CI��'noa•fafclc:flfq\Cq�f�Fcl\Cic�llii<:lil 
� � � litf smmft fclwt(ilf<l;s'{ i" 

It seems from the above quotations that Vijjalavida is situated in 
Khandesha or Nasika district which is north of the river Godavari. 
There is another Bida near Kolhapura which is close to the Sahya 
Mountain but not to the north of Godavari. Bida (of Marathawada), 
Bedara, Vijapura are no way ·near the ranges of Sahya Mountain. 
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Munisvara wrote his commentary in 1608 which is approximately 500 

years after the composition of the Siromal)i. We consider that he must 

have had a reliable source of information regarding the 

Bhaskaracarya's abode. According to him Vijjalavida was situated in 

between Vidarbha and Sahya Mountain. It was in between Malegaon 

range of Sahya Mountain and Pitala Valley in the vicinity of the Go­
davari, as it was about 32 to 48 km far from this river. Even if these 

distances are not accurate, Vijjalavida must be near Malegaon, Cali­

sagaon, Jalagaon. This is confirmed by the research of Dr. Bhau Daji 

Telanga. It appears that the present Patana which is 16 km from Cali­

sagaon must be the former Vijjalavida. Dr. Telanga discovered the 

inscription on land-grant to the temple of Sarajadevi of Patana. He has 

shown ample proof for this in the publications of the Royal Asiatic 

Society.' There he has made references to the grants given to the 

Pandits for the construction of Mathas, schools etc. by the rulers of 

Suryavanshi Dynasty, viz. Kr�Qariija, Indraraja, Govana and 

Siiryadeva. Further, there is a reference to a grant given to Oiiigadeva, 

a grandson of Bbaskaracarya, to run a school. Nonetheless, no com­

mentator has ever identified Vijjalavida with Patana. Ordinarily, 

names of towns don't change. Besides, the evidence presented by Dr. 

Bhau Daji shows that Cangadeva alone belonged to Patana. It is pos­

sible that Cangadeva and Anantadeva might have found it more con­

ducive to run the school at Patana rather than at Vijjalavida and so 

they might have left their original village for good and established 

themselves at Patana. They might have shifted as per the ruler's or­

ders. 

This author is of the firm opinion that further research is necessary 

to establish the location of Vijjalavida. Until then we may accept Dr. 

Bhau Daji's conclusion. 
No information is, however, available with us regarding the loca­

tion of Bbaskaracarya's school; his patrons in his capacity as an as­

trologer; or his donors. So it may be concluded that Bhaskaracarya 

was not attached to any ruler or patron. Names of his descendants for 

nine generations are known from Copper Plate Inscriptions: 

1 Bhau Daji; Journal of the Royal Asiatic Soc1ety (1865), pp. 392-411 aadJournal of the 
Bombay Branch of the Royal Asiatic Society, 8 (1868), p. 231. 
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Trivikrama, Bhaskarabhana, Govinda, Prabhakara, Manoratha, 
Mahesvara, Bhaskara, Lak�mldhara, c-angadeva. 

Bhaskaracarya's Education 

It is needless to mention that Bhaskaracarya must have been an ex­
ceptionally intelligent student. He gives his genealogy in his Algebra 
and Question 61 of 'Goladhyaya'. In both the places he records that 
he received his education from his father. In Algebra he says: 

amfut���:� 
31itulfqlfqc:<fl � 'SI"IH'I': II 
��'ffif�U I 
� tftut•l�ld R9 � II 

From the above it is clear that Bhaskaracaya's father was his teacher. 
Scholars had bestowed on him the title of "Acarya" (Preceptor). He 
says that he learnt Algebra also from his father and mastered it suffi­
ciently to write a book on it. He was well versed in Poetry, Grammar, 
Mathematics, Astronomy etc. and kept himself up to date. In stanza 
279 of the Liliivafi we learn about the subjects one had to master to 
earn the title 'Acarya'. Gru:te8a Daivajna calls Bhaskaracarya 
"Gru:takacakracu<;lamru:ti" (A Jewel among mathematicians). 
Bhaskaracarya excelled in teaching Mathematics and Astronomy. It is 
clear from the Copper Plate Inscriptions of the time that the scholars 
hesitated to debate with Bhaskaracarya's students. 

Works 

Bhaskaracarya wrote his SiddhiintaSiromal)i when he was 36. It is in 
four parts: (1) LflavatY. (2) Algebra, (3) Planetary motions, and (4) 

Astronomy. The Lftavafi mainly deals with Arithmetic but also con­
tains Geometry , Trigonometry and Algebra. Those days (as it is true 
even today) both educated and uneducated were interested in future 
events, and naturally every Astronomer had to study Astrology. For 
this purpose it was necessary to master Planetary Motions and Astro­
nomy and the Lfliivati provided prerequisites for this study. 
Bhaskaracarya wrote his Lflavati by selecting good parts from 
Sndharacarya' s Tri iatika and Mahaviriicarya' s Gal)i tasarasarhgraha 
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and adding material of his own. All the prerequisites for the study of 
Astronomy are in the LI/livati In order to solve problems concerning 
periods in Planetary Motions, Bhaskaradirya has added solutions of 
what are known as Diophantine Equations. 

Bhaskaradirya's Algebra too is an excellent book on which several 
commentaries have been written in several languages. A well-known 
commentary on Algebra the Navlirikura was written in 1612 by 
Kr�r,adaivajna who was an Astrologer in the court of the Emperor 
Jehangir. In 1634 a Persian translation of Algebra was made by 
Ataulla Rasidi, an Astrologer in the court of Shahjahan. Strachi 
translated it into English in 1 813 and Khanapur Shastri rendered it 
into Marathi in 1897. Pandit Sudhakar Dvivedi wrote a Sanskrit com­
mentary on Algebra wherein Diophantine Equations, Squares, Pellian 
equations are included. 

Planetary Motions and Astronomy being more involved compared 
to the first two parts, neither the Eastern nor Western scholars have 
paid any attention. However, they are worth reading by teachers and 
students of Mathematical Astronomy. In his Astronomical book 
Bhaskariidirya maintains that the earth is stationary. '  In his work on 
Planetary Motions, he considers Lunar motions, Revolutions, Eclipses 
and such topics which are profound and involved. 

Besides these, Bhaskariiciirya wrote several works: KaraiJII­
kutfiha/a, Sarvatobhadrayantra, Vasi�rhatu/ya, Vivahapa{ala. It is our 
misfortune that the original manuscripts are not available. Ma­
harashtrians do not generally have an awareness of the necessity of 
preserving historical artifacts. However, the handwritten copies of 
LI/avati with commentaries which are as old as two hundred years are 
still available. 

Valiant Bhaskaracarya 

Readers will notice that LI/livati is a monumental work. According to 
the prevailing customs, Bhaskaraciirya wrote it in verse form. To ex­
plain a scientific topic like Mathematics in a verse form is indeed a 
difficult task. But a still more difficult job is to infuse poetic qualities. 

1 It appears that Bhaskara and the ancient Indian astronomers considered earth stationary 
just for observations and subeequent calculations only. 
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But Bhaskariiciirya overcame all these hurdles and wrote the famous 

work LilavatT. If the art of printing existed then, several editions of the 

Lilavati might have been published. However, despite the non­
availability of the printing machines, the handwritten-copies of Lllavafi 
were used from one end of India to the other. The Llliivatl replaced most 

other texts that were used earlier. The (whole) Li/avatireached·othet 

countries a little later, in the sixteenth century. All those who read this 

book were overwhelmed by Bhaskariicarya's  skill. It seems 

Bhiiskariiciirya himself loved his first creation, i.e., Llliivatl more than 

his other works. Beautiful poetic flights of Lilavati are not found in 
any other mathematical or scientific compositions. 

The Poet Bbaskaracarya 

From his works it is clear that Bbaskaracarya bad mastered Grammar, 

especially that of p-aQini. Also, like the poets, Bhaskariiciirya was fond 
of alliterations and metaphors, e.g., 

'dli � qJ4\4•noi 1 1 1 
'Citi ?l'li lfli fim:l) lfcr-i liCf o:icf;J I 11 
'4)uA '4) �: 1 1 3 
� itiCit'ICit'liJ:t'ICit'll� � 1 1 4 
� illt'1101it'l¥11�� � ��fit;4it'ilt'l'<'l'f II' 
-q;ffi �dCIJ¥tit'ltflq�¥tt'IAI�CIJCIJit'lm41(d: �: 1 1 6 
C:aft4•i¥thi'§tfl�: 1 1 7 

He was also quite witty. In one problem, a wealthy person is sup­

posed to be giving one kavacji' in charity to a poor man! We give fur­
ther evidence of Bhaskaraciirya's poetical skills by examples from 

Astronomy. There are vivid descriptions of seasons. It is all beautiful 

1 See verse 160, Lilivati 

1Verse 131, ibid. 
3 Verse 133, ibid. 
4 Verse 73, ibid. 
'Verse 75, ibid. 
'Verse 60, ibid. 
7 Verse 43, ibid. 
•cowrie. 
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poetry. The late Balalq�Qa Janardhane Mo4aJcarendered into Marathi 
the following: 

��fQCfiiM ilt!£ftf4�1lf(;:joft' Fi.ll'tiqCI����<$4\Fiwlcfih'Cfl�: 1 
lllle'!telf&Wfl!il"'lfql"'i � � 'fitilCIHI: I I  

( st{lj}:!llf., 1i, •fiHIQII�) 

In the Hemanta (winter) season the earth looks more enchanting 
because of the plenty of stored grains. The drops of water, in the form 
of dew, appear like pearls and add to the beauty. The well-fed con­
tented cows and bulls move about in flocks and the farmers enjoy this 
beautiful sight. 

Teaching Ability 
In the LilavatT Bhaskariicarya bas displayed his various skills. While 
teaching Mathematics he also wanted to convey informations on reli­
gion, the Vedas, Puriil}as, Epics etc. In the stanza 76 the informations 

are given regarding a chariot and the fact that Kafl)a, though a brother 
of Afjw1a, was his enemy. The entire battle-scene is graphically de­
picted. This stanza can be compared with Kalidasa's S'iikuntalam, 
Grivabharigiibhiramam. The graphic descriptions of a drove of swans; 
a flock of elephants; a colony of bees; the attack of a snake by a do­
mesticated peacock; sinking of a lotus in water owing to a strong wind 
and so on: were to train students in the appreciation of nature and to 
make mathematics interesting rather than tiresome. Bhaskariicarya has 
seldom given proofs or derivations fol1owing the contemparory tradi­
tion. Still, he gave a large number of examples. 

He was a leading Astronomer of his time and had earned the well 
deserved title of "Jewel among the mathematicians". Bhaskaracarya 
handled determination of sines of angles much more skilfully than his 
predecessors. Although he took earth to be stationary and the centre of 
the universe, it did not adversely affect his calculations. 
Bhaskaracarya was familiar with many results that were later discov­
ered by Copernicus and Tayko Brahe. He also had some idea of limits 
which was (500 years) later discovered by Newton. 

He moulded a difficult language like Sanskrit to express a scien­
tific subject like Mathematics. By using terms from fine literature, he 
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coined many equivalents for numbers. Verily he opened a great store­
house of technical terms. If one wants Marathi1 equivalents for scien­
tific terms in English, one may easily find them in Bhaskarliciirya's 
works. These could be useful to teach Mathematics in Indian lan­
guages. Further, his LI/avati, has been used as a textbook for the last 
eight hundred years in India. Even now it is used in some places in 
some Indian provinces. 

He was quite practical too as he was of the opinion that if eclipses, 
conjunctions etc. do not occur as given in ancient almanacs, then the 
almanacs must be changed. Orthodox people used to stick to false 
beliefs, like demons Rahu and Ketu swallow the Moon and the Sun 
during eclipses. What actually happens is that at the time of Lunar 
Eclipse, the Moon enters the shadow of the Earth and so it becomes 
invisible. Bhaskaracarya knew this fact but found it difficult to con­
vince the public at large. He used to say: 

Well, Rahu is not a demon. It is the shadow of the earth that 
makes the Moon invisible. If you still believe in Rahu, at least 
say that he entered the shadow of the Earth and then swallowed 
the Moon. 

This is how he found a way to reconcile the old and the. new dis­
coveries. Though a practical scholar, he was not to compromise with 
his principles. There was a great Indian Astronomer Lalla (A.D. 768) 

who wrote a textbook on Mathematics which was used until 
Bhaskarliciirya's time. That text contained some incorrect propositions 
and formulae. In his book on Astro!lomy Bhaskarliciirya corrected 
some of Lalla's formulae like the correction of the formula for the 
measurement of the surface area <?f a sphere. He has given this in 
Lilavafi too. Though claimed himself to be a "student of Brahma­
gupta" he never hesitated to criticize the latter's long or wrong or te­
dious methods.2 Sometimes he also criticized Aryabhata. 

The late Mr. Dixit conjectured that Bhaskarliciirya might have vis­
ited Baghdada as some anonymous Indian astrologers had visited Tur­
key and the middle-east as honourable guests according to some Ara-

1 Indeed all other languages derived from Sanskrit. 
2 See stanza 18Sb, Lilavati 
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bian works. If this view is acceptable, then there should have been 
some reference to his works to the Arabian mathematicians. Hence, 
the above view that Bhaskarlicarya had visited the middle-east is not 
very convincing. 

Social Conditions 

It is rather difficult to draw a picture of the social conditions of the 
Bhaskarlicarya's period by way of a book on Arithmetic. In 
Bhaskaracarya's times, scholarship was assessed by the study of ten 
works. All trade was in the hands of Lamanas. The wealthy wore 
garments made of silk imported from China. Young women were sold 
as slaves. Scholars were patronized by the rulers. Travel at night was 
risky. Ni�ka, a silver coin, was the principal currency. Peacocks were 
common pets. There was abundance of lotus flowers, bees, elephants 
and birds. Siva, Vi�QU, and GaQeSa were universally worshipped. The 
RamayaiJD and Mahabharata were studied regularly. On the whole, 
there was prosperity. Gold was expensive but there were plenty of 
food items. Astronomers were more involved with Astrology than its 
mathematical applications. Although the scholars were generally pa­
tronised by rulers, Bhaskarlicarya seems to be an exception. He was 
hale and hearty, and died in 1 193 at the age of 79. 

After Bhiiskariicarya we don't find well-known learned (traditional) 
mathematicians in Maharas_htra. Though, most students of Indian math­
ematics merely studied Bhiiskariicarya's books still no research was 
done until seventeenth century. 

Though a great mathematician, he did not know decimal fractions; 
which were discovered in Italy in the sixteenth century. It is surprising 
that Bhaskariicarya did not discover Newton's Binomial Theorem (in 
its general form). Had he discovered logarithms, determination of chords 
would have been considerably simplified. He knew that the earth attracted 
other bodies but he missed Force = Mass x Acceleration. For ·the 
computation of daily motion of planets he introduced the concept of 
instantaneous velocity by dividing the day into large number of small 
intervals. The formula &(sin 9) = cos e &e is implicitly available in 
SiromaQi. He was aware that the differential coefficient vanishes at an 
extreme value of the function. He appears to be the first mathematician 
who could perceive the ideas of differential calculus 500 years 
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before Newton and Leibniz. He had little knowledge of ellipse, pa­
rabola or hyperbola. Had he proved theorems in Algebra and Geome­
try, he would have achieved a greater status as a mathematician. 
Nonetheless, his achievements put him on the top of the list of 
mathematicians. 
We are fortunate to have had such a great mathematician in India. 

But we are so negligent that we forgot even to celebrate the SOOth 
anniversary of the composition of his SiddhantaSiromal)i. Let us 
pledge to remember to celebrate Bhaskariicarya's eight hundredth 
death anniversary in 1993. 





Lilavati 
(Pati Mathematics) 

Praise of Lord G�esa 

lftffl '146W1'fll m UAtK) ftt:;i � 
� 4c;I'<IP4c;cifaaqc:i � 'fti•n'1'1'{1 
tlrei "t''cpi�id'fll lJft'l 'tlg'<lllftlwc;i � 
�IH'<<P,ift'liifc'N�t'tf�t'Q�t'liqal'{ I I I I I 

[First] I offer my salutations to the elephant-faced Lord who creates 

love in His devotees, by remembering whom all obstacles are de­

stroyed and whose feet are revered by the community of gods. Here I 

give methods of slate mathematics - Lrlavatr- which is loved by 

discriminating people because of its clarity, brevity as well as its liter­

ary flavour. 





CHAPTER 1 

Definitions and Tables 

q'(leq;Hj cmm 'llt{ liT <lilf<l;uft 'ffll'q qoptT.Id'Cil: I 
'{) � � !ilCWI'<il. � � �:II TI II 

Twenty vara{akas make one kiikirji. Four kiikil)is make one pai)Q. 

Sixteen pal)as make one dramma. And sixteen drammas make one 
ni$ka. 

Comment: Bhaskaracarya gives the following table concerning the 
coins used in the eleventh and twelfth centuries: 

20 kavacJis (Cowries) = 1 kiikii)I (davacJi) 

4 kiikil)is = 1 pal)a (paisa) 

16 pal)as (paislis} = 1 dramma 

16 dramma = 1 ni!jka. 

Until the twentieth century, the above coins were more or Jess used in 

India. During the British regime coins pai, ruka and dhabu paisa were 
in circulation. Such coins were also in use during the rule of the Pe­
shawas. In 1910 it was possible to get 40 Cowries for one Paisa and 
they could be used to procure sundries such as hot peppers and cori­
ander. The word diima for price has evolved from 'dramma '. 

3 
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Measure for gold 

gc;m � � � 4mfa!)5(JI) � 'iii ()�I 
'ltliOICf)ffiC{lii��'iig�: q�ffi�CI)) �: �: I I III II 

2 yavas = 1 guffja (rattl}, 3 guffjas = 1 val/a 
8 val/as = 1 dharal)a, 2 dharai)Os = 1 gadylir)aka 

14 val/as= 1 dha(aka. 

Comment: This verse III gives various measures for weighing silver 
or gold. A barley-com (with its outer shell) is called a yava '. Nowa­
days gold and silver are weighed in gms and so guffjas are not in use. 
Guffja is a fruit with black, red or blackish red colour. It is shaped like 
a green lentil but twice its size. Guizjii, being tough and durable, 

has been in use since ancient times. Village goldsmiths use Guffjas for 

weighing silver and gold even now. One guffja weighs 12_ troy grain. 
16  

Presently, gadylir)a or gadylir)aka and dha(aka are not in use. But val/a 
or vala is still in vogue. One dha(aka = 42 guffjas; 1 gadylir)aka = 48 

guffjas. 

��lflli�:��l 
� qc;i �: Cl5lf � ogqof:fl$1'{ II IV II 

5 guffjas = 1 mfi..� 16 mli$'fis = I kar!jQ 
4 kar!iQs = 1 pala. Those who know measures for gold call a 
golden kar!iQ "suvarl)a ". 

Comment: In the limes of Bbaskaracarya, the principal measure for 
weighing gold was a kar!jQ. 80 guffjlis made one kar!jQ. The modem 

measure to/a equals 96 guffjas. 1 to/a = 112 gms. 
5 

Units of Length 

�q)c;:\;tc;a�!Jt'lifoeofl�: lffi'l)�: "'<e(!J�I�t'tlgfif: I 
� � m: 'flli'Cilfihtil., �II V II 
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8 yavas = 1 arlgula, 24 arlgulas = 1 hasta (forearm). 
4 hasta = 1 dal)lja, 2000 dal)<}as = 1 kroia or kosa. 

5 

Comment: If eight grains of barley-com are kept bellywise close to 
each other, the length is one arlgula, i .e . ,  the phalanx of the fingers. 
There were no standard measures in India. There were many king­
doms and principalities, each having its own weights and measures. 
So the unit of length was not the same all over India. However, as­
suming that the height of a man is 3\l:z hastas (forearms), the above 
units could be uniformly used throughout India. Ordinarily 1 hasta = 
20 inches, 1 inch = 2.5400 ems. So the height of a man equals 5 ft. 10 

inches. A standard unit of length came into use all over India only 
during the British Rule. Old measures remained in the literature as 
well as in unimportant transactions. Now miles have given way to 
kilometers. One kosa is two miles but now both kosa and mile will go. 

't'Qiu)\iloi JP)tit�geea., lf.lll 'lRI'Dri � lill: 1 
f.liRA fat�facitlti�: ft �:t'f !JIAf.flloa'{ I I  VI I I  

1 yojana = 4 kosas, 10 hastas = 1 bamboo. 
1 nivartana = Area of a square with sides 20 bamboos. 

Colfllflent: A bamboo or a pole is easily available all over for measur­
ing lengths. The English used 1 Pole (bamboo)= 5\l:z yards. In the fifth 
verse, arlguli is taken as a unit of length which we can compare with 
foot in the English system. One nivartana is approximatel:r two acres 
(1 acre = 0.4089 hectare). 

Measures for Grains in Volume 

tt'k1)r..t@l: fa�fa��: lft:\ imrnRi Q"ttl'fdtf$1'{ I 
"'IPC41fe� 1«{ Q"ttl'fditl.; lliit:il)fetll � liT II VII I I  

Ghanahasta (Unit Cube) i s  a solid which has twelve edges each of 
length one hasta; its volwne is the unit. In Magadha state, quantity of 
grain of unit volwne is called khiiri. 

Comment: 'Dv'iidaiasra ' means a solid with twelve edges and not 
(twelve) comers as the late Khanapurkara Shastri interpreted. A cube 
has twelve edges but only eight comers (vertices). The measure khiiri 
from Magadha must have been the standard measure for grains. 
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Varanasi, Allahabad, Gaya, Patna which are in southern Uttar Pradesh 
or Bihar, formed an influential part of ancient India. Hence measures 
from this part of the country were taken as standard. One khliri equals 
eight payalis or 32 kg. 'Sastrodita ' must be taken to mean Govern­
ment order. 

� -rom: � �: t<IIGiiliP� ��:I 
�� !it:lii4St<l �: �: �:II VIII I I  

_..!_ khliri = I drona, _!_ drona = 1 adhaka, 16 . 
4 . . 

_!_ adhaka = l prastha, _!_ prastha = I kudava. 
4 . 4 . 
This is what the ancients said. 

Comment: No reference is made in the verse to the 
shape of the measures. It appears that they were not 
cylindrical as 1.hey are today. They must be two frus-
tumta of right circular cones joined together, as in the 

adjoining illustration. At the beginning of this centmy, adho/i, Seer, 
Quarter Seer were used to measure grain. The words kucJava, at}lave, 

nit/lave are still in use in Konkana. The current Government measures 
are cylindrical and grain is now measured by weight. 

qJG)"'•i£11DI4Sg�cotfif�Nig�: �S?I m: I 
� � �\ii("QI�"'IOl:J goc;eq;'fi$1111 IX I I  

(The order of the digits is from right to left. Thus) dvisapta = 72, kha­
yuga = 40 where kha denotes 0 and yuga denotes 4. % gadyliiJ.akas = 
36 guirfiis = 1 {anka, 1 Seer = 72 {ankas, 40 Seers = l Maund. These 
are Turkish measures. 

Comment: Since these measures are cal led Turkish, this verse must 

have been inserted in the Lflavati later on. In Bhaskaracarya 's times, 
there was no Muslim influence either in the north or south India. Only 
the north was attacked by Mahamud of Gazni . Of course, these com­
mercial terms must have been known to businessmen but it is unlikely 
that they were in common use. 
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Remaining measures of time etc. are well-known. E.g.: nimi$(1, the 
unit of time, measures the time for a wink (of an eye) of a wise man.  
tatpara = 1/30 nimi$(1 and tru(i = 1/100 tatpar'ii. 

18 nimi$0S = I k'ii$(h'ii. 30 k'ii$(hiis = I kala. 

30 kaliis = 1 nak$Qira gha(ik'ii, 

2 ghapkiis = 1 k$DCJO, 60 gha(ikiis = 1 Day. 
Alternate measures of time: 
1 asu (one complete breath) = Time taken to recite 20 long vowels. 
6 asus = 1 pal a, 60 palas = 1 gha(ik'ii. 

60 ghapkiis = 1 Day., 30 Days= 1 Month, 12 Months = 1 Year. 

This is the end of the chapter on terms. 





CHAPTER 2 

Place V aloes of Digits 

alcli<iclCjclril)clq;i(ilf4iclfaclilti� I 
� "fJI) ifl(ilq;q(illq(ilq;l"'tt� II XI II 

(In this verse Lord G8J.1pati is invoked again. ) 
I offer homage to that Lord G3J.1eSa whose neck is adorned by 

amusing black and most poisonous snakes and who has unctuous lus­
tre like a blue lotus. 

l('*l«¥1¥ifltiMiiiCJdM�SICJdCii'IC�4: llilm: I 
� dl4�ucfqttJQ&Jti454'RI'fitlt( II 
� -qgi � GfijO�'do( lfsrr: 
�: � f44tll'iCiaf wat. '{i: II Xll II 

Postilions of the digits frQm right to left are unit, ten, hundred, thou­
sand, ten thousand, hundred thousand (lakh), million, ten million 
(crore), hundred million, billion (abja), kharva, nikharva, 
mahapadma, ianku, jaladhi, antya, madhya, parirdha. The value of 
each digit on the left is ten times that on the right. This decimal sys-

9 
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tern of place values was conceived by ancient scholars to make practi­
cal calculations simpler. 

Comment: Indian mathematicians dis.;;overed the decimal system in 
which place values are assigned to digits wherein values increase in 
powers of ten. The Greeks and Romans used letters to represent num­
bers with the result that the progress of Arithmetic was very slow in 
Eastern Europe. In India the use of the decimal system and the use of 
ten symbols (for 0, 1 ,  . . . .  , 9) to represent any given number, made 
mathematical operations (addition, subtraction, etc.)  easy. What 
Europeans call "Arabic numerals" were discovered in India and only 
recently some authors have started calling them "Hindu-Arabic nu­
merals". These numerals were invented some time before 200 B.C. 
The current Devanligari numerals have been in use in various parts of 
India since A.D. 400 and the English numerals are their modified 
fonns. Although this verse goes up to parardha (1017), there are tenns 
for numbers up to 10

140 in Sanskrit.1 

1 See Datta and Singh, History of Hindu Mathematics: and O.P. Jaggi's Indian Astronomy 
and Mathematics. 



CHAPTER 3 

Addition and Subtraction 

I shall explain the method of addition and subtraction in half a stanza. 

Addition or subtraction should be done place-wise from right to left or 
vice-versa. 

Comment: First write down the given numbers one below the other 
taking care to see that the digits match the places, that is, for example, 
digits in ten 's  places should be in the same vertical line. Then begin­
ning with the unit's place add (or subtract) the digits, then move to 
ten's, . . . .  In this procedure two things have been taken for granted, 

viz. (i) If the sum of the digits in the same place is greater than ten, 
then one has to carry forward the digit in the ten's  place of the sum to 
the left; (ii) The number to be subtracted must be smaller than the 
other number. These things are not explicitly stated. Although addi­
tion and subtraction can be done from left to right also, this mehtod is 
not in vogue. The method is given in brief because it is clearly ex-

II 
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pected of the teacher to fill up the details. If there are more than two 
numbers to be subtracted from a given number, then the procedure is 
to subtract the numbers one by one. 

ri � t4t('llqfit � � � 
fa4st4ii1Ri¥1t{ Bi"14fil¥idli5CIC:¥1 ern I 
¥itMtil"dH!id-�!idi¥tilttl � -q 
� 'llJCI6 gf®C44¥('1"1+tlifsftl' � I I XIV I I 

0! you smart girl 'Lilavati', if you are skilful in addition and subtrac­
tion, tell me the result when the swn of 2, 5, 32, 193, 18, 10 and 100 

is subtracted from I 0,000. 

Comment: As shown in the adjoining figure, write the numbers to be 

2 
5 

32 
1 93 

1 8  

1 0  
1 00 

360 

I OOOO 
-360 
9640 

added one below the other, keeping their proper positions 

(places) of digits. Then draw a horizontal l ine below the 
last number, viz. 1 00. Add all the digits in the unit's place 
to get 20, write 0 in the unit's place below the line and 

carry 2 to the ten's place. Now add the digits in the ten's 

place (along with the 2 carried over) and the sum is 1 6. 
Write 6 in the ten's place below the line and carry over 

I to the hundred's place. The sum of the digits on the 
hundred's place, together with the I carried over, is 3 .  

Write this digit below the line in hundred's place. Thus the 

required sum is 360. 
Now as in the next figure, write the sum 360 to be 

subtracted below I 0,000 and draw a horizontal line below 
360 and the sign - before 360. In the unit's place, 0 subtracted 
from 0 yields 0. In the ten's place 6 cannot be subtracted 

from 0 and so bring I from the hundred's to make it 1 0. 6 subtracted 

from 1 0  gives 4 and we carry I on the hundred's. Next in hundred's 
place, 4 subtracted from I 0 yields 6 with 1 carried over. Finally, I 
subtracted from I 0 in the thousand's place, gives 9. The required answer 
is 9640. This explanation is to be taught by a teacher to the pupils .  



CHAPTER 4 

Methods of Multiplication 

Now I tell the method of multiplication in two and half stanze-

!Jullit'll¥icti � �"'lU$ffiiRMq!J41"f4"11tfl1 1 
��)!JU1(9U6gt"Q�: �: � � lO l l XV I I  
'qCffi) �: �� � Wr � q '!jVll) �: � lll l 
� � � m: � �: �: I I XVI I I 
�<e)"1!jcM"1 "T'A f.!rt;US1itte&1!JOlll�(lq�ru lO l l XVII I I  

Direct Mehtod 

First multiply the digit in the unit 's place of the multiplicand by the 
multiplier, then the digit in the ten 's place and so on up to the last 
digit on the extreme left. 

Comment: This method can be used When the multiplier is  a small 
number and the user has memorized the multiplication tables. Of 
course, if the product at any stage consists of two or more digits, one 
has to carry over the part without the digit in the unit's place. There is 

1 3  
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no reference to this carrying over in the above rhymes; it is to be un­
derstood. 

Split Method 

Split the multiplier into two convenient parts, multiply the multipli­
cand by each of the two parts and add the results. 

Comment: If the multiplier is 45, split it into 40 and 5 as it is easy to 
multiply by 4 and 5. 

Factor Method 

If the multiplier is a composite number, factor it. Then multiply by 
one factor and then the resuh by the second factor and so on. (If the 
multiplier is 45, first multiply by 9 and then tlte resUlt by 5 . ) 

Place Method 

Multiply by each digit of the multiplier separately and write the result 
in each case under its proper place. Then add all the results. 

C,'omment: This product obtained by multiplying by the digit in the 
unit's place is written down as it is. Then the one by the digit in the 
ten 's  place is shifted by one place to the left and written below the 
first one. This procedure is carried on until all the digits of the mul­
tiplier are used. Finally add all these products. 

Method of Adding or Subtracting 

Add any convenient number to the multiplier and multiply by the re­
sult. Then multiply by the added number and subtract this product 
from the previn, r·; one. Instead of addition of a convenient number one 
can use subtrt�.c<"; ' m too. 

Comment: To multiply by 45, first multiply by 50 and then by 5 . 
Subtract the second from the first. 

The above methods give the fundamentals of multiplication. To 
elucidate them Bhiiskariiciirya gives the following example. 



Methods of Multiplication 

� lilt'lcgli ij(iiJ(if'14" alt'li4Fcl sil'tiQdli{ 
q:q�cpli\di faqiCIJ'CjOII aillsJ: liSftt � I  
'i(ii4"tf..l"''fa41i<id'i:JUI" � CIJ6'CIIfal� 

lthnffi"'' 'j'OR � 11 -� aiii;J: 1lifil � I I XVlli I I  
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0! you auspicious girl with lovable eyes of a young deer, if you 
have well understood the above mehtods of multiplication, what is the 
product of 135 and 12? Also tell me what number will you obtain if 
the product is divided by 12. 

Comment: According to the first method we get 135 x 12 = 1620. 

Since 5 x 12 = 60, we write 0 in the unit's place and carry over · 6. 
3 x 12 = 36 to which we add 6 to get 42. We write 2 in the ten's place 
and carry over 4. We add 4 to 1 x 12 = 12 to get 16 which is written 
to the left of 2. (The explanation given by the late Khanapurkar Shas­
tri concerning this method appears to be incorrect. )  

To use the second method, w e  split 12  = 8 + 4.  Now 135 x 8 = 
1080 and 135 x 4 = 540. So 135 x 12 = 1080 + 540 = 1620. 

The third method utilizes the factors 4 and 3 of 12. 135 x 3 = 405 

and 405 x 4 = 1620. Of course, if the m�tiplier has no factors, then 
this method cannot be used. If the multiplicand has factors we can 
interchange the multiplicand and the multiplier. 

135 The fourth method uses the digits 2 and 1 in unit 's and 

x 12 ten's place respectively. We first mQltiply 135 by 2 and get 

270 270. Next we multiply by 1 and get 135 which is written by 

135 shifting it one place to the left. Then we add the two num-

1620 hers to get 1620. 

The fifth method uses 12 = 10 + 2. 135 x 10 = 1350 and 135 x 2 = 
270. Then 135 x 1 2  = 1350 + 270 = 1620. Alternately 12 = 20 - 8. 
135 X 20 : 2700 and 135 X 8 : 1080. 135 X 1 2 : 2700 - 1080 : 
1620. 

In stanza XVIII "the number formed by 5, 3 and 1" means 135 
since the digits are written from right to left. 1 The multiplier is 
"Divakara " which means the Sun representing 1 2. In this stanza, 

there are some vocatives used to address LI/avatl and we conclude that 
Bhaskarliciirya must have been teaching a female student. 

1 ·nr-n liPidl 1lftl:· = "Digits move in reverse order". 





CHAPTER 5 

Division 

Division is explained in the following stanza-

�: � �: 'fLIIC:"f4itt6t'i � � I  
� �"11CCI4Q� �R<tiod\ 1f1lm � � g I I  XIX I I  

Find the largest integer whose product with the divisor can be sub­
tracted from the extreme left hand digi l(s) of the dividend. This inte­
ger is the first digit of the quotient. If the divisor and the dividend 
have a common factor, then the common factor can be cancelled and 
the division is carried out with the remaining factors . 

Comment: To explain the process of division, we consider the exam­
ple at the end of stanza XVIII : i.e.,  ·divide 1620 by 12. The first 
method is :  

17 



1 8  

1 2) 1620 ( 1 3 5  

lL 
42 
36 
60 
60 
00 

LI/avati ofBhaskaraclirya 

1 2  can be subtracted from 16 once only and so the 
first digit of the quotient is 1 and the remainder is 4. 
We then have to divide 42 by 1 2  and 1 2  x 3 = 36 

can be subtracted from 42. So the next digit of the 
quotient is 3. Now the remainder is 60 which is 
1 2  x 5. So the last digit of the quotient is 5 and the 

division is complete. The quotient is 1 35 and re-
majnder 0. 

In the second method we use the factors 3 and 4 of 12 and 1620. 

Dividing 1620 by 3 we get 540. And dividing 540 by 4 we get 1 35 .  

3 )  1620 (540 4) 540 ( 1 3 5  

u _4 __ 
1 2  14  

l1__ and lL_ 
000 

_Qg_ 
00 

20 
20 
00 

In the above example the remainder is 0. If the remainder is not 
zero and we follow the second method, we may end up with different 
remainders. For example: 

In 427 the quotient is 15 and the remainder 7, 
28 

and 6 1  

4 
the quotient is 1 5  and the remainder 1 .  



CHAPTER 6 

Methods of Finding Squares 

Fint Method 

'ftiffatltd: cp�"tiii4�S11 tellc:dli\iflqiif fijUIJi\ifl�&ll: I 
'M'CCi\q�lldliiiil 'diPDS1RsttiPI'«'4CIEQii\ifi!Jfflid � � I I  XX I I  

The product of a number with itself is called its square. To square a 
number use the following procedure: First write the square of the ex­
treme left-hand digit on its top. Then multiply the next [i .e . , second] 
digit by the double of the first digit and write the result on the top. 
Next, multiply the third digit by the double of the first digit and write 
the result on the top. In this way arrive at the unit 's place. Next cross 
the first digit and shift the number so formed one place to the right. 
Then repeat the same procedure. Finally add all the products written 
at the top and the sum is the required square. 

Second and Third Methods 

ttD&i4'f41filtc��tAl afC!Ioeqlf«Ngat � 1 
!IIC)"'!J'('CIIt14EI: �: 'f41faoe'fQ -q1fvJ 'flif�M en I I  XXI I I  

1 9  
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Second Method 

Split the given number into two parts. To the sum of the squares of the 
two parts add twice the product of the two parts. The result is the 
square. 

Third Method 

Add and subtract a suitable number from the given number. Take the 
product of the two numbers thus obtained and add the square of the 
suitable number chosen above. The result is the required square. 

We qow use the above-mentioned three methods and give the alge­
braic theory behind them. 

W "fCIAi 'fl >qgc!tn"''i � Bl�'1t4 tld?i<4t4 1 
•h:fh1'< t<fl '4!jd t4 'lf11 '\ii'Aift:r fl& �ffcloq I'< +tl *t I I XXII I I 

0 !  Friend, if you know the method of finding squares, find the 
squares of 9, 14, 297 and 10005. 

D 
c 

B 

A 
X 

y 

8 

3 
4 
2 

8 

1 
8 
2 
6 

9 

z 

2 

2 
1 
8 

7 

9 
z 

0 
4 
6 

7 

d 

9 
9 

7 

Comment: We find the squares of 
297 and 10005 only. 

First Method: In row A write 297. 
We make five vertical columns to 
facilitate the work. Square of 2 is 4 
which is written above 2. Twice 2 
is 4 and its product with 9 is 36 
which is written above 4, taking 
care that 6 is above 9. Then we 
multiply 7 by 4 and write 28 above 
36 with 8 above 7. We then shift 

297 to the right and cross out 2 as in the row X. We repeat the proce­
dure: square of 9 is 8 1 written above the line B and twice 9 multiplied 
by 7 = 126 written above 8 1  with 6 directly above 7. Then we shift 
297 again, cross out 2 and 9 as in row Y. Square of 7 is 49 written 
above line C. Add all the products above the row A and the sum is 
88209. 
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Some writers take the sums of numbers between A and B which is 
788, between B and C which is 936 and C and D which is 49 and add 
thus: 788 Here 2nd number is shifted by one 

936 place and 3rd by two places. 
� 
88209 

The late Khanapurkar Shastri and Pandit Hariprasada Bhagiratha 
have not explained this point properly. 

This example can be solved by other methods: 

Second Method: 291 = 290 + 7, (290)2 = 84100, (7)2 = 49 and 2 x 290 
x 7 = 4060. The sum of these three: 84100 + 49 + 4060 = 88209. 

Third Method: We choose 3 since 297 + 3 = 300. 297 - 3 = 294. Then 
(297)2 = (300) X (294) + (3)2 

= 88200 + 9 = 88209. 
The first method uses the formula: 
(a + b + c)2 = a2 + 2ab + 2ac + b2 + 2bc + c2• 
In the above examples these are 4, 36, 28, 8 1 ,  1 26 and 49, (and 

with proper place values 40000, 36000, 2800, 8100, 1 260 and 49). It 
is interesting to note that the square of 97 is 8 100 + 1260 + 49 = 9409. 
Thus we get 72 = 49, 972 = 9409 and'2972 = 88209. 

The formula used in the second method is (a+b)2 = a2 + 2ab + b2 

and the third method uses a2 = (a + b) (a - b) + b2• Of course, the sec­
ond and third methods are not so useful when big numbers are in­
volved. In the first method care should be taken to write the products 
in proper places. 

By the second method, 
( 10005)2 = ( 10000 + 5)2 

= 100000000 
+ 100000 
+ 25 

= 100100025. 
We also show the first method which is self-explanatory. 
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F 

E 

D 

c 

B 

A 

p 

Q 

R 
s 

1 

0 

0 

0 

1 
1 

0 0 I 

0 0 

0 0 

0 0 

0 

1 
0 0 0 

0 0 

0 

0 0 0 

A 0 0 

A ,8 
A' 
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0 0 0 2 5 

2 5 

0 0 

0 

0 0 0 

0 0 

0 

0 0 

0 

0 

5 

0 5 

0 0 5 

,8 j1 0 5 

A' ,8 ,8 ,8 5 



CHAPTER 7 

Square Root 

(qCIE'Qil'\'ql&"•nq: -,fti lijolil""l<'i �· � 
'tq'Cft'QI � <t<ltlfa""'m-t � � �  
� � �Sl'\'qfa .. 'tR4Cft'QIC?I4•f � 
qlft'fri ct'(ijui ;:qif)faR\ �: � t41NCi'f I I  XXill I I  

(Starting from the unit's place, mark alternately vertical and horizon­
tal bars above the digits so that the given number is divided into 
groups of two digits each with the possible exception of the extreme 
left group. The extreme left group will contain either one digit or two 
digits and will have a vertical bar on its top or on the right digit re­
spectively.)  From the group on the extreme left, deduct the highest 

possible square of a1 (say). Then write 2a1 in the neighbouring col­
umn; this is called parilai (row). To the right of the number obtained 
from the above subtraction, write the digit from the next group with a 
horizontal bar. Now divide the number so obtained by 2a1 ; this quo­

tient a2 should not be more than 9. Now write 2a2 below 2a1 after 
shifting it one place to the right and add. The result is the second 
parikti. Write the next digit to the right of the remainder so obtained 

23  
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and from that subtract the square of the second quotient a2. Now to the 
right of the remainder so obtained, write the next digit and divide this 
by the second parilai. This gives the third digit of the required square 
root. Now twice the .third digit of the square root should be added on 
to the second parlkti after shifting it by one place to the right. The 
result is the third parlkti. Then write the next digit of the given num­
ber to the right of the remainder and subtract from it the square of the 
third digit of the square root. Repeat this process. The result is the 

required square root. 

wi � "f.( (I1D � � � "f.( ri � l 
��-�otl•4•fqGI� * !J;Gfcf<Jf%4� ()S?( 'GI'Im I I  XXIV I I  

My friend ! If you really have understood the method, then find the 
square root of 4, 9 and of the squares obtained earlier viz. 8 1 ,  196, 
88209, 100100025. 

Comment: We'll find the square root of 8.8209 by Bhaskaracarya's 

s si o 9  (2 
4 __ 

4) 48 (9 
1L_ 
122 
� 

58) 4 10 (7 
406 
049 
..12_ 
00 

root 
2 
9 

7 

297 

parlkti 
4 
1'8 
58 

14 
594 
+ 2 
297 

1 st 

2nd 

3rd 

method. The first thing is to 
make horizontal and verti­

cal bars 88269 . From its 
first group, viz. 8 subtract 
the highest possible square 
which is 4. We get the first 
remainder 4 = 8 '- 4. Now 
write 8 (from the given 
number) to the right of the 
remainder 4 to get 48. 
2 x 2 = 4 is the first parlkti. 

Divide 48 by 4 and see that the highest one digit quotient does not 
exceed 9. Here, the quotient is 9. Write this 9 below 2 in the root col­
umn. In the same horizontal line write 2 x 9 = 18 with 1 below 4. Add 
the tWO tO get 58 Which iS the second paiJkfi. Then SUbtraCt 36 = 9 X 4 
from 48 to get 12. To its right write the next digit 2 and we get 1 22. 
From this subtract the square of 9 to get 41 .  To the right of 41 write 0, 
the next digit from the given number. Divide 410  by the second parlkti 
viz. 58 and get 7 as the quotient and 4 as remainder. Next we write 



Square Root 25 

this number 7 in the root column and 7 x 2 = 14 to its right with l 
below 8. Add the two to get 594 which is the third parikti. Write the 

last digit 9 of the given number to the right of 4 to get 49. From this 

subtract 72 = 49 to get the remainder 0. The required square root is the 
number obtained by writing the digits from the root column in the 
order in which we derived them. Thus it is 297. We can get the same 

number as half of the third parikti. 
In the above method of Bhaskariicarya, we take one digit at a time. 

In the current method, we take two digits at a time. 

Below we tabulate the method of finding the square root of 100 100025 

too IoooB o 
1 

2) 00 
00 
00 
00 

20) 001 
QQ._ 

10 
_o_ 

(0 

(0 

200) 100 (0 
000 
1000 
0000 

2000) 10002 (5 
10000 

25 
25 
00 

root 
1 
0 

0 

0 

5 
10005 

parikti 
2 1st 
00 
20 2nd 
000 
200 3rd 
000 

2000 4th 
10 

200 10 





CHAPTER 8 

Method to Find the Cube 

'flif�EUdtq 'QOI: �: � Q'1)"t<<t4 ffi't)�: I 
311���&1'ttlti 311�4•i't?tlot<�l�t'I)S41�Q"1t>q m I I  XXV I I  

ltl1"11�'<�"1 -gtt) 'fA: t41di4S('CQ ttf<i;sg•i ffi't)� I 
� !j§4•iQ"1SIRI<&i41ti4St'l) '41 � 'llmf: I I  XXVI I I  

First Method 

Cube of a given nwnber is its product with itself thriee over. If we 

want to find the cube of a nwnber of two digits, say, lOa + b, write a3 

first. Below this, write 3a2b by shifting this result one place to the 

right. Below this write 3ab2 after shifting it one place to the right. 

Below this write b3 after shifting it one place to the right. Add all the 
results, and the result is the cube. This procedure can be modified by 
starting from b but then each time the shifting should be made to the 
left. If there are more than two digits, then find the cube of the two 

27 
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digits at the extreme left and continue with the procedure given 
above. 

tiOeli4i 111 m 'CIIilfft&l: :cj;gq�CI'Q!Cii I 
4•i'li'IQ.,: l4'&l) 4•i'Cit)Ef� -dct I I  XXVII I I  

Second Method 

Or split the given number into two parts. Multiply their product by 3 
times their sum. Add this to the sum of the cubes of the two parts and 
we get the required cube. 

Another Method 

The cube of a given number is the square of the cube of square root of 
the given number. 

Comment: The mehtod given in stanza XXV depends on the algebraic 
identity: 

(a + b)3 = a3 + 3a� + 3ab2 + b3. 
This further leads to 

(a + b + ci = (a +  b)3 + 3(a + b)2c + 3(a + b)c2 + c3 

which can be conveniently used. The me.thods given in stanza XXVII 

depend upon the identities 

(a + b)3 = a3 + b3 + 3ab (a + b) 
2 3 3 2 

and (a ) = (a ) . 

� � tA 0111 .. •ttiiQ.,'f4 tA � 1\ I 
1PNii "1!1 iR'I)sfit Q.,lffiG � 'fAsftr lFII 111m) l�Fcl: I I  XXVID I I  

Friend, if your comprehension of cubing is deep, tell the cubes of 9, 
27 and 125.  

Comment: (9)3 = 9 x 9 x 9 = 8 1  x 9 = 729. We'll find (27)3 by the 
first two methods. 



Method to Find the Cube 

First Method 

(2)3 = 8 
3(2i7 = 84 

3(2) (7i = 294 
(7i = 343 

So (27)3 = 19683 . 

Second Method 

Take 27 = 
203 = 
73 = 

3(20) (7) (27) = 

20 + 7 
8000 
343 

1 1 340 
19683 

8 
84 
294 
343 

19683 

In this method there is no shifting as in the first method. 

To cube 125 we group ( 12) 5. 
123 = 1738 

3( 12)25 = 2160 
3( 1 2) (5)2 = 900 

(5)3 = 125 

1728 
2160 

900 
125 

( 125)3 = 1953 125 
Now we apply the last method to find (9l Evidently 

3 2 (9)3 = ((3)2) = ((3)3) = (27)2 = 729. 
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CHAPTER 9 

Cube Roots 

3JRi EI"1WII"1*ti41EI� i !J"1"RRI41"«11C{EI"ta) � I 
tA � � � � -acm:i � � �  I I  XXIX I I  

q1ft'fri "'4�'dijffitot"«<i3'£41 Rtsfl tq�'d�I(CfJt'i'fQ I 
tA � E1"1'1C.'Ii1ci qfiM 'l�h*ttt: � I I XXX I I  

Draw a vertical bar above the digit in the unit 's  place of the nwnber 
whose cube root is wanted. Then put horizontal bars on the two digits 
to its left, vertical bar on the next and repeat until the extreme left­
hand digit is reached. 

From 'the extreme left-hand section, deduct the highest cube possi­
ble and write to the left side the nwnber (a) whose cube was sub­
tracted. Write to the right of the remainder, the first digit of the next 
section to get new sub-dividend. Now divide by 3a2 and write the 
quotient b next to a. Then write the next digit from the section to the 
right of the remainder obtained above. The next divisor is 3ab2• In the 
next step take b3 as the divisor. Continue this procedure till the digits 
in the given nwnber are exhausted. 

3 1  
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Comment: Although a similar method was used in later books in 
Arithmetic, there are some dissimilarities. Bhaskariicarya takes one 
digit at a time whereas others take groups of three. Below we find the 

Root Pruikti 

2 

3(2i (7) = 84 
7 

3 (2) (7)2 = 294 

73 = 343 

19683  
8 
1 16 
84 
328 
294 
343 
343 
000 

cube root of 19683 . 
First we put the bars 

like 19683 . First group is 
19 and the other 683. 
Subtract 23 = 8 from 19.  
The remainder is 1 1  and 
we write 6 next to it to get 

1 16. The new divisor is 

3(2)2 = 12.  We can go up 
to 9 but further subtractions are not possible and so we take 7 as the 

quotient. Write this in the root column. 3(2)2 (7) = 84 and 1 16 - 84 = 
32. To the right of 32 we write 8, the next digit. The new sub-divisor 

is 3(2) (7)2 = 294 which is subtracted from 328 to give 34. We write 3 
to the right of 34 and 343 = 73 which when subtracted from 343 gives 
remainder 0. The required cube root is 27. 

By the same method we now find the cube root of 1953 1 25 .  
The cube root is 1 25.  

Root Pruikti 
1 

3 ( 1 )2 2 = 6 

3 ( 1) (2)2 = 1 2  

2 23 = 8 

3 ( 1 2)2 (5) = 2 160 

3 X ( 1 2) (5)2 = 900 

5 53 = 125 

i 95: HB 
1 
09 
6 
35 
12 
233 

8 

225 1 
2 160 
009 12  
900 

125 
125 
000 

The current textbooks 
on Arithmetic don't  deal 
with square roots and 
cube roots. These are now 
found by the use of loga­
rithms or by the tables. 
Such means were not 
available in the days of 
Bhaskariicarya. The above 
method of Bhaskariicarya 
is quite simple; this sim­
plicity disappeared in later 
methods. This method 
may be extended to ob­
taining ntll root of a posi-
tive integer. 



CHAPTER 1 0  

Eight Operations on 

Fractions 

Reduction of Fractions to Common Denominator: Simple Fraction 

31"'4)o:c4(11\CI�ttd'\ 'ltiC'ilfl 'i(l'ftl): � I  
f1!laD rn«<l¥tqqftfd1Wii � � � � I I  XXXI I I  

A simple fraction is one whose numerator and denominator are both 
integers. To add two simple fractions, first make both the denomina­
tors equal. This is done by multiplying the numerator and the denomi­
nator of the first fraction by the denominator of the second and vice­
versa. This method can be extended to more than two fractions. 

Alternatively, divide the denominators of both the fractions by 
their common factor and then multiply the numerator and denomina­
tor of the fractions by quotients of the other. If a wise man multiplies 
in this way, there will be a common denominator for both. 

3 3  



34 Lll'iivatr of Bhaskaracarya 

Examples 

� q:q{iiq�fll•� cil•iflfildi"4Ci gt"4tii'CI1 1 
� .. �fll•ltti tig4t�it�: 'tt+t�cft � facii\JI.,Ivf'{ I I  XXXII I I  

. 3 I I I I 
Fnend tell me - + - + - and - - - . ' I 5 3 I4 63 

Comment: As per the first methud, we multiply the numerator and the 
denominator of the first by 5 x 3 = I5, second by 3 and the third by 5.  

Example 1 
3 I I - + - + -
I 5 3 

45 3 5 45 + 3 + 5 53 = - + - + - =  = -
I 5  I 5  I 5  I 5  ' I 5  

We could have added two fractions first and add the sum to the 
3 I I5 I I6 

third: - + - = - + - = - and I 5 5 5 5 
I6 I 48 5 53 - + - = - + - = - . 
5 3 I S  I S  I S  

Example 2 
In _!._ - _I_ we note that 14 and 63 have a common factor 7 and the 

I4 63 
quotients (after dividing by 7) are 2 and 9 respectively. 

So _!._ - _I = _2_ - ..3..._ = _2__ = _!._ • 
I4 63 I 26 I26 I26 I 8  

Note that L.C.M. { 3, 5 }  = I S  and L.C.M. { I4, 63 } = I 26. 

Compound Fractions 

The product of several simple fractions is obtained by dividing the 
product of their numerators by the product of their denominators. 
Then common factors of the numerator and denominator are cancelled 
to get the fraction in its lowest terms. 
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Comment: This is an example of a fraction which involves 'of .  Frac­
tion of a fraction is also a fraction. 

Example 

� � � �  
ctcci'f4itliP'11:st�it�it:ocul: 't'isnma.,lm"' 1 
Cffi) � 1Rre"ilfl: 1ISfil qsc:iunltffil'f6"1 � 
� � � � lfffi 11fitR) \ii1Ftf � I I  XXXIV I I  

0 good-minded guy ! A miser gave to a beggar 

- x - x - x - x - x - th part of a dramma. If you know com-
( 1 2 3 1 1 1 ) ' 

2 3 4 5 16 4 
pound fracti�ns well then, my dear child, tell me how much money 
the miser gave to the beggar? 

Comment: The products of the numerators and the denominators are 

respectively 6 and 7680. So the result is _6_ = -1- dramma = 1 kavadi or Cowrie. 
7680 1280 ° 

So the miser gave the smallest coin to the beggar. This shows the 
sense of humour that Bhaskariicarya possessed. 

Addo and Dedo Fractions 

UG&f"C''�j � �HU(Jtcpif4 1lf11l �¥1"1iPit*'tt I 
�: � 'lf3l d?l � 1:f t'l41441� I 
� "fflVJ � � � � cA 1fT'1JOf I I  XXXV I I  

Method 1 
An addo fraction is one which consists of an integer plus a simple 

fraction whereas a dedo fraction consists of an integer minus a simple 
fraction. To simplify such fractions, multiply the integer by the de­
nominator of the fractional part and then add or subtract the numera­
tor of the fraction. 
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Comment: 7 + � is an addo fraction which is nowadays written as 
3 

22 7 � . Similarly 7 - � is a dedo fraction. 7 + � = 7 x 3 + 2  
3 

= -
3 3 3 3 

which is a simple fraction. In current textbooks a 'rational fraction ' is 

defined as � where a, b are integers and b i: 0. 
b 

Method 2 
To add a part of a given fraction to i tself, multiply the denominator of 
the given fraction by the denominator of the 'part' and write the prod­

uct so obtained in the denominator. Then add the numerator and the 
denominator of the 'part' and find its product with the numerator of 
the given fraction. This is the numerator. To subtract a part of a given 
fraction from itself, suitable modification is to be made. 

For example, consider the problem of adding _!. th of .!. to .!. . The 
7 5 5 

. 1 (7 + 1) 8 
above method gtves = -- . 

35 35 
. 1 1 1 7 + 1  8 

The current method IS - + - · - = -- = - . 
5 7 5 35 35 

. . 1 2 1 1 (7 - 2) 5 1 
Stmtlarly, 5 - -=; · 5 = 35 = JS = -=; ·  

By way of the present method, it would be 
1 2 7 - 2 5 1 - - - = -- = - = -
5 35 35  35  7 

� ?Pi i2ffil � � 'tt4fii'id'{ I 
\JII'11tZi:lujQ� � 'ii'JqqJ(H'{ I I XXXVI I I 

aiftl: t4?<:ilrigiffi: "tt' PI\JIG('t!jd: �: � Eh 
� t4111Citl�ofl � 'if � �: �: I I 
ani t4111Ci¥J�o:i � � �: 't4'ilfttr: 
i:lftctCN"lli� � � � "ft'dstujii\:IN4itfl I I XXXVll I I 

0 friend ! If you know how to add a part of a fraction to that fraction 
and how to subtract a part of a fraction from that fraction, simplify 
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2 1 3 1 AI . l "fy . ) 1 1 ( 1 ) . . ) I 1 + 4 ' - 4 . so S1mp 1 (1 4 + 3 4 ; (11 2 + 3 

(iii) � - .!. (�) and [� - .!. (�)] - I [� - .!. (�)] · 3 8 3  3 8 3 7 3 8 3 ' 

(iv) .!. - ..!._ (.!.) and add 2. of this result to itself. 2 8 2 7 

1 9 1 I 2 - 1 1 1 Comment: 2 + - = - 3 - - = -- = - . 
4 4 ' 4 4 4 

(i) 
�} :. 1 X (3 + 1) � = _ 
I 12 12  3 
3 

(ii) 

(iii) 

(iv) 

�} :. 1 x (2 + 1) = I = J- . 

1 6 6 2 
2 �} :. 2 X (8 - 1) = � = .2_ . 
1 3 X 8 24 12  
8 

1:} :. 7 X (7 - 3) = 28 = _! . 
3 12  X 7 84 3 
7 f} :. I X2�; I) = 

1: . 

1:} · :. 7 x (7 + 9) • H2 = 1 . 9 16 x 7 1 12 
7 . 
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Addition and Subtraction 

of Fractions 

First reduce them to the common denominator. If one of the terms is 
an integer, take 1 as its denominator and proceed. Next add (or sub­
tract) all the numerators so formed to make up the numerator of the 
result. The common denominator is the denominator. Cancel common 
factors, if any, and the final answer is obtained. 

Comment: � + '!... + 4 = � + '!... + ,! = 15 + 9 1 + 1 56 
= 

262 
1 3  3 1 3  3 1 39 39 

which is also the current method. 

Example 

cttiitNIC:�t'14NIIOI�caftfdl� lf8 1lfmr-t I 
� � 4�dl.,i fitS +tiiC{'SI41Dii �� � I I XXXIX I I  

39 
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. 1 1 1 1 1 0 fnend ! Tell me the sum of - ,  - , - ,  - , - tmd the result of sub-
5 4 3 2 6 

tracting this sum from 3.  

Comment: L.C.M. of the denominators is 60. 

1 1 1 1 1 12 + 1 5 + 20 + 30 + 10 87 29 5 + 4 + 3 + 2 + 6 = ____ 6_0 ___ = 60 = 20 . 

3 -
29 = 

60 - 29 = i!. .  
20 20 20 



CHAPTER 1 2  

Multiplication of Fractions 

The product of a number of fractions equals the product of their nu­
merators divided by the product of their denominators. 

I I 7 5 3 5  
Comment: - x - x - x - = -

2 3 2 6 72 

Example 

't1':Szi¥1'<'iqfattil'1 � 'tt'tt<t1'1iti � � I  
3fd � � 'Ill filf.lJ <="�sftf f1n) � � I I XLI I I  

0 friend ! If you are an expert in multiplication of fractions, tell what 
. I I I I 
IS the product of 2 - , and 2 - as well as of - and - ? 

3 7 3 2 
I I 7 1 5  

Comment: 2 - x 2 - = - x - = 5 and 
3 7 3 7 

I I I 
- X - : -
3 2 6 . 

4 1  





CHAPTER 1 3  

Division of Fractions 

� � l'l � � lR: I 
Clmifsrq � � I I  XLD I I  

Division of one fraction by another is equivalent to multiplication of 
the first by the reciprocal of the second which is obtained by inter­
changing the nwnerator and the denominator. 

Example 

'fi?Citi+N�diH � � 1fllii llif � � I  
�4•141it:l"§tfte<Ji!lf.btoac:fffi a � � I I  XLill I I  

0 friend, if your intellect is as sharp as the sharp point of a blade of 
kuia1 grass, then give me the answers to 5 + 2.!. and .!. + .!. . 

3 6 3 

1 Doa cynosuroides. 

43 
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Comment: 1 5 7 5 3 1 5  5 + 2 - = - + - = - X - = -
3 I 3 I 7 7 

and 
1 1 1 3 1 - + - = - x - = - .  
6 3 6 1 2 



CHAPTER 1 4  

Squares, Cubes, Square 

Roots and Cube Roots of 

Fractions 

crff wa\ � g iFfi � I 
(:l'li'll<i'l�� � 'q 4C:SIRJ;at I I  XLIV I I  

To find squares, cubes, . . .  of fractions-, find respectively the squares, 
cubes, . . .  of the numerators and divide them respectively by the 
squares, cubes, . . .  of the denominators. 

Comment: (7_)2 = 7 X 7 = 49 

3 3 x 3  9 ' 

{81 = ./81 = 2. 
v16 J16 4 · 

't1i<l'f?J<Qjujj � lf1f lf1'1fm:t) � 'q fll?i l 
lR 'q � 'q 'tFffil(l)sftt UIR1ftt � � � I I XLV I I 

45  
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Find out quickly, if you know how to find squares etc. of fractions, the 1 square and the cube of 3 - and the square root and the cube root re-2 
spectively of the numbers obtained. 

Comment: 
49 4 

(3-21 )3 = (22 )3 73 343 = 23 = 8 't43 � './343 � 7 
8 3../8 2 . 

Readers would have noticed that in Bhaskariicarya's  times, there 

were no symbols for exponents nor for radicals. 



CHAPTER 1 5  

Eight Rules Concerning 

Zero 

"li)Tr '{j � "lf1Tfcfi '{j � �: I 
�: �lffiljDI: '6 djDI�'q�ilq � I I  XLVI I I  

� � '\jffi) '{j � � �: I  
� � s'<lffi�q d.,)f.lttilq �: I I  XLVII I I  

If zero is added to a number, the result is the same number; the square 

etc. (i .e . ,  square, square-root, cube, cube-root) of zero is zero; any 

(non-zero) nun:tber divided by zero is khahara, i .e . ,  infinite; the prod­

uct of a number and zero is zero. 

(If in some mathematical calculations, multiplication and division 

by zero are likely to occur frequently then, though a number multi­

plied by zero is zero,) one should maintain the form of multiplicand 

and multiplier zero in rest of the operations (until the final operation 

is reached). This is because if a number is multiplied by zero and di­

vided by zero then the result is the (former) number. (For example, 

47 
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7 x 0 should not be written as 0 because 7 x 0 + 0 is 7 ;  and if one 

writes 7 x 0 = 0 and if this result is divided by 0 then the result (0/0) 

will become indeterminate, while 7 x 0 + 0 = 7. )  Similarly, if zero is 

added to or subtracted from a number then the number remains immu­

tated. 

Comment: a + 0 = a for all numbers a. 02 = JO = 03 = 3 JO = 0. For 

any non-zero number a, a/0 = oo. a x 0 = 0 for all a. For non-zero a, 

a x 0 = a. a ± 0 = 0. Especially for the rule a/0 = oo, Bhaskara em-
0 

phasizes in his Algebra that whenever such a situation occurs, it re­

mains immutable in form and concept both, that is, it must be written 

as a/0, and that any (finite) number added to it or subtracted from it 

will not alter its value. He points out that this type of mathematics is 

used in astronomical calculations. The example given by Bhaskara in 

LI/avati (see Stanza XL VIII) and mathematical situations occurring in 

his astronomy suggest that by " 1/0 is infinity" he means " 1/h � oo 
when h � 0 through positive values". However, the symbol oo was 

not in vogue in ancient Indian mathematical works. Not only this, but 

several astronomers and mathematicians did not agree to Bhaskara' s  

concept o f  infinity. For example, Jnanariija (c. A.D.  1 503) says that 

infinity does not remain immutable when something is added to it or 

subtracted from it. However they used khahara for infinity. Khahara 
means a fraction having a non-zero number in i ts numerator and zero 

in its denominator. It seems that the purpose of this usage of this sym­

bol was two- fold: It was a notation for infinity. The khahara-form 
(such as 5/0) was used quite safely for further calculations or revers­

ing the process of mathematical operations as and when needed. 

The following stanza from Bhaskara's Algebra describes the nature 

of khahara (infinity). 

a���<M<: � "' mmrfil  st�oeoqlll f.!l:� 1 
� 'f41*14'tl�q;l��� � � I I 

(There is no change in infinite (khahara) figure if some thing is added 

to or subtracted from the same. It is like: there is no change in infinite 
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Vi�QU (Almighty) due to dissolution or creation of abounding living 

beings.) 

Example 

� <ft�g•otctm fiti liC:' � ll1f wi lFi � a !Jon''* """" 1 
d"1)Ci£dl em " q;: � � �: uaafftqfie: 

I I  XLVIll l i  
faC1)qfaliAJ �oscctufun 111 � �: I I  XLVIll A I I  
Find (i) 5 + 0, (ii) 02, 03, .JO ,  3 .JO ,  (iii) 0 x 5, (iv) 10  + 0. (v) A cer­

tain num6er is multiplied by 0 and added to half of result. If the sum 

so obtained is first multiplied by 3 and then divided by 0, the result is 

63. Find the original number.
" 

It is obtained by 'reverse process ' (cf . • 
next chapters). 

Comment: (i) 5 + 0 = 5, (ii) 02 = 03 = .JO = 3 .JO = 0, (iii) 0 x 5 = 
0, (iv) 10  + 0 = 10/0. (v) If the number is x, 

that is 

1 
(X X 0 + - X X 0) X 3 

2 = 63 
0 

9x 0 - x - = 63. :. x = 14. 
2 0 

This is the answer Bhaskaracarya would expect. In modem terminol-

1 (X X h + - X X h) X 3 
ogy this is equivalent to lim 2 = 63. 

. h � O  h 
This gives x = 14. 
It is unfortunate that this modern concept of limit in traditional lan­

guage could not be understood properly even by traditional Indian 

savants. As a consequence, the theory of modern differential calculuf> 

was delayed by about 4-5 hundred years. 





CHAPTER 1 6  

Reverse Process 

lR � � Uit ll1f wi -cR � I 
1JI[Uj � � � � 'CI�ISiftte&l) I I  XLIX I I  
at'� � � C.'l41i(4)"1) � �= 
aitl'k4fafdtdo;! tim)1) illf!jcm4t( I I  L I I  

In this 'reverse process' of obtaining an unknown quantity from the 

known ones, the divisor should be taken as multiplier and vice-versa, 
the square as square root, additiqn as subtraction and vice-versa. 
Again if by adding to or subtracting from a given number its part, we 

should find the indicating fraction, viz. � or � as the case 
D + N D - N  

may be and then apply the reverse process. Of course, the given num­
ber is to be multiplied by the indicated fraction. Next, subtract or add 

this result to get the unknown. 

Comment: This will be made clear by examples: (i) Add 1 0  to a cer­

tain number. If 4 is subtracted from 2/5th of the sum so obtained, the 

result is 1 2. Find the original number. 

5 1 
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Solution: 1 2  + 4 = 16. 16  + 215 = 40 
40 - 1 0  = 30 Ans. 

(ii) Find the number which when added to I th of itself yields 33. 8 
Solution: We have to add I th of the number. So multiply 33 by 8 
-3- = .2. to get 33 x .2. = 9. So the answer is 33 - 9  = 24. 3 + 8  1 1  1 1  

(iii) Find the number which when Ith part of it is subtracted yields 
8 

15 .  
3 3 

Solution: -- = - .  8 - 3 5 

Example 

3 1 5 x - = 9. 
5 

1 5  + 9 = 25 Ans. 

�= 'CCiit'lltafcm'k'la; �= 
'C4'5Ci�"'' �: 'CCI:Jiitlti1 � faq:qjfidl l 
�� .a ,. c:ti�Gtia Fi � -a 1 
'utlt � f( � ftft:R;ri' � �t"i\qfthqji( I I  Ll I I  

A certain number is multiplied by 3 .  To this product add its � th part. 
4 

Divide the sum so obtained by 7 and then subtract .!. of the quotient 3 
from the quotient so obtained. Subtract 52 from the square of this re-
mainder. Add 8 to the square root of this result. Lastly, by dividing 
this sum by 1 0  we get 2. Then 0 you fickle-eyed girl, if you know the 
'reverse process' , tell me the original number. 

Comment: Using the reverse process and retracing the steps we get: 
1Q x 2  = 20 
20 - 8 = 1 2  

122 = 144 
144 + 52 = 1 96 
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.J196 = 14 

14 + 14 (-1-) = 21  3 - 1  
2 1  X 7 = 147 

1 47 - 147 (-3-) = 84 3 + 4 
84 + 3 = 28 Ans. 

3 By Algebra, in the equation last but one above, x - x x - = 84 im-
7 

(7 - 3) plies x x--=84 . 7 
7 

Hence, x = 84 x - = 147. 4 
3 7 

Bhaskaracarya takes z + z x - = 147 Here also z x - = 147 or 4 . 4 
4 

Z = 147 X - = 84. 7 
So the required number is 84/3 = 28. 





CHAPTER 1 7  

To Find an Unknown 

Quantity 
(Subject to certain conditions) 

ettl¥1i'INII�oe'tdti: � 'ltllsfl � p lll l 
� ii"C'I�., 1l1fti �tilti4"MCIEffiltfloeiP4 i l  Lll i l  

To discover the unknown number, begin with any convenient number 

x. Then according to the conditions given in the problem, carry on the 

operations such as multiplication, division etc. Next multiply x by the 

result given in the problem and divide this product by the number 

obtained above. Thus we get the unknown by the method of supposi­

tion. 

Example 1 

�= 'tCI�•n•h.,) �= �= 1 
�: � 'tiftt;(u{.,octc<t�: I I  UII I I  
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A certain number is multiplied by 5, and .!. of the product is sub-
3 

tracted from the result. This is divided by 10  and to this quotient, half, 

one-third and one-fourth of the original number are added. If this is 

68, find the original number. 

Comment: Suppose the original number is 3. Then 

3 X 5 :  15 .  

1 15 - 15 X - = 10 . 
3 

10 + 10 = 1 . 

1 + 3 (f) + 3 (j) + 3 (±) = 12 + 18
1
; 1 2 + 9 = :� = ·; 

Since the final result is 68, the unknown number 

= 
68 x 3 = 68 X _g = 4S Ans. 
1 7 / 4  17  I 

In this method of supposition, we have to add or subtract only parts 

of or multiples of the original number. Otherwise the answer may not 

be correct as the following example shows: 

When 1 5  is subtracted from five times a certain number and the 

remainder is divided by 5 we get the quotient 29. What is the number? 

Suppose the original number is 10. 
Then 10 x 5 = 50. 

50 - 1 5  = 35. 35 = 7. 
5 

Since the result is 29, the unknown number = 29 x 10 
which is not 

7 
correct. 

The correct answer is 32 and since 15 is not expressed as a part or 

multiple of 32, the method of supposition does not work. However, in 

this case, the correct number may be obtained by 'reverse process' (cf. 

the preceding chapter). In fact, 
29 x 5 + 1 5 = 32. 

5 



To Find an Unknown Quantity 

Example 2 

� � 4"1faq\Cild cg\ii\CIOij 'Q � 
� "ftri � 'ff � 'tl'<'lqit)"1 fi!I.IJI: I 
� 'tflocqitl: 't(l"1qqfl�d: � � 
� �: -q;J � I I LIV I I 

57 

Of a group of elephants, half and one-third of the half went into a 

cave. One-sixth and ..!. th of one-sixth were drinking water from a 
7 

river. One-eighth and ..!. th of one-eighth were sporting in a pond full 
9 

of lotuses. The lover king of elephants was leading threr. female ele­

phants. If this was the situation, how many elephants were there in the 

flock? 

Comment: Suppose the number is l .  
Then the last group o f  elephants is 4 which is 

( l - (..!. + ..!. x .!.) - (..!. + .!. x .!.) - (.!. + .!. x ..!.) ]th part of the group. 
2 2 3  6 6 7  8 8 9  

th be . th b k 
. 2 4 5 l 

Now e num r m e rae ets ts l - - - - - - = - .  
3 2 1 3 6  252 

4 X l 
So the number of elephants = = 4 x 252 = 1008 Ans. 

l / 252 
Example 3 

�q(iilqsq(iil'(lt)'t?ciflct'qifl .. �: 
�"14"1tcR'Cl4i 1A � 't01ri 1 
jMG"'lQ �: � �: I 
'tl45t'l45¥tt'l:diSQi fi\wqliSQI� (l'('lf I I  LV I I  

From a bunch of lotuses, .!. rd are offered to Lord Siva, .!. th to Lord 
3 5 

Vi�IJU, � th to the Sun, ± th to the goddess. The remaining 6 were 

offered to the guru. Find quickly the number of lotuses in the bunch. 
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Comment: Suppose the total number of lotuses is 1 .  
Then the number of lotuses left is 

I _ (.! + .! + .! + .!) = l - 20 + 12 + 10 + 1 5 = I - 57 = I - .!..2, = _I . 
3 5 6 4 60 60 20 20 

So the total number of lotuses is 
6 x 1 = 1 20. 
1 / 20 

Example 4 

tti'<'RII'<ffi'CIU�I � 4\�iPI"fi finftvil 
� �IC'Ifa*IJ11: ti�"fC'Ii'I•IC'I: �� �: I 
'Sllt6: .a: � 'fJ'OiiP �: �: � 
� � ';lf � ?.fiWlf ffi�qa4lrltfl&)tii lR': I I LVI I I  

In a coital sport of a couple, the lady's pearl necklace was broken. 
One-third of the pearls fell on the ground, one-fifth went under the 
bed. The lady coJiected one-sixth and her lover coJlected one-tenth. 
Six pearls remained on the original thread. Find the total number of 
perals in the necklace. 

Comment: Suppose the total number of pearls is 1 .  
The final number is 6. 
Remaining pearls = 

= 

= 
6 x  I 

:. the total number of pearls = -- = 30. 
1 / 5  

From thi s  example it appears that amourous problems were not taboo. 

Example 5 

�: � 'A'I'<f.llctS'<C'I: 'fCI�ijjij: � 
qjiU'{d9;-' "' SIC:�C'ICS'§-' � �: I 
dlt4!1mioii�IBi,. •cl=t�CtJ'<c:�a �sfiRq) 
·� � 1Pifil � ri 'ctST � -j•l<ft&n I I  LVII I I  
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0 friend! One-sixth of the bees in a colony entered a parali flower, 

one-third went to kadamba tree, one-fourth flew to a mango tree and 
one-fifth went to a tree blooming with campaka flowers. One-thirtieth 
went to a beautiful bed of lotuses bloomed by the Sun's  rays. If only 
one bee was roving about, how many bees were there in the colony? 

Comment: Suppose the total number of bees is 1 .  Then the fraction 
which represents the remaining one bee is 

= 

1 - (! + .!. + ! + .!. + _!_) 
6 3 4 5 30 

1 -
10 + 20 + 15 + 12  + 2 

60 

= 1 - 59 
= _!_ , 

60 60 

So the number of bees in the colony = -1
- = 60. 

1 / 60 
Example 6 

� Sllc:JtSIC:Ufl "'14cl4S•it'i lAsqiJ .. Iiltl -q;mri 
mtftt \!IM'i%o"l: 'Qftt �'W'"'ql1."1( ;:r i!llll�l4141'll 
� f.jeq;r,. .. �f.f<n•Jttlt"'l41 ti\ll.fqjOiq: SPmt: 
� c=&UOI'tiDi liCf � 1flRII �: �� I I  LVIll I I 

A pilgrim carried a certain amount of money. He gave away half the 
amount (to Brahmins) at Prayaga. He spent two-ninths of the remain­
ing amount in Kashi. One-fourth of the remainder was paid as duty. 
He then spent 6/ l Oth part of the remainder in Gaya. Finally, he re­
turned home with 63 ni!jkas. If you know the fractional residues, find 
the amount he carried. 

1 Comment: Suppose he had 1 ni$1«1 to begin with. He spent in 2 
Prayaga and so ! is left. 

2 
In Kashi he spent ! · � = ! 

2 9 9 
and he was left with ! - ! = .2_ 

2 9 1 8 . 



60 

D 'd 
7 l 7 

uty pru = 18 x 4 = 
72 

; 

7 7 2 1  7 
and so he has - - - = - = - .  

1 8  72 72 24 

Am . 
G 

7 6 7 
ount spent m aya = - x - = - . 

24 lO 40 

Lilavati of Bhaskaracarya 

7 7 7 
When he left Gay a he had - - - = - . 

24 40 60 

. ·. By the method of fractional residues, he had � = 9 x 60 = 540 
7 / 60 

ni$kas. 

Example 6A 

�� Rl�f.\fifttl � 11"' �sfifm 
�fiutSGI!l?i'!"llfJ:'il'iCflf<wil'll � �: � I  
� '!JUI'11M4)4fiti4IOI: �: 
crsiii4Jt'l'll &�fal'lCJRI"'Itg lfCI' 1) � � � I I LIX I I  

A lover gave his fiancee some jewels for making ornaments. She used 

one-eighth of them for an ornament for the forehead. She used 3nth 

of the remaining for a necklace. Half of the remainder were used to 

make annlets. Three quarters of the remaining jewels, along with little 

tinkling bells, were used to make a belt. Finally, she put 16 jewels in 
her wreathed hair. Find quickly the total number of jewels. 

Comment: .!. th jewels were used for an ornament for the forehead. 
8 

So 7._ remained. 
8 

7 3 3 
Those used for the necklace = g x '7 = g .  

7 3 4 I 
Balance - - - = - = - .  

8 8 8 2 
l I l 

Armlets used - x - = - · 
2 2 4 ' 

I 
balance was - . 

4 
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1 3 3 
Belt needed - x - =- . 

4 4 16 
1 3 1 

Balance was - - - =- . 
4 16 16 

_!._ th of the total jewels = 16 jewels; 
16 

and so the total number of jewels were 16  x 1 6  = 256. 

Example 7 

��Cficllt<PGii"'•i"'t?Zi�ti � "fflf): 
fallcllffa!}o� � � c;)C'Ii4¥fi.,)StR: I 
"Cfi"R) � ticrH1iclal 4R"' clstictl CIS qs it'IRI4i­
� � � d ��'ti&li � l l LX I I  

6 1  

0 deer-eyed one ! there was a colony of bees. One-fifth went to the 

kadamba tree, one-third to Si lmdhra tree. ( j - �) x 3 were roving 

around ku(aja tree. One bee was attracted by the fragrance of ketaki 
and malati creepers and was moving here and there. Find the total 

number of bees. 

Comment: In the third line there is an exquisite figure of speech. It 
was as if the fragrances of ketaki and malati were indistinguishable 

and the bee was unable to choose. Consequently the bee went once 

towards ketaki and then towards malati and vice-versa like a lover 

being called simultaneously by two messengers of his two beloveds. 

Suppose the number to be found is 1 .  Then [ 1 -G + �) - ( � - �) x 3 ]th part is 1 , i .e. 1 -
1
8
5 - 1� = 

1
1
5 th part is 

l .  So the number of bees = 15. 





CHAPTER 1 8  

Method of Transition 

Suppose we have to find two numbers whose sum and difference are 
given. Then add and subtract the given numbers and divide them by 2 
to get the two numbers. This is called the method of transition. 

Comment: Let the two numbers be a and b. We are given c = a +  b, 
and d =  a - b. 

c + d c - d 
Clearly a = -- b = -- . 

2 ' 2 

�TJ: mi � �: q:qfchd�: I 
(fJ mft liC:' 1) 1R"ff' � � � I I LXD I I  

0 my dear child ! if you know the method of transition, find two num­
bers whose sum is 101  and whose differenl e is 25. 

Comment: By the above method, 
a =  10 1  + 25 = 63" b = 1 0 1 - 25 = 38. 

2 
• 

2 

6 3  





CHAPTER 1 9  

Square Transition 

CASE - I  

If the difference of the squares of two numbers is divided by their 

difference, we get their sum. Then using the method of transition, we 

get the numbers. 

Comment: In Algebra we have a2 - b2 = (a +  b) (a - b) . 

a + b. 

Example 

'wt4)d4)fif4)•�� dt<pt'4hi4 'ffg:l'Rft I 
� � tfi 'U¥ft 1fm •lfalacr>)fac: I I  LXIV I I  

0 mathematician !  tell me two numbers whose difference is 8 and the 

difference of whose squares is 400. 

65 
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400 
Comment: - = 50 8 

CASE-II 

a + b = 50, a - b = 8. 
a = 50 + 8 

= 29 b = 
50 - 8 

= 2 1. 2 ' 2 

�'<oc:JfUidJ � � ����a�., 1 
�: � tfclrffltm � � �: I I  LXV I I  

� �:Ju�ocad � Jtll.fJI)� � �  
q;ffl�fttqffi � � � � �: I I LXVI I I  

The second line of stanza (LXVI) poses the problem: Find two numbers 

a, b such that a2 + b2 -1 and b2 - a2 - 1 are both squares (a < b). 

First Method (LXV): Take any number x (say). 

Compute a = (8x2 - 1 ) /2x. 

Then compute b = i 12 + l .  

Second Method (1st line of l.XT-1): Take a number x . 
Then the two numbers are l/2x + x and 1 .  
Comment: 1st Method: Of the two methods, the first one i s  rather 

tedious. Its algebric explanation is as follows: 

8x2 - 1 a2 a = --- , b = - + l. 2x 2 
2 2 2 a4 2 a4 2 Now a + b - 1 = a + - + a + 1 - 1 = - + 2a 

4 4 

a2 2 = 4 (a + 8) 

= (8x
2 - 1)2 [64x4 - 16x2 + 1 + 32x2 ] 
16x2 4x2 

= (8x
2 - 1)2 (8x2 + 1) 2 

= 
[64x2 - 1 ]2 

64x4 8x2 



Square Transition 

Similarly, 

2 2 a 2 2 a 4 ( 2 )2 b - a - 1 = 4 + a + 1 - a - 1 = 2 

2nd Mehtod: If x is any number, then 
2 

a = 1 + 2x b = I  
2x ' 

a2 + b2 - 1 = ( 1 + 2x2 )2 
+ 1 - I == ( 1 + 2x2 l

2 

4x2 2x 

2 2 1 + 4x2 + 4x4 - 8x2 ( 1 - 2x2 l
2 

a - b - 1 =  == 
4x2 2x 

The second method is easier than the first. 

(i ) If we take x == 1 ,  we get a = 2. ,  b = 57 , 
2 8 

67 

2 2 (63 )2 2 2 (49 )2 a + b - 1 == g , b - a - I = 4 . Readers can 

check with x = 2, 3, 4. 

(ii) x = 1, a =  i, b = 1 ,  2 
2 2 9 2 2 1 

a + b - 1 = - a - b - 1 = - .  
4 ' 4 

NOTE: We can extend the method to get i + b2 - c2 = d2 and a2 - b: 
2 2 - c  = e . 

Another Derivation of the First Method: Let the two numbers be b and 
a +  1 ,  (a + 1 )2 - b2 - 1 = a2 + 2a - b2 and so it is a square if we choose 
2a = b2. Now (a + 1 )2 + b2 - 1 = a2 + 2a + b2 must also be a square, 

b2 b4 b2 
i .e . ,  by choosing a = - , - + 2b2 = - (b2 + 8) must be a square. 

2 4 4 

It is sufficient that b2 + 8 is a square. So b = 2t - .!. for some t, since t 
2 2 1 1 ( )2 b + 8 = 4t - 4 + ?" + 8 == 2t + t . Now put t = 2x. 
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1 8x2 - 1 b2 
Then b = 4x - - = --- and a +  I = - + 1 are the two numbers. 

Example 

2x 2x 2 

'<P«4)44): tmFa«�,•igdl � 
� � cfi 1fJf fit?r 'll;f I 
�vcim 4lwifitl� qcq)� �= 
•thfliftt•Iil•lfil'lti �14<Ht: I I  LXVII I I  

Find two nwnbers such that whether I is subtracted from the swn of 
their squares or difference of their squares, the result is a perfect 
square. 0 friend ! even intelligent mathematicians who know the six 
algebraic methods fwnble in trying to solve this problem. 

Comment: By the first method, choosing x = .!.. we have 2 
1 - x 8 - l 

a = _,4_---=-_ 1 2 x -
2 

a2 3 1 and b = - + 1 = -2 2 

By the second method, choosing x = 1 ,  

Example 

1 3 
a = -- + 1 = - and b =  1 .  

l x  2 2 

� � ll'"mil di4111C'fi !Juft Jr.Q11: I 
� -mft 'ifQictiilci ��szqift) I I  LXVIII I I  

4 3 . 
Choose any nwnber x. Then a = 8x + 1 and b = 8x are the two num-
bers. 

Comment: a2 + b2 - 1 = (8x4 + 1 )2 + 64x6 - 1 
= 64x8 + 16x4 + 64x6 
= [4x2 (2x2 + 1 )f; 

a2 - b2 - 1 = 64x8 + 16x4 + 1 - 64x6 - 1 
= [4x2 (2x2 - 1 )]2• 



Square Transition 

A derivation of this method is given below: 
Suppose the two numbers are a + I and b. Then 
(a + I/ + b2 - I =  i + 2a + b2 and 
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(a + I )2 - b2 - I = a2 + 2a - b2 must both be perfect squares. So we put 
2a = n2 and b2 = 2an which makes them squares. Thus b2 = 2an = n3 

2 2 6 3 n2 
4 and n = 4x . Then b = 64x , b = 8x . In the same way, a = - = 8x 2 

and :. a +  I = 8x4 + I .  

qn!lq'Silqa:i 1\lvi •xafil�cr 1f(m) 1 
'"'flft6 •lCiiii!CIHi � <'l)if<l"lcrn:n I I  LXIX I I  

Some find algebraic rules as difficult as the arithmetic ones. However, 
many would not find any difficulty in the above six or other rules. 

3fftfl � tffd 1\lvi '1'.1 filrR;n �: 
fctnmrri 'CJS<ifl'11¥tdl it"<:lvf!Jiilla I I  LXX I I  

In arithmetic, "the rule of three" is the essence whereas in algebra, a 
clear intellect is necessary. Many mathematicians may grasp easily 
but others would require explanations. 





CHAPTER 20 

Quadratic Equation 

!JDI&1'lt'1)'1Stttq '<lil4eetq � � 1 
wt � '5Ci � � �: I I  LXXI I I 

Suppose we are given x2 ± bx and we are required to find x2• Add to 

b2 
the above - and find the square root of the result. Next subtract or 

4 

add (as the case may be) i and square the result. This is x2• 

'lfCfr Nht4)'1Stt: ll '<1����'1 'atl•h'15�'1 � I  
� � � 'Ill � lll'QI'k'ltt: w)cmq�q �: I I  LXXll I I  

If we are given x2 ± _!_ x2 ± bx, then multiply by -1 -1 and proceed 
n 1 ± -

n 
as before. 

7 1  



72 LI/livatr of Bhaskaricarya 

Comment: (LXXI) : This is the standard method in quadratic equa-

b2 b2 
lions. x2 ± bx = c is given. Then x2 ± bx + - = c + -4 4 

b2 b2 
2 c + - . Suppose c + - = p . 4 4 

Then X ± % = p and x2 = (p + � r 
In current practice we take ax2 + bx + c = 0. Bhiiskarliciirya takes 

a =  1 and -c > 0. He also takes only positive square roots, whereas we 

take /16 = ± 4 . So in the above working x > 0, p - � > 0 .  Also in-2 
stead of solving for x, Bhaskaracarya solves it for x2• 

(LXXII) : Here the equation is x
2 

± .!. x2 ± bx = c. When simplified 
n 

• 2 bx c th1s becomes x ± --1 = --1 and then (LXXI) can be used. 
1 ± - 1 ± -

Example 1 
n n 

...m if"Ciri<gri\MC:ril� "C'ff(f 
� farilift*l'<if"'tt"C•II•'«N¥4¥{ I 
� •fitiCISriW C1Sri$"C19'iftt 
w.i � li'G 'l'dri<gristifiDiif I I  LXXill I I 

There was a flock of swans on a lakeside. Seven times half the square 
root of the number of swans were moving about near the lake. One 
amourous pair of swans was playing in water. How many swans were 
there? 

C Th d . · · 2 7 2 omment: e qua rat1c equation 1s x - - x = ·  . 2 
7 49 49 8 1  :. x2 - - x + - = 2 + - = -
2 1 6  1 6  16  

... 
(

X 
- � r = ( � r 



Quadratic Equation 

:. ( x - f) = � ,and x = 4, x2 = 16. 

Example 2 

� 'f41*4ttufhldlliliP'{ I 
tld&ICitlcP fiiF{ 'iP: ll 'liltlf-1•1ildl'f I I  LXXIV I I  

0 learned one, find the square number x2 such that x2 + 9x = 1240. 
Comment: We have to solve x2 + 9x = 1 240. 

Example 3 

x2 + 9x + 8 1 = 1240 + !!_ = 5041 4 4 4 

... (x + �r = (�1r 
7 1 9 :. x =- - - = 3 1 2 2 

:. x2 = 96 1. 

1IRi 8'ft'§61'f4 161CitlcP � 'lfPRi 
� '*'f61q�4tq.,¥t•IIC:IICiti4')S*'I'ktclt( I 
a 11161'JDII61¥11fitl� um aifitlfaicu61161'fi 
� 8tt!j•l'51ci 1lf 'iff'iP6Ii � l'iuri � I I LXXV I I  
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A flock of swans contained x2 members. As the clouds gathered, lOx 

went Manasa Lake, and .!.. x2 flew away to a garden of Hibiscus Mu-8 
talis. The remaining three amourous couples played about in the wa­
ter. 0 young woman, how many swans were there in that lake full of 
beautiful little lotuses? 

Comment: Here the equation is x2 - lOx - .!.. x2 = 6. 8 
7 2 :. - x - lOx = 6 8 
2 80x 48 :. x - -- = -7 7 
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2 SOx (40)2 48 (40)2 1936 :. x - - + -- = - + -- = --7 49 7 49 49 
44 40 :. x = - .+ - = 12 and x2 = 144 . 

Example 4 
7 7 

tn8f: � •mio1•1oi ilfcil) � � "' 
� f.!mlf titO'C•Ioi � I  
� � '8?i urui � 
�tUcii'f4 ftR: "fflul � a �: � I I  LXXVI I I  
Arjuna became furious in the war and, in order to kill KarQa, picked 

up some arrows (say x2). With half of the arrows (!h x2), he destroyed 
all of KarQa's arrows. He killed all of KarQa's horses with four times 
the square root of the arrows (4x). He destroyed the spear with 6 ar­
rows. He used one arrow each to destroy the top of the chariot, the 
flag, and the bow of KarQa. Finally he cut off KarQa's head with an­
other arrow. How many arrows did Arjuna discharge? 

2 
Comment: Here the equation is x2 - � - 4x = 6 + 3 + 1 = 1 0  2 

Example 5 

i .e., x2 - 8x = 20 
:. x2 - 8x + 16 = 20 + 16 = 36 = 62 
:. x = 10, x2 = 100. 

a�cgMC:MiJOt'i � � 
Aft.M"14*141•iitt'ftl�4l � I  
M � � �  
A�'Cvd� "C'VRi � llrit)sffll'fioql'{ I I  LXXVll I I  

From a group of black bees (2x2), square root of the half (x) went to 

the m'ii/atl tree. Again ! th of the bees went to the m'iilatl tree. Of the 9 
remaining two, one got caught in a lotus whose fragrance captivated 
him; he started wailing and his beloved responded. Then, 0 beloved, 
how many bees were there? 



Quadratic Equation 

Comment: Here the equation is 2x2 - x - ! (2x2 ) = 2, i. e. , 9 

Example 6 

2x2 - - x = 2  9 
� 9 :. x· - - x = 9  
2 � 8 1 8 1 22S :. x - - x +-= 9 +-=-2 16 16 16 

... (x -�r = (�r 
:. x = � + .2. = 6 :. 2x2 = 72 . 4 4 

m 'CI�'CIICICi¥1,_: �: 
'CIRI�*IIll"1 'tltt�C'It>q I 
umi tiC'I&IC:tlcP � 
� � �sftfl a � I I LXXVIII I I  

7S 

To a certain number (x2), the 1 8 times of the square root of the num-

ber (viz. , 1 8x) is added. When one-third of the number (viz. � x2 ) is 

added to this sum, the result is 1200. If you know arithmetic well, tell 
the number. 

Comment: Here the equation is x2 + 1 8x + .!.. x2 = 1200 
3 

:. 4x2 + 54x = 3600 

2 27 :. x +- x = 900 2 
:. x2 + 27 x + 729 = 900 + 729 2 16 16 

... (X + 2:J = 151�9 = c:3r :. X = 1 23 _ 27 = 24 4 4 
:. x2 = 576 . 





CHAPTER 2 1  

The Rule of Three 

!OiifiDI�'tOI "CC 't'tifi.,GIIftll: 
�lti"'d4h't'iq4it'lif�\illfill: I 
� ti�'tOI{Ctlifltiiit'{'f'Qit'{ 
'i't014it'i � I I LXXIX I I  

There are three quantities involved herein. The first one on the left (a) 
is called pramiiiJ.a (scale), the second (b) pha/a (result or fruit) and the 
third (c) iccha (desire or requisition). The answer to be found (d) is 
called iccha-phala (desired result). Here a and c must be of the same 

kind and b should be different from a and c. The formula is d = b x c 
a 

which is of the same kind as b. In a reverse case, the inverted rule of 
three is applied. 

77  
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Comment: (i) � = .£ in case of direct variation. and (ii) ab = cd in b d 

case of inverse variation. So in the first case d = 
b x c and in the a 

a x b  second case, d = -- .  
c 

f!liUICJca' � � � \imR) I 
iftit�'CilticP 'ffil ..ni •ifillaq;)IU: I I  LXXX I I  

If, in a given situation, the desired result (d) increases (respectively 
decreases) as the requisition (c) increases (resp. decreases) then the 
simple rule of three is applied by an adept mathematician. 

Example 1 

� � � f.loqsiftcaat\'1���4fa 1 
� � 1) � � f.I"4S"'4�"1 � I I LXXXI I I  

If 2 -} (Palo) of saffron costs � N (nitjkas) 0 you expert business­

man, tell me quickly what quantity of saffron can be bought for 9 
nitjkas. 

Comment: 5 guifjas = 1 m� and 64 ma� = 1 palo. So 1 palo = 320 
1 

guifjas. 2 2 pala = 800 guifjas. The rule of three gives 

5 
3 . 5 . . 9 . d d th d -

9 X 2 - 1 05 
l Thi . di 7 . 2 . . . an us - 3/7 - T pa as. s IS rect pro-

portion, since more money buys more saffron. 

NOTE: Here kumkuma means saffron and not the red powder that is 
applied to a forehead, as the late Khanapurkar Shastri takes it to 

mean. In 1937, two rupees bought 8-} to/as of saffron. The red pow­

der is cheap even now. 
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Example 2 

Slft!CiP'i.'<4cl�"IIC'ill �� �&p'f4giiCIS!Jcm'{ 1 
lffi t1in �: l'f4it: �: �� W � I I LXXXll I I  

63 palos of purified camphor is sold in the market for 104 ni!jkas. 

0 friend ! tell me, after giving a thought, what will 1 2 { palos fetch. 

Comment: This is an example of direct proportion. 
1 ,63 P : 104 N : : 124 P : d .  

So d = 
49 x 104 = 

1 82 
= 29� N . 

4 63 . 9 9 
So the answer is 20 ni$kas, 3 drammas. 8 pal)lls, 3 kakil)is and I I� 
vara{akas. 

Example 3 

�Ai&ll., � ¥1ifflidD'§cltlii�Ciil l  
� 'i)q 4Di'tN'I�I � � � I I  �XXill I I  

If I j kharikas of rice can be bought for 2 drammas, then how much 

rice can be bought for 70 pal)as? 

Comment: This is also an example of direct proportion. 
9 32 P : - K :  : 70 P :  d 8 

:. d = 
70 

X 2_ X _.!.._ = 
3 1 5 

= 2 59 K . 
I 8 32 128 128 

(Here P is for pal)a and K for kharika ) 
The rule of three perfected in India, and radiated in the eighth century. 

In Europe, it was held in very high esteem and called the Golden 
Rule. 





CHAPTER 22 

Inverse Proportion 

$t.UIIj� � � � � � I 
� � W31 � •li1tldCII)fa�: I I  LXXXIV I I  

If, in a given situation, the desired result (d) decreases (resp. in­
creases) as the �uisition (c) increases (resp. decreases) then the in­
verted rule of three is applied by an adept mathematician.  

Comment: Common sense (which is  uncommon !) should be used to 
determine whether the fourth term is going to be smaller or larger than 
the second term. Then use the rule of three. At present unitary method 
has replaced the rule of three- and in the West, the rule of three has 
become obsolete. Naturally rules of five and higher nwnbers have also 
disappeared. The authors are of the finn opinion that the rule of three 
is simpler than the unitary method. 

\ifun;ri lllRfl � � � � I  
� mft;ri 'f2ffii � fits: I I  l..XXXV I I 

8 1  
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Vigorous age of a creature is inversely proportional to its price. Same 
is true of the relations between the desired fineness of gold and its 
weight, and given unit of measure and the quantity of grain. 

Example 1 

� 1\q tt)<&llitk"tt'CI 'ftl � fillll�4ri'I'CI fits1{ I 
� "'tqS'flgocp!)etJ � 'J.:"C(CP4tcfdcU flts1{ I I  LXXXVI I I  

If the price of a sixteen-year-old female slave is  32 ni�. find the 
price of a twenty-year-old one. An ox which has been yoked for two 
years cosfs 4 ni�as: what will an ox which bas been yoked for six 
years cost? 

Comment: (i) Price decreases as the age increases. 

So d = 
32 x 16  

= 
1 28 

= 25 1 N . 20 5 5 
. .  ) H th . . 4 x 2 4 1 1 N (u ere e pnce ts -- = - =  - . 

6 3 3 
Example 2 

cm'l!fO'f � � 'ICIIOiffiitqiQ4ft I 
� ��qufiJ Clc:T � fas4r.qEI't I I  LXXXVD I I  

One 'gady'iil)aka ' (= 48 'guiljas ) of 10 carat gold can be bought for 1 
N. How much 1 5  carat gold can be bought for the same price? 

Comment: Finer the gold, less can be bought for the same price. So 

quantity of 15 carat gold = .!.Q x 48 
= 32 guiljas. 

1 5  I 
Example 3 

'c'l't'IICI�"' 1fi""A "C'Nfr � � I 
'4ft lfAmi UJRi Ei1n q>qJCJ�"' fits1{ I I  LXXXVIll I I  

With a measure of 7 A (acJhakas), a certain quantity of grain measures 
100 units. How many units will there be if the measure is 5A? 

Comment: This is also an example of inverse proportion. The answer 

is 100 x 7 = 140 units. 
5 



CHAPTER 23 

The Rule of Five 

ct>q'tNI"''q'CiftiCISifa��� 16cl�Cil'{ I 
� il§'tlftl� lN 'tci@Oi'CiftlqfNI�� � I I LXXXIX I I  

In the case of examples on the rules of five, seven, nine, etc. keep the 

antecedents of all proportions in the numerator. All the other terms, 

except the desired result, should be kept in the denominator. The 

product of the numerators divided by the product of the denominators 

is the required result. 

Example 1 

lfA) � � qsqqs(iil"di � 
ll1l "R) � fili llif ")e¥11'11'{ 1 
� tiVII 'q;llllf <i(iiCIScll"d'lCI WI I'{ 
w:i tA 1'jUj'q; � � I I XC I I  

There are three problems in this. 
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( 1 )  If 1 00  ni!jkas (= N) fetch 5 N interest per month, find the inter­
est on 16  N for one year. 

16 x 1 2  x 5 48 3 
Interest = = - = 9 - N . 100 X 1 5 5 
In a tabular form, the rule of five is: 

100 � Principal : 16  N Principal } . .  5 N 
. . 

1 h. 1 2  ths . . mterest . x 
mont : moo 

(2) The above problem is altered: at the same rate as in ( 1 ) ,  find the 

period to fetch 9 � interest on 16 N. 
5 

Let the period be x months. 

100 N : l6 N } . } mverse 
48 : : 1 M :  X 

5 N : - N direct 
5 

In the above, the first proportion is inverse since if the principal is 
less, the period is longer to gain the same interest. 

lOO x l  48 
So x = -- x - = 4 x 3 = 12 months 

16 x 5 5 
(3) Suppose we are given the period and interest and we have to 

find the principal (x). Here 

5 N : 48 
N} direct } 

5 : : lOO N : X . 
1 M :  12 M mverse 

X = 
100 X 48 X _!_ = 16 N . 

5 X 5 12  

Example 2 

'tl?lhti•tifl"'l � �ffimq;t'IJ"ffi lpl!l 'flqsq'li¥11: I 
'li'ilffl!fil: �: Cfit'I!JG!di � I I XCI I I  

If the interest on 100 for ± months is 5 .!. , what will be the interest on 3 5 
1 1 

62 - for 3 - months? 2 5 

Comment: The rule of five is: 



The Rule of Five 

Example 3 

� ftrcrn: CfiUili!Cflfl:lnr � �R:isrr";:r � 
i(ii�'(S('q)ql;'t1?14�<PI � � lR'Pt I 
� �S1RlJil �  
� � � � ClfUI•CiifUI"'CCefi � �I I  XCII I I  

85 

For 1 00  N (ni!!kas) 8 pieces of multi-coloured embroidered (clothing) 
material, each measuring 3 cubits x 8 cubits, are available. 0 busi­
nessman, if you are proficient in business, tell me quickly the price of 

. 3 1 
b' 

1 
b' a ptece - cu tts x - cu tt. 

2 2 

Comment: This is an example of the rule of seven. 

3 cubits : ..!.. cubit 
2 

8 cubits : 2 cubits 100 N : X direct 
direct} 

8 
2 

: 1 

100 7 1 1 
:. X = - X - X - X ---

1 2 2 3 x 8 x 8 

= 
1 75 

N .  
1 92 

Example 4 

direct 

� ilscrf�ttr'I�!Jt'li: � ttgtf•rf!Jt'll � 
� � ttgiftr«P'<I�tiN'Iiloif tRfll I 
� Fa�mftlu•�sf�ttcJI � 'ttgtf�ttr: 
� 1llf 1\ � g � � fits1R'{ r 1 xcm 1 1  
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30 planks of wood, each measuring 14 cubits x 16 fingers x 1 2  fingers 

cost 100 N (ni$kas). Find 0 friend, the cost of 14 such planks whose 
dimensions are each 4 measures less than the former. 

Comment: This is an example on the rule of nine: 

14 cubits : 10 cubits 

I I 1 6  fingers : 12 fingers 
: : 100 N : x All are direct proportions. 12 fingers : 8 fingers 

30 : 14 

. .  X =  
10 X 1 2  X 8  X 14 X 100 = 50 = 16 � N . 

Example S 

1 4  X 16 X 1 2  X 30 X 1 3 3 

� � ll'4'1)�dSiflld� •1�'11� �: 
d qj 'li"'i<HI4 :a 'CO iP�"''i C: uti IICtP 1f1CliSlt I 
A � � � 1IA T4g4Rfittl: 
-dlfi � � �lccr>fllPcf•f�qct� � I I XCIV I I  

If 8 drammas are transport charges for carrying the planks, of the 
previous example, through a distance of 1 kosa, find o�t the charges 
for transporting the second set of planks (measuring 4 units less in 
each dimension) through a distance of 6 kosas. 

Comment: This is to be solved by the rule of eleven. 

1 4 cubits : 10 cubits 
16 fingers : 1 2  fmgers 
1 2  fingers : 8 fmgers : : 8 D : x All are direct proportions. 
30 : 14 
1 K  : 6 K  

. .  x =  
10 x 1 2  x 8 x 1 4 x 6 x 8 

= S drammas. 
1 4  X 16 X 1 2  X 30 X 1 



CHAPTER 24 

Rules for Barter 

In different kinds of goods are to be exchanged, use the rules of three, 
five etc. as explained earlier. However, the price and the quantity of 
goods are in inverse proportion. 

Example 

� � �SStlitld?l<i � 
�ititQu)"'l fttqufi 4'<GI�¥tl� 
�� 'G"It'lfil: 'ij;fi!l Gl�¥11� 
� ttfa�¥tll"'l � fia I I  XCVI I I  

In a market, 300 mangoes can be purchased for I dramma = 16  paise. 
However, 30 pomegranates of good quality are available for 1 paisa 
Find out quickly how many pomegranates can be exchanged for 10 
mangoes. 

Comment: First Method: As per Bhiiskaradirya's method. 
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300 mangoes : 10 mangoes} . . 30 . direct } 
16  Paise : 1 Paisa · · · x 

inverse 

10 X 30 X 16 : . x = = 16  Pomegranates. 
300 x 1 

Second Method: First we detennine the number of pomegranates 
equivalent to 300 mangoes = 16 x 30 = 480 

300 mangoes = 480 pomegranates 
480 10  . . 10  mangoes = - x - = 16 pomegranates. 
300 1 



CHAPTER 25 

Simple Interest 

S4'tl0145itil., � wnvi M� � � 'i'.l' I 
� 1'1 � � 1'1 fit� 1F1 � �: I I  XCVII I I 

(To compute simple interest and principal.) Multiply the standard 

principal ( 100) by the standard period (1 month or 1 year). Next mul­
tiply the given period by the given rate of interest. Keep the two prod­
ucts a, b separately. Multiply a by the amount and divide it by (a + b) 

to get the principal. Similarly, the amount multiplied by b and divided 
by (a + b) yields the interest. 

Comment: A = amount, P = principal, I = interest, 
R = rate of interest, Y = Period. 

Po = standard principal (usually 100) 

Yo = standard period ( 1 year or 1 month). 
p 

= 
A x P0 x Y0 
P0 Y0 + RY 
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I = 
A x R x Y  
P0 Y0 + RY 

According to the present method, first calculate the interest on Rupees 
(Rs.)  100 for the given period and add it to Rs. 100 to get the amount 
for Rs. 100. By the rule of three then find the principal and then inter-
est. 

Example 

� � � � tiCIS�I"d'<'{ I 
� � � � � � I I  XCVIII I I  

When the interest rate is 5% per month, the amount after one year is 
1000 N (ni$kas). Find the principal and the interest. 

Comment: The above stanza does not mention 'per month' but it  
seems that in those times the interest was calculated on monthly basis. 

p :::;; 1000 X 100 X 1 :::;; 
625 N IOO x 1 + 12 x 5 

I :::;; 1000 X 12 X 5 :::;; 375 
N 

100 X 1 + 12 X 5 

We could have got I =  A - P = 1000 - 625 = 375 N. The interest 
375 N on 625 N for one year appears high. 

� ��: � Ql�dCISI�&fCfi(il,� l  
� fltfi!l-wf.!run: Sl!jcmd'l!llf.l � � I I  XCIX ! I 

(If several parts of a certain principal bear different rates of interest 
for different periods and yet yield the same interest, to find these 
parts. )  Take the product of the standard principal and the standard 
period, divide this product by the product of respective periods and 
rates of interest, and write these quotients separately. These quotients 
multiplied by the given principal and divided by the sum of the quo­
tients written separately are the desired parts of the given principal. 

Comment: Using the notation of the previous example with suffixes 
to denote the parts (we consider three parts): 
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Interest in each case is: 
PI R l yl = p2 R2 y2 = p3 R3 y3 
100 lQO 100 

from which we get the formulae for Pt. P2, P3. 

;q�oqcp�cpf4g1111Sti�"1 � 
&�f6fi\tioicp f.!tlliiStRi � I  
� 'tN'IC:¥1ctT4'tj gt"4¥tl"tt'{ 
�slit � � � U<&ifi&ll'{ l l  C I I  

9 1 

94 N (ni!jkas) were divided into three parts and were lent at 5 per cent 
(per month) for 7 months, at 3 per cent for 10 months, at 4 per cent for 
5 months. If the three parts yield equal interest, find them. 

Comment: Here P1 + P2 + P3 = 94 
I 1 1 1 I I -- = - , -- = - , -- = -

RI Y1 35 R2 Y2 30 R3 Y3 20 
I I 1 1 1 I 47 -- + -- + -- = - + - + - = ­

RI Y1 R2 Y2 R3 Y3 35 30 20 420 
p = 94 X 420 X _!_ = 24 p = 94 X 420 X _1 = 28 1 I 47 35 ' 2 1 47 30 
p = 94 x 420 x -1 = 42_ 3 I 47 20 
Now Bhaskaracarya gives a formula to compute the shares of profit 

when total profit and individual investments are given. 

An individual' s  share (after business) is the individual's  investment 
multiplied by the total output and divided by the total investment. 
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Comment: If a, b, c are investments and x is the output, then the 
shares are ax/( a +  b + c), bx/(a + b + c), cxl(a + b + c) respectively. 

•huti�iP'ttftttl •IDiiPIIICiijfie: 

� � � � 
11'Pin � �: 
qll1lJGQa) liCl' fiR\R4 q;:nf.!l � I I CII I I  

Three grocers invested 5 1 ,  68, 85 N (ni$kas) respectively. Skillfully 
they increased their total assets to 300 N. Find the share of each. 

Comment: Total investment = 5 1 + 68 + 85 = 204 N. 
Their shares are: 

5 1 x 300 = 7S N  68 x 300 = lOO N  204 ' 204 ' 
Profits are 24 N, 32 N, 40 N. 

85 X 300 = IlS N. 204 

We have now a formula concerning filling up of reservoirs (pools, 
lakes, tanks). 

One divided by the sum of the reciprocals (of the times taken by the 
sources to fill up a pool) is the time of 'filling (the pool when the 
sources are used simultaneously).  

Comment: Suppose the sources take times t t .  t2, • • •  to fill up a reser­
voir. If they are simultaneously used then the time taken 

I = 
1 1 

We use the same method at present. Of course at 
- + - + " ·  
t ) t2 

Bhaskariicarya's time there were no taps. 

Example 

� f.!lsm fa"ffa"fltf�t\)qiij�: 
"ti'{u(4Rt � �·'I'4•)q �: I 
1ll'fl � � 'flU  �: 
W lFf ql'fl'h'la"f ffin llirl� I I  CIV I I  
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Four streams flow into a pool and separately they take 1, f , � , � 
days respectively. If all the four are used simultaneously, find the time 
required to fill up the pool. 

Comment: As explained in the previous stanza. 
1 1 

Time = - - th day 
1 + 2 + 3 + 6 - 1 2  . 

The four streams can fill up 1 ,  2, 3, 6 pools in one day and so together 

they can fill up 1 2  pools in one day. So time for one pool = 
1
� day. 

Formula concerning parts of grain 

�: iltCI'lt"41f.!l 'l�moafr: 
� � � 'ftlf.lt I 
1fl11il'l f'l..,. t*-1 � 
� � � �: I I CV I I 

Form products of each cost, the reciprocal of the respective measure 
of grain (available for the cost) and the corresponding quantity (or 
proportion of the grain to be purchased). Each product (thus obtained) 
multiplied by the total price to be paid and divided by the sum of the 
products will be the price of each quantity of the (corresponding) 
grain to be purchased. (Sum of these quotients is naturally the total 
price to be paid.) Quantity (or weight) of a grain (when proportions of 
grains to be purchased are given) is the (proportion of the) quantity 
multiplied by the total price to be paid and divided by the sum of the 
products (obtained earlier) . 

Comment: For the ith grain, suppose, gi measures cost di and we need 
quantity qi. Then for money worth d units, 

d ___!_ X gi X d 
cost of ith grain = 

d 1 

gi 
d2 

- qi + - x q2 + . . .  
8J g2 
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Now to find the quantity of grain gi in the mixture substitute the pro­

portion of the grain g, for � qi in the above formula. 
gi 

Example 1 

lmf ttO'§C1'11'1crs"'�i1� Rul '11'11ocq; 
� � � "14)calfffttl � 4fitl<t4111�oft: 1 
31Tc:Tln� dU'§C'Iiti!J'iCii �C(f!4>tti<ii�d¥f 
� � � "lffi: �SJRI) � I I CVI I I 

3 .!. units of rice and 8 units of miing beans can be bought for one 
2 

dramma. 0 grocer, I have 1 3  kiikiCJ.Is and I want rice and miing beans 
(a kind of kidney beans) in the proportion 2 : 1 . Quickly give me the 
grains so that we can cook, eat and start on our next journey by cara­
van. 

Comment: 

Cost of rice = 

l 2 1 3  
7 I 2 1 64 = 

- x - + - + - = - dramma 
- x - x -- ( 4 1 3 ) ( 4 1 ) 1 

_l_ x � + _!_ x 1 7 64 7 8 6 
7 / 2  1 8 

f - be 
( 1 1 1 3 ) ( 4 l ) 7 

d 
. cost o mung ans = - x - x - + - + - = - ramma 

8 1 64 7 8 192 

. f . (2 1 3 ) ( 4 1 'J 7 quantity o nee = x - + - + - = - measures 
64 7 8 1 2  

quantity of  miing beans = (1 x .!2.) 
+ 
(± + !) = }_ measures. 

64 7 8 24 
We can prove this formula by Algebra. Let x be the measure of miing 
beans. Then rice = 2x measures. 

Cost of m iing beans = � drammas 
8 

cost of rice 

So the total cost 

4x = - drammas. 
7 

x 4 x 39 
= - + - = - x  drammas 

8 7 56 
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hi h . .  1 3 � w c ts gtven as 64 uramma. 

So 39 x =� 56 64 

Example 2 

7 :. x = - measures. 24 

� � flliiilig••��qj -em � 
atCII;jC::"t<q"G"t'f4 'Iii lWi Ciwtloe*liil"t � I  
� avnS'A): � � � � "ftr-l 
*litJ�qsqs•ihnnoeq;lila"" ft!Cift'll*4tl't 1 1  cvn 1 1  

95 

Good quality camphor costs 2 N (ni�as) for 1 P (pala), sandalewood 
I 1 1 costs - D (drammas) for 1 P and aloe costs - D for - P . 0 you 
8 8 2 

grocer's  son (who pleases his mother) what quantity of each is avail­
able in the proportion 1 : 16 :8 for I N? 

Comment: Noting that 1 N = 16 D we get 

cost of camphor = 

= 

cost of sandalewood = 

cost of aloe = 

quantity of camphor = 

quantity of sandalewood = 

quantity of aloe = 

32 X 1 1 
32 X 1 1 1 X 16 

-- + - X 16 + - X 8 X 2 I 8 8 
32 X 16 = 1 28 = 14 � D . 36 9 9 
1 - X  16 X 16 8 8 = - D  36 9 
1 
- x 8 x  2 x 1 6 8 8 = - D 36 9 
2 4 14 - + 32 = - P  9 9 

8 1 64 - + - =- P  9 8 9 
8 1 32 - + - =- P .  9 4 9 

We can work out this problem by algebra. Suppose camphor is x P. 
Then sandalewo¢ = 16x P, aloe 8x P. 
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1 1 Total cost = 32x + 16x x - + 8x - = 36x = 16 D 
8 4 

Formula for Exchange of Jewels 

'1\C&1C::i'1lf.!ld\CHt)�Roe � �: � 'lt"CC'fi(§QI: I 
� � �� � I I CVID I I  

(Suppose n persons possess a � o  a2, • • •  ao jewels respectively. Suppose 
each one gives q jewels to each of the others and then their jewels are 
worth the same. )  From the numbers of jewels, subtract the product of 
number of persons and the number of jewels donated (uniformly) to 
each of them. An assumed·number (which could be the L.C.M. of the 
remainders or any multiple of the L.C.M.) divided by the remainders 
will give the prices of the (corresponding) jewels. 

Comment: Compute ai - nq ; the price of a jewel with the ith person is 
X --- where x is the supposed worth of each. It can also be found 

Tin (a i - nq) 
by • = I  

ai - nq 
The price of the jewels will naturally depend upon the supposed 

number x. Perhaps the answers will be fractions. If the L.C.M. of the 
remainders { (ai - nq) : 1 � i � n }  is divided by ai - nq, the prices 
will be integral . 

Example (Exchange of Jewels) 

+tiiVI<r<U'SC<Pfll"'a4J�c::lllcP jcmllf)�l'1i 'lffil'l'{ 
'tUiGtlfii'l T:l � \CHqfVI\ilil!tti � U'1'l{ I 
'fi•l¥lt:qt-l'1 � � � 
\illm�t"ll$'11: �� � d�H"it"lllf.!l 1) I I CIX I I 

Four merchants had 8 rubies, 10  sapphires, 100 pearls and 5 diamonds 
respectively. They became friends on their journey and each one gave 



Simple Interest 97 

to each of the others one jewel from his lot. This made their jewels 
worth the same. 0 friend ! find out the prices of these jewels. 

Comment: We give three methods. 
( 1 )  Bhaskaracarya 's: Jewels 8, 10, 100, 5. Number of gifts q= l ,  

number of persons n = 4 .  So the remainders are 8 - 1 x 4 = 4, 10 - 4 x 
1 = 6, 100 - 4  x 1 = 96, 5 - 4 x 1 = 1 .  If we suppose x = 96, the prices 

of jewels are ruby = � = 24, sapphire = 
9: = 1 6, diamond = 

96 
= 96 . Here 96 is the L.C.M. of the remainders. If we follow the 

I 
second method we get the product of the remainders = 4 x 6 x 96 x I 
= 2304 and we get the prices of the jewels in the proportion 576, 384, 
24, 2304 and if we choose 1 as the price of a pearl, the proportion is 
24, 16, 1 ,  96 as before. 

(2) After the transfer of the jewels, the 1 st merchant had 5 R and 
one each of the other three or 4 R and one each of the four type of 
jewels. 2nd merchant had 6 S and one each of the four type of jewels. 
3rd merchant had 96 P and one each of the four type of jewels. 4th 
merchant had 1 D and one each of the four type of jewels. Since their 
worth is the same, we get 4 R = 6 S = 96 P = 1 D. We choose the 
price of 1 pearl to be 1 Rupee and we get the answer as before. 

(3) Algebraic: If the prices of the jewels are a, b, c, d respectively, 
the equations are 
5a + b + c + d = a +  7b + c + d = a +  b + 97c + d = a +  b + c + 2d 
:. 4a = 6b = 96c = d. If we choose c = 1 Rs. ,  we get the same answer 
as before. 

Formula to find the Weight of Pure Gold 

'!J4ofqolf�m41•1'<1iilfl l<f"Cll� q;.,4\4Qqof: 1 
llvif � llvif� lOfild�'t'ti&U I I  CX I I  

(To find the weight and fineness of gold if two or more kinds of gold 
are melted together. )  The fineness of the mixture equals the sum of 
the products of weight and fineness of the constituents, divided by the 
total weight. If the same sum is divided by the weight of pure gold, 
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one gets the fineness of pure gold and if it is divided by the fineness, 
the result will be the weight of pure gold. 

Comment: If the fineness of the mixture is x and weight y then xy = 
n L xi y i and the result follows. 

i = 1 

Note that y = Yl + . . .  + Yn· 

Example 

fllt41crf'<'�Citl40('§4of•n"l: fa•ht'l):q;:;g•nd=iltn: � 1 
� � � «ctofctof: � «ctof•J11>idit � ?.fi: I I  CXI I I  

0 golden mathematician, four types of gold 10  M (m�) of 1 3  C 
(carats), 4 M of 12  C, 2 M of 1 1  C and 4 M of 1 0  C are melted to­
gether to form a new one. Find its fineness. If this is purified and 16 
M gold is obtained, what is its fineness? If the mixed gold when puri­
fied has 16 C fineness, what is i ts weight? 

Comment: Sum of the products 
= 1 3  X 10  + 1 2  X 4 + 1 1  X 2 + 10  X 4 
= 1 30 + 48 + 22 + 40 = 240. 

Fineness of the mixture = 240 
= 

240 = 12 C 
10 + 4  + 2  + 4  20 

which naturally lies between 10 C and 1 3  C. 

Fi neness of the purified gold = 2�� = 1 5  C. 

If the fineness is  16 C, weight =  240 = 15  M. 
16  

Here 5 M of  impurities were burnt out. 

Formula: From Mixture to Component 

���vmg�lllld4UJ(q: '§4ufa&ofqQqwnfl"'lt( 1 
31itldctOiffi'1'1'1�&141t(1'( 31itldctUff4 � �I I  CXll I I  

Multiply the weight of the mixture and its fineness. Subtract from this, 
the sum of the products of fineness and the corresponding weights of 
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the given components. The remainder divided by the weight of the 
component (whose fineness is not known) gives the desired fineness. 

Comment: (Using the notation of the previous stanza): 

xy - L Xi Y ;  
i .. j X j = __ ___;;_ __ 
Y i 

Example 

<th!14Uif 4'gi\'51¥tltfl 31S'IId40('fQ .. �d�cM I 
umt lid � � 31$1id4Df'fQ � Jt1JiUil{ I I  CXill I I  

8 M (ma$&) of 10 C (carats), 2 M of 1 1  C, 6 M of unknown C are 
mixed together to form 16 M of 12 C. 
What is the fineness of the unknown? 

,. t H 16 X 12 - 8  X 10 - 2  X 1 1  
.__ommen : ere x = ---------

6 
1 92 - 80 - 22 

= 1 5 C .  
6 

't4dfcrcd�&1) glit\Jiia4ui: 'tijof&t4dfcrcdl�4)�mm 1 
31�¥t4Dif�UI�•I4Dffat�tf*lcMsfafadifT:O:,uj "fQRt I I  CXIV I I  

Multiply the fineness of the mixtures by the sum of the known 
weights of the components of the mixture. Obtain the difference of 
this and the sum of the products of fineness and the corresponding 
weights of the components. The outcome divided by the difference of 
fineness of the component (whose weight is not known) and that of 
the mixture gives the desired weight. 

X (y I + y 2) - X I y I - X2 y 2 [In the above notation, y 3 = ] X3 - X 

E:umple 

<�4iiGI( :)Uf'li"ii¥11'41: fit�Pt:id41 •ihsti<P'fQ n, I 
'\JI'Ri 'Stfl � ...... """' W *l)e¥14Uf¥tltfl: I I  CXV I I  
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3 M (m8$iis) of 1 0  C (carats), 1 M of 14 C are mixed with some 
quantity of 16 C. If the fineness of the mixture is 1 2  C, find the 
weight of 16 C gold. 

Comment: By Bhaskaracarya's method 
1 2  (3 + 1) - 10 X 3 - 14 X 1 48 - 44 

y3 =  1 6 - 1 2  = 4 

Weights of Components 

1 M . 

�S"f<i'lfqoif �: � quf; 't4Ci'lfqUiff.Rml I 
�� � � � 't4Ci'lfi'1Ci'lf4)cfu(4hca I I  CXVI I I  

(If fineness of a mixture and its two components are given, to find 
weights (indeed the ratio of the weights) of the components.) Obtain: 
the difference of the fineness of the mixture and that of the component 
with greater fineness; and the difference of the fineness of the mixture 
and that of the component with smaller fineness. The two differences 
multiplied by an assumed number will give weights of the compo­
nents. 

Example 

t:lc<P!J�� tt)>SitWli4Jf � � '\iffi'l'1'{ I 
ii1C:lti4U('!j4Uf � am: � 1) I I  CXVll I I  

0 friend, two small balls of gold of 16  C and 1 0  C were melted to­
gether to form a mixture of 1 2  C. Find out the weights of the balls. 

Comment: If the mixture weighs y M (m8$iis), then 
1 2 - 1 0  y 16 - 1 2  2y Y t = y X 
16 - 10 = 3 , y2 =

y X 
16 - 10 =3 

So the proportion is I :2. 
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Combinations 

�cplflq;)'ti"CI aicJ;J 'flffi'll 1fi\Rll: Jti'i�: I 
q'i(': � ti�o�fdt<l:OC-M'1 � 'if I I  CXVIII I I  
�qsfihzufa«J: � � � � 
tJ"<�'tifg'd� o;:c:+gq4)•h� � I I  CXIX I I  
� � 'if � l 
� � � � I I CXX I I  

Starting with the number n write down n, (n - 1 ), (n - 2), . . . .  Divide 
n n - I n - 2 

them by I ,  2, 3, . . . to get l ,  -
2

- , -
3

- ,  . . . . Then the number of 

combinations of n things taken I, 2, 3, . . . at a time are 
n n (n - I) n (n - 1) (n - 2) . 
- , , , . . .  respecuvely. Or the number of 
I l x 2 1 x 2 x 3  

combinations of n things taken r at a time are [n (n - I )  (n - 2) . . .  (n 
- r + 1 )] + [ 1  x 2 x 3 x • . •  x r] . This can be used to solve the problem 
when r =  1 , 2, 3, . . . .  

1 0 1  
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This is useful in prosody to discover all possible meters, in archi­
tecture, medical sciences, Khamfrneru •• chemical compositions etc. I 
am omitting these (applications) for the sake of brevity. 

Comment: ern notation ts = Mod 
. . ( n ) n (n - l) . . .  (n - r + l) 

r r ! 
The 

first line of the stanza is not clear, as no mention is made regarding 
the starting number in the product. 

Example I 

lffifN � �= �: tnt �= � I  
C:q;l�!j'i(4ti411!J � �� � I I CXXI I I  

0 friend, there are six letters in the fourth line of gayatrf meter. If we 
choose only I g ( 'guru ' means a long vowel in Prosody), 2 g or 3 g, 
how many meters are possible. 

Comment: If the fourth line contains six f. ( '/aghu ' = short vowel), 
then the only combination is UUU . If we have one g and five f., 
then (i) gUf.U. (ii) lgUU (iii) UgUl (iv) UlgU (v) UUgl (vi) 
Uf.Ug are possible. If there are 2 g and 4 f., combinations will be 
I5 .  

As seen above if there is I g, number of  meters = ( �) = 6. 

For 2 g , (�) = �: � = I5 

3 g ' (6
J
) 

= 
6 X 5 X 4 = 20 
I x 2 x 3 

4 g . (�) = (�) = 15 

5 g • (�J = (n = 6 

6 g .  (:) = I .  

' Khan��ru is Pascal's triangle. 
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If we take the combinations of all the four lines as above, the total 
number of combinations will be 64 x 64 x 64 x 64 = 167772 16. 

Example 2 
C::Cfl�?ZII�'lttl4(:'1f'im'l(%) lJ.� .q �: 
pif �� tlg\Cfa\(�ftil(iiii;Oiilli(iillfailiitil i 
c::<P�?4.�!JCk'41 �'�<Ps<Pttl41ifi<P�= 
� �: � lfiftr � � �= 1 1  cxxn 1 1  
A king had a beautiful palace with eight doors. Skilled engineers had 
constructed four open squares which were highly polished and huge. 
In order to get fresh air, 1 door, 2 doors, 3 doors, . . .  are opened, bow 
many different types of breeze arrangements are possible? 

How many kinds of relishes can be made by using 1 ,  2, 3, 4, 5 or 6 
types from a sweet, bitter, astringent, sour, salty, hot substances? 

Comment: As per the above formula, the possibilities are (�) , (�) , G) ,  . . .  , (:) . These are 1 , 8, 28, 56, 70, 56, 28, 8, 1 re-

spectively. 
Total number = 28 = 256. 

The number of different relishes (chutneys) = 2 + 12 + 30 + 20 = 
64 = 26. 

Pascal's Triangle 

Bhaskaracarya has referred to "khancjameru ", which is known as Pas­
cal ' s  triangle . This was known to ancient Indian mathematicians. 
Piiigalacarya had used it in the construction of meters (in Prosody). In 
this triangle, every line is connected to the next one. Each line con­
sists of the binomial coefficients as in Newton's binomial theorem. 
See the following scheme. 
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(x + y)o 

(x + y)
l 

(x + y)
2 

(x + y)
3 

(X + y)
4 

(x + y)s 

(x + y)6 

0 
1 

1 

1 

1 

1 

1 

1 

2 

3 

4 

5 

6 
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Pascal's triangle 

1 

3 1 

6 4 1 

10  1 0  5 1 

15  20 15  6 1 J 
4 4 3 2 2  3 4 For ex<llllple, (x + y) = x + 4x y + 6x y + 4xy + y . 

Also note 5 = 1 + 4, 10  = 4 + 6, 10 = 6 + 4, 5 = 4 + 1 in the 6th line. 

This is based on the formula ( �) + ( r � 1) = ( n ; 1) . In Bhaskarii­

carya's  times, the above was written like a 'meru ' (mountain). 

5 

0 

1 1 

2 1 

3 3 1 

4 6 4 

10 10 5 
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Progressions (Series) 

�qsqc:&tqcutlif�iPitiiPgfe.: flm;r 'tiiP�di&ll l 
111 � � � � RITtn � ,..ti._iPa��ft-"-'t 1 1  cxxm 1 1  

1 + 2 + 3 + . . . + n = n (n + 1) . 
2 

1 + ( 1  + 2) + ( 1  + 2 + 3)  + . . .  + ( 1  + 2 + . . .  + n) 
= n (n +  1) (n + 2) 

6 

Example 

l(ctitiil"ti "tqt"dt"ti � tiq;f(WintF-1 .q- 1  
*"f t14:4iR=i�4cUflt v;;ra_:q- TfVT4i �I I CXXIV I I  

Find 1 + 2 +  . . .  + 9  
and 1 + ( 1  + 2) + . . .  + ( 1  + 2 + . . .  + 9). 

Comment: As per (CXXIII)  the answers arc 9 x I 0 = 45 and  
2 

9 X 10 X 1 1  165 
. I 

6 
= respective y. 

1 05 
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� � i (i + I) In current notation we write .£... i ,  .£... 
2 i = l  z = l  

The first one i s  an Arithmetic Progression, and i s  a special case of 

a + (a + d) + (a + 2d) + . . . + (a + (n - I )d) =.!!.. (2a + (n - 1 )  d). 
2 

Fonnulae for :En2, :En3 can be established by Mathematical induction 
and are found in current books. 

� � � 'ficp�fl"1 � �: I 
'fiqs�tttll �: 't1+titqsitiCiiEI�CN!j<Htiit1'1ia: I I  CXXV I I 

] 2  2 2 2 _ n (n  + 1) (2n + 1) 
+ + . . .  + n - -�---'---� 

6 

13 23 3 _ [n (n + 1) 12 
+ + . . .  + n -

2 J 

Arithmetic Progression 

c4Cfi4C:&1€14l � � 'Jftiltji'C:�ii i'fli..l 
� QC:*"'lfOiti � '1Tftm:t. � �I I  CXXVI I I  

If the first tenn is a and the common difference (C.D.) is d, the nth 

tenn of the A.P. is given by £ = a +  (n - I )d. The sum of the n tenns 
. . b 

n a H 
a + e . th "ddl IS given y - (a + .:) . ere -- IS e mi e tenn. 

Example 1 

2 2 

� 'il' CfilCRi � 'il' � �Cfl{ I 
tfil'ficp('l"11"11if � � � �: I I  CXXVII I I  

' 2 2 3 3 Tell me the sums of 1 + . . .  + 9 and I + . . . + 9 . 

Comment: 

and 

e + . . . + 92 = 9 (10) ( 1 9) 
= 285 

6 

e + 0 0 0 + 93 = [ 9 � 10  r = 2025 0 



Progressions (Series) 

Example 2 

�: � �: � �� 'lf;l 'ffil .q I 
.'�,'"n�t�"'-� cit � � 'Ef � 1 1  cxxvm 1 1  

1 07 

If the first term of an A.P. is 7 the common difference is 5 and the 
nwnber of terms is 8, find the middle term, the last term and the swn. 

Comment: f. = a + (n - l )d = 7 + 7 x 5 = 42 and middle term = 
7 + 42 49 

h
' 

h 
. . th A p -- = - w Ic IS not a term m e . . 

2 2 
49 

Swn = 8 x - = 196. 
2 

Example J 

anU � iP+f<qg<eQ lB � �� �: I 
� � � q� 'ifl+fT � � 'ff;:f Cffil: I I  CXXIX I I  

A gentleman gave 4 D (drammas) as charity (to a Brahmin) on the 
first day. For fifteen days he continued his charity, everyday increas­
ing his contribution by 5 D over the previous day. Find out the total 
charity. 

Comment: Here a =  4, C.D. = d = 5, n = 1 5 . 
Last term f. = 4 + 14(5) = 74. 

. a + f. 4 + 74 
Middle term m = -- = -- = 39. 

2 2 
Total charity = 1 5 x 39 = 585 D. 

Formula to find the first term of an A.P. 

� 1"'fitr6 m � � I I  CXXX I I  

To find the first term of an A.P., divide the given swn by the nwnber 
of terms. Multiply the nwnber of terms minus one by half the com­
mon difference, and subtract this result from the quotient already ob-

tained. [Thus a = � - ( n - 1) d . 1 
n 2 
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Example 

� tffi �. � fc);(;r I 
� ?ni ifli fcRJ) � � � I I  CXXXI I I 

0 son, find the mouth (the first term a) of an A.P. whose S = 105, 
n = 7, d = 3.  

105 6 x  3 
Comment: a = - - -- 1 5 - 9 = 6 .  

7 2 

Formula to find C. D. in an A.P. 

Divide the sum by the number of terms (of an A.P.) and subtract the 
first term from this quotient. This result divided by half of the number 

s 
- - a  

of terms minus one is the common difference. [Thus d = n . ] 
(n - 1) / 2  

Example 

lltli'1'1•1'1C:dfl � 'll) �: 
� "'IJ <IRR� JJ.� ma)� I 
al�iP�(:i(Diief 4)GI'11'11'1'lftt'<ll 
�:J'1•1iC'141'<t:· 'tNNI�DI � I I CXXXill I I 

To capture enemy elephants, a king covers 2 Y (yojanas) on the first 
day and then increases his distance by A.P. on subsequent days. If he 
travels 80 Y in 7 days, 0 intelligent boy, find out the extra distance 
each day. 

Comment: 
80

- 2  
d = 

_7 __ 
= 66 X � = 22 = 3 _!_ y 

7 - 1 7 6 7 7 . 
2 
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Formula to find the number of terms of an A.P. 

�iili6C11�•a•i\tt"''&nq: �44'511"'d'C4•fgcmlt( 1 
� � 'ti4G'81jcm'{ � •liU:IC:Itc'C� I I  CXXXIV I I  

Add the square of the difference between the first term and half the 
C. D. to the sum (of the given A.P.) multiplied by twice the C.D. Then 
find (the positive) square root of this result. Subtract the first term 
from and add half the C.D. to this square root. The resultant divided 
by the C.D. is number of terms (in the A.P.) .  [Thus � d 2 d 2Sd + (a - -) - (a - -) 

n = 2 2 . ] 
d 

n 
Comment: S = - [2a + (n - l )d] 

2 
:. dn2 + n (la - d) - 2S = 0. 

Bhaskariicarya's  formula is the positive root of the above quadratic 
equation. He does not admit a negative d. Also n should be obviously 
positive. 

Example 

� 4= � � � · � � 1 
� � � crfl �41)fh�4cU� I I  CXXXV I I  

A donor gave 3 D  (drammas) in charity to a Brahmin on the first day. 
He continued increasing his donation each day by 2 D. If the total 
amount paid by him equals 360 D, how many days did he give in 
charity? 

Comment: �·
2 

-
x

-
36

_
0
_

x
_

2
_

+
_(-:-3

-
-
-i--:-)-2 - ( 3 - i) 

n = �--------�--�--�--� 
2 

�1 440 + 4 - 2  38 - 2 = = -- = 1 8  
2 2 

. 
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Geometric Progression (G.P.) 

� 11'0 � �: �: �sfifa ll'lf: I 
�etllida:i\'4it'{ 'l.lffit � � 'lfflq I 

LTliivati of Bhaskariicarya 

� Qaqsjoil'lid'fi�!Joi � � � I I CXXXVI I I  

If n, the nwnber of terms in a G.P. is odd, then (n - 1 ) is called a 

'multiplier' (M) and if it is even, � is called a ' square ' (S) 2 
[Bhaskariiclirya's  terminology] .  Now beginning with n, continue this 

process (n - 1) for odd and � for even until 0 is reached. Then keep 
2 

the common ratio (C.R.) r agianst 0 and start writing M or S in the 
opposite direction. Carry out the operations and then subtract l from 
the final result and divide i t  by (r - I ) . The result is the required sum. 

Comment: Suppose a = I , n = 3 1 ,  r = 2. Then following the above 
method, we get the table :  

1 3 1 I �  1 �5 1 2� I �  I �  I �  I �  I �  I 
B 0 0 ' th 3 

0 
3 

., 30 5 1 4 egmmng w 1  I we wnte I - I =  .�o. -- = I , 15 - I =  I4, - = 
2 2 

7, . . . until we reach 0. Then in the second line we begin . with M and 
alternately write M and S. 

Now we perform the indicated operations: 
M = multiplier, S = square as shown below. 

30 
I 5  
I 4  
7 
6 
3 
2 

0 

M 
s 

M 
s 
M 
s 
M 
s 

M 

Index 

2 147483648 3 1  .., 
1 07374 1 824 30 

32768 1 5 
16384 14 
I 28 7 
64 6 
8 3 
4 2 
2 1 

To reach the 3 1 st 

power, here Bhaska­
raclirya has given a 
shorter method by 
squaring at even nwn­
bers and multiplying 
by r at odd ones. · In 
practice, multiplication 
might be easier than 
squaring. 



Progressions (Series) 

As is given in standard texts: 

s 
rS 

= 

= 

S (r - 1 )  = 

Example 1 

a + ar + ar2 
+ . . .  + ar n- l 

ar + ar2 + . . .  + ar n-l + ar n 

:. S = 
a ( rn - 1) 

r - 1 

� 4'11ectig•i � �!Jorl'tt� S!Ftl$11d'f I 
� � "''Tfl � � � I I  CXXXVII I I  

1 1 1  

A gentleman gave 2 C (cowries) in charity the first day and thereafter 

he gave everyday twice of what he gave the previous day. How many 

N (ni�as) did he give away in one month? 

Comment: Here a = 2, r = 2, n = 30. 

S = 2 <2 3 0 - 1) 
= 2 ( 1 07374 1 824 - 1 )  = 2 1 47483646 C 2 - 1  

Example 2 

= 1 04857 N, 9 drammas, 9 paiJ.as, 

2 kiikiiJ.fs, 6 c. 

� lfd �: � Bljoilfl'll l 
'I'J'iU � 'lfSI � 'ffil fcti � I I CXXXVIII I I 

If a =  2, r = 3, n = 7, 0 friend, what is the sum? 

Comment: S = 
2 (37 - 1) = 2 (2 1 87 - 1) = 2 1 86 . 3 - 1 3 - 1  

Formula for the number of metres (in Prosody) 

'tU'in&l 'I liltt•ltU !JDiq •fqs ('j 'iif4 fit!}u) I 
'tl¥f«Jfll'1i � � qljq•ht'4 I I  
't<t't<tq�);:fj � � :q fa"tOfiDII'f I I  CXXXIX I I 
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[In every metre there are four quarters. If the order of short and long 
vowels is the same in each of the four quarters, the metre is known as 
'even ' (samav{tta). ] The following formula gives the number of even 
metres. Take as n the number of letters in each quarter and r = 2 (for 
there are only two kinds of vowels, short and long). The total number 
of possible metres = 2n. 

[If the first and the third quarters are similar and so are the second 
and the fourth, it is called 'semi-even' (ardhasamav{tta). ] In this case 
the total number of possible metres = 22n - 2n. 

[If the number of letters is the same but all the four quarters are 
different' it is called 'odd metre' (vi$Qmav{tta). ] In this case the total 
number = (2n)4 - (2n)2• 

Comment: Suppose there are n letters in each line. Each letter can be 
short or long and so there are two choices. According to the funda­
mental theorem there are 2n possibilities in the 'even metre. 

There are 2n x 2n possibilities in the 1 st two (as well as 3nl and 4th) .  
From these we subtract the even case 2n to get the number of semi­
even cases: (2n)2 - 2n = 2n (2n - 1) .  

In the odd metre case, there are 2n x 2n x 2n x 2n possibilities from 
which we subtract the first two cases: 2n + 2n (2n - 1) .  So the number 
= (2n}4 - [2n + 22n - 2n] = (2n)4 - 22n. 

Example 

� fittAivri � � I 
� etc:" � 'ti&4i¥1j"ScUcd� � I I CXL I I  

Find the number of even, semi-even and odd metres in 'anu${Upa ' 

metre. 

Comment: There are 8 lei:ters. So 
number of even metres = 28 = 256 
number of semi-even metres = (28)2 - 28 = 65280 
number of odd metres = (28)4 - (28)2 = 4294901760. 



CHAPTER 28 

Mensuration 

Measurement of Sides and Areas 

� �: l'lfRl � � 111§: I 
� � ill lll �: � �: I I CXLI I I  

In a right-angled triangle, one of the sides is called the base (bhuja or 

bahu) and the side perpendicular to it is called the altitude (ko(i). The 

same terminology holds for a rectangle. 

Comment: 

B a c 

BC is the base. 

AB is the altitude. 

AC is the hypotenuse. 

1 1 3  
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HI+Jif41<il•14� cnoif W:4'1uict•i41f'€1tHitt_ 1 
� �: ���Jii'Q){HU(( � '!11!: I I  CXLIJ I I 

In a right-angled triangle, square root of the sum of squares of the 

base and the altitude is the hypotenuse, and square root of the differ­

ence between squares of the hypotenuse and base (respectively alti -

tude) is the altitude (resp. base). [Thus b = �c2 + a2 , c = �b2 - a2 , 
a =  �b2 - c2 . ] 
Comment: This is known as Pythagoras' Theorem. This was known in 

India since the time of Su/vasiitrakaras (3000-800 B.C.)  whereas Py­

thagoras published it in 560 B .C. Of course, no proofs were given at 

Bhaskaracarya's times. Proofs of this theorem are found in textbooks. 

'<lilm'<"tt'<q<'fut fitu) tm1 ¥ �= 1 
� � ttmm•n"tt'<lt:�= 1 
� � � 'flCi?J � I I  CXLIII I I  

If twice the product of two numbers is added to the square of their 

di fference, the result is the sum of their squares. So also if the sum of 

two numbers is multiplied by their difference, the result is the differ­

ence of their squares. [Thus i + b2 = (a - b)2 + 2ab and i - b2 = 

(a + b) (a - b) . ]  

Example l 

q;)�ltT.I§IIC� <B1 Glm 'ffi1 em �: I 
� �: �� � '¥i 4<:' 1 1 CXLIV I I 

Find the hypotenuse if the base is 3 and altitude 4. If the hypotenuse 

and the base are 5, 3 what is the length of the altitude? If the hypote­

nuse and the altitude are 5, 4, what is the base? 

Comment: 32 + 42 = 52 :. the hypotenuse = 5. 

3 
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Example 2 

fli�?l�filffi � � � I  
mr q;ufu+nui fili 1'J'UJCii � � � I I CXL V I I 

If in a right-angled triangle, the base is 3 _!_ and the altitude 3 _!_ find 4 4 
the hypotenuse. 

Comment: Hypotenuse = 
169 169 1 3/i - + - = -- . 16 16 4 

crif'UJ � (:ditUC:i¥14�4\:ffil l � �':JuuaRo�:ffi f.!lcls'i � I I  CXLVI I I  

[In this stanza Bhaskarliciirya explains a method of finding an ap­
proximate square root of a number which is not a perfect square.)  

To compute (approximately) � choose a large square number x. 

Then compute approximately .Jabx and divide by b..Jx . 
Comment: 

fK = .Jabx . -.Jl) bJX 

1 3/i 13 (1 · 4 14) 1 3 (14 1 · 4) 
In the above Example 2, = -- = _.:...__....:._ 4 4 400 

= 
{4 476 + _I_} approx. 800 200 

By Bhaskaraciirya's method, choose x = 10000 = 1002 and 

(169 = 169 X 8 X 10000 ::!:: 3677 
= 4 477 . v& 8 x 8 x 10000 8oo 8oo 

Here we note that 36772 = 1 3520329 } and 169 X 8 X 10000 = 1 3520000 . 
Bhaskarlicarya was aware of the fact that J2, J3 ,  Jl7, . . . are irra­

tional numbers and so gave a method to compute their values ap­
proximately. In his times, 'decimal fractions' were not known. They 
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were introduced in Italy for the first time in the sixteenth century. 

Until then only vulgar fractions were made use of in all mathematical 

calculations. Bhaskaracarya rationalizes the denominator. 

Formula to find hypotenuse and altitude of a right-angled triangle 
given its base 

� �� f�'lul'1f.wuf�tef4 ifi�cnf�y;&i1<liG1'{1 
�: "J� � 'Cfi'llll �� �I I  CXLVII I I  

� �\ilfttttp�Roe<mn �: ·�uftliltiiHgdasRml 'liT 1 
'(fi cp)�q;off � � 'liT �� illq;'<oft•iil �: I I  CXLVIII I I  

a = base, b = hypotenuse, c = altitude (see fig. of stanza CXLI). 

Choose any convenient number y. Then given a to find b, c ;  c = 

� 
, 

b 
= a (y 2 + 1) 

y2 - 1  y 2 - 1  

oR: b = ± (a; + y J and c = ± ( a; - y J .  
a2 (y2 + l)2 

Comment: ( 1 )  Here b2 = 2 2 and 
(y - 1) 

Example 

a2 (y 2 _ 1) 2 + 432y 2 
(y 2 - 1) 2 

� � 'lf1 'lfl q,)�qsoff � I  
w¥1'<1"4i liCf fani '(fi dlqq;'Coft•ldl I I  CXLIX I I  

8 2  (y 2 + 1) 2 
(y 2 - 1) 2 

If the base of a right triangle is 12, find its altitude and hypotenuse in 

integers. 
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Comment: 1st Method. Choose y so that l - I divides 2ay. Here a =  
1 2 and we choose y = 2.  

C = 2ay = 2 x 1 2 x 2 = 16 b = a (y2 + 1) = 12 (5) = 20 2 ' 2 . 
y - 1 4 - 1 y - 1 3 

2nd Method. Here y must divide a2 and we choose y = 6. 

b = .!. ( 1 22 + 6) = 15 c = .!. ( 12 2 - 6) = 9 . 2 6 ' 2 6 
If we take y = 2 :we get b = 37, c = 35. 
NOTE: These are known as (Pythagorean) triplets. Several solutions 
are possible: (i) (9, 1 2, 15), (ii) ( 1 2, 16, 20), (iii) (5, 12, 1 3), (iv) ( 1 2, 
35, 37). These are the only possible ones. The first two are derived 
from (3, 4, 5) by multiplying by 3 and 4 respectively and so are called 
secondary. (3, 4, 5), (5, 1 2, 1 3), ( 1 2, 35, 37) are called primary. Such 
distinction was not made at Bhaskarlicarya's times. There are well­
known formulae to find the triplets: 

[(2n + 1 ), (2n2 + 2n), (2n2 + 2n + 1 )] 

and 2 2 [ n2 - 1 n2 + 1 ] [2n, n - 1 , n + 1 ] ; n, -
2
- , -

2
- . 

Formula to find two sides when the hypotenuse is given 

� � ff::'J'lliiil CfiOif�oe� 'fi�CfiCfJII �I 
� liT  11\!IPioef.wfl ntct�of<iiHH¥451 q: I I  CL I I  

Given hypotenuse b, choose a convenient number y. Then a =  �by , 
y + 1  

b2 [4 2 + 1 2 2 + 4 1  Comment: a
2 + c2 = y - y y = b2 . 

(y2 + 1) 2 
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Example 

q =cu:tft kl f¥1(1 iffDl 'lfi 414 crs iC oft •1tft I 
� � tfi tfi � � � I I  CLI I I 

If the hypotenuse is 85 find the other sides in integers. 

Comment: Here we choose y = 2, since y2 + I divides b. 
2 X 85 X 2 85 X 3 a = = 68 ,  c = -- = 5 1  . We could have chosen y = 4 

5 5 
and got a =  40, c = 75. By using (2n + I ), (2n2 + 2n), (2n2 + 2n + I )  
we find 2n2 + 2n + I =  8 5 :. n = 6 and we get ( 1 3, 84, 85). 

Another formula when hypotenuse is given 

�UJ � �: �S111111 -.a: I 
�: .IJfCfUT: �: lf)<"fflloc!}ui �: I I  CLII I I  

Comment: 

a = b - � c =  2by 2 ' � y + 1 y- + I 

b (y2 - 1) 2by a = c = --y 2  + 1 ' y2 + I 
a2 + c2 = b2 . 

These are the same (except for a sign) as in (CL), but a and c are in­
terchanged. 

Formula to construct right triangles with integral sides 

�ocllhl�klfif&fl Cl>)�cf•lf"ff4 �: 1 
iJ>klll�41ffill'i�q qsoft>qlcrsiCuft•ltt: I I  CLill I I  

Given any two numbers x, y, there is a right trinagle with a =  2xy, 
c = x2 - l  (x > y) and b = x2 + y2• 
Comment: b2 = (x2 + y2)2 

= (x2 - y2)2 + 4x2y2 = c2 + i. 
This formula can be used whether or not x, y are integers. 



Mensuration 

Example 

��'C?Qt4 11�wti('Q �.t)Jll'lfr: W I  
::fi"1"4fa�dio1di1 fin:i � �� I I  CLIV I I  

1 1 9 

If all the three sides of a right triangle are unknown, 0 friend, tell 
(me) quickly their values. 

Comment: Take any two unequal numbers, say x = 2, y = 1 .  Then a == 

4, c = 3, b = 5. If x = 3, y = 2, we get a =  1 2, c = 5, b = 13 .  One can 
construct many such triplets. 

citiilli!Mi"6\C1f'l4•if cit�'iit1�"1 �·ga)ofl l 
tm � "ttRR: � � ft '!Jmcffl�'tiili I I  CLV I I  

A x,� 
B y C 

Suppose a bamboo BAC is broken at A and the 
part AC touches the ground at C. Given the length 
x of the bamboo and the distance BC = y, find x1 

1 y2 
and x2 by: x1 = - (x - -) , 

2 X 
1 y 2 

x 2 = - (x + -) . 
2 X 

Comment: Here x1 + x2 = x and x� + y
2 = x� . So 

2 2 2 2 2 2 2 2 2 x 1 = x2 - y = (X - X1 ) - y = X - XX1 + x 1 - y2 

Example 1 

� � ��flBNI�S4¥tiD� 
1JUJCI; qq"1�•naqsa,, � 1Jr.l: 1 
� '2q�(1tc�eci·• � � 
� � � 1fr.l: � I I CLVI I I  
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A bamboo 32 C (cubits) high, standing on a level ground, was broken 
by strong winds. The tip of the bamboo touched the ground 16 C from 
the foot of the bamboo. Then, 0 mathematician, tell (me) the height 
of the point where the bamboo broke. 

Collfllftllft: Here x = 32, y = 16. 

1 ( 162 ) 1 
Xt = 2  32 - 32 = 2 (32 - 8) = 12 . 

Example l 

� �sft�C11"'d�DI 'Pftl: Q &IIC1�C1i"'d1ii!IC11t( I 
1'l)ui iPfdwfi4fl; lll't: � � GQIC14SC1ili!IC4)•1; I I  CLVll I I  

[Near the foot of a pole, there is a snake burrow. A peacock jumps 
from the top of the pole and pounces on the snake. To find the dis­
tance of the snake from the pole.] 
Given AB = x, AC = y, to find AD = r and BD = DC = s. 

:� r = f (Y <) 
A <  r D s S s = y - r . 

y 

Collfllfelfl: 

Example 

2 2 2 2 2 Here r = s - x = (y - r) - x 

:. r2 = l - 2yr + r2 - x2 

1 x2 
:. r =  - (y - -) .  2 y 

� � fbi �  Aftediittli:i �= 
� .  ,fd.,ct)�� BI:Jfilldfii'ISiotiDII"'d- I 
� �C1otiAUI"'datQdt( � � � I  
fini 'tft aq)ftMIN�fi4a: � �fit: I I  CLVID I I 



Mensuration 1 2 1  

There was a snake burrow at the foot of a pole, on the top of which 

was seated a domesticated peacock. The pole was 9 C (cubits) high. 

The peacock saw a snake crawl towards the post at a distance of 27 C 
from the post. The peacock pounced on the snake at the same speed as 

the snake's crawl and caught it at a certain distance from the pole. 

Find the distance quickly. 

CoiiUffelft: Here y = 27, x = 9 

r = -} ( 27 - ��) = -} (27 - 3) = 12  C .  

The peacock and the snake travelled equal distances of 15  C. 
NOTE: Some modem mathematicians may object to the above solu­

tion on the grounds that the path of the peacock is a parabola due to 
the force of gravity. However it is wrong to conclude that 

Bbiskariclrya was ignorant of gravity as the following verse 

(Golidbyaya - Chapter Bhuvanakot;a, Stanaza 6) shows. 

atllfiE\11,...\I'ili � � 1rc{, � � � 4CI\IICfNI I 
� riNfttfttt d - � lft � W I I  

That is the earth attracts inert bodies in space towards itself. The at­

tracted body appears to fall down on the earth. Since the space is ho­

mogeneous, where will the earth fall? 

Also the peacock does not fall down like an inert coconut falling 

down from a palm. He purposefully pounces on the snake and keeps 

his speed equal to that of the snake. Such conditions arise in many 

mathematical problems. So we cannot say that the problem is wrong. 

Also since the problem is on right triangles, we are justified in taking 

BD to be a sm.ight line. 

Formula to find height of lotus and depth of a pond 

�\Jia&fifaletP'�•o•(o:a•dca tPn cp)�crsudo:ah�.,gcm'{ 1 
� Fmf cp'�qsuft iiclal�ci � � � � I I  CLI.X I I  
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[Height of lotus flower is AC = AD = x. When the lotus moves by 
wind and its top touches the water at D, BD = r. BC = y.] 

1 ( r2 ) Depth of water AB = 2 -y - y . c 
y 

Height of the lotus 
1 ( r2 ) AC = x =  2 y + y . 

x hypotenuse 
W Q<Jft;qJiil"l+til"lq� �: �)flq;urf:nt w �� 
'1ftl'l': Cfl)fl;nf�ni � � � � Ql=ft4ql"l'(l l CLX I I  

0 friend, the distance between B, the point where the lotus stem meets 

the water surface and D where the tip touches the water level, is 
called the base. The height of the lotus above the water surface is 
AD - AB = hypotenuse - altitude. Altitude is the depth of water. 

Comment: Here (x - y) 2 + r2 = x2 
:. x2 - 2xy + y2 + r2 = x2 

:. x =  t (  � + y) 
1 ( r2 ) AB = x - y =  2 y + y . 

Example 

tlitiuft'tll'fl�d'tff�n� Cliflfit � � 
� iii'IMIIS�rtJIJi �dRtiSI'IIUJ'{ I 

1Ri 1Ri tl�d't��Ofl� � 
d�;:qtoi 1tuP1i � ta.SI¥t.,SI'IIDI'{ I I  CLXI I I  

In a lake there were a large number of ruddy geese and cranes. A lotus 

whose height above the water surface was one vita (.!. C (Cubit) ), and 
- 2 
its tip, bent by a rustling wind, sank at a distance of 2 C. 0 mathe-
matician ! tell (me) quickly the depth of water. 
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Comment: 
1 Here y = � , r = 2 . 
2 

1 ( 4 1 ) 15 Depth of water = - - - - = - C . 2 1 / 2  2 4 
1 ( 4 1 ) 17 Length of lotus stem = - -- + - = - C . 
2 1 / 2  2 4 

ta�&talm��'tigti �s;ffi � ���al41: 1 
dit'l)�d'tdi(ii'fi\C'I�'C&lU \1i\4+tioi � � tR! I I CLXII I I  
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[A monkey jumps from a point M on a palm tree AM to D and then 
onto a well. B .  To find MD.] 

ex 
r = -- . 2c + x 

D 
r 

M 

c 

Example 

Comment: One monkey travels MD + DB = r + 
s and the other MA + AB = c + x and r + s = c + 
x .  Also 
s2 = x2 + (c + r)2 
s2 = x2 + c2 + r2 + 2cr and 
r2 + s2 + 2rs = c2 + x2 + 2cx 
:. 2cx - 2cr - r2 = r2 + 2rs 
:. 2cx - 2cr = 2r2 + 2r (c + x - r) 

= 2r2 + 2rc + 2rx - 2r2 
:. 2cx = 4cr + 2rx 

:. r = � = Height of Jump. 
2c + x 

�&IC&'Ritia)tt,t41iUd!Jl! 'lfl1ff �: lli)SQf11Rl 
� lR) � '!J�qltli&)i\4 � � I  
untrli "ff"R'R' � •ldl!lil4+tio1 filn«t 
fCt&t�cyqR�sftfl � tani �� 1) I I  CLXIII I I  

There was a palm tree 100 C (cubits) high and there was a well at a 
distance of 200 C from the tree. Two monkeys were on the top of the 



124 Lrlavati of Bhaskaraclirya 

tree. One of them came down the tree and walked to the well. The 
other one jumped up and then pounced on the well along the hypote­
nuse. If both covered equal distances, find the length of the second 
monkey's jump. 

100 X 200 
Comment: Jump = = 50 C .  

2 X 100 + 200 
An objection may be raised LlJat the second monkey traverses a para­
bolic path. But as per the conditions on his movement, the path is to 
be taken a straight line. 

Formula: To solve a right triangle given its hypotenuse (b) and the 

sum of the other two (a + c) 

� � it'JOIIf��fluil �:Cfllfhl)•l: �� �I 
-q)tft f1:liT '{("'ftilti'l'1<:1'fi'1: � � 'j\iiCfl)flql� I I  CLXIV I I  

[To find the base and altitude when their sum and hypotenuse of a 
right triangle are given.] Subtract, from twice the square of the hy­
potenuse, the square of the sum of the base and altitude. The square­
root of this result subtracted from (resp. added to) the sum of the sides 
and divided by two happens to be the length of the base (resp. alti­
tude). [Thus given b and a +  c = s, 

s + J2b2 - s2 s - J2b2 - s2 
c =  2 and a = 2 . ]  

Note: If the hypotenuse and the difference of two sides are given then, 
to find out the base (resp. altitude}, this difference should be sub­
tracted from (resp. added to) the square-root of { twice the square of 
the hypotenuse minus the square of the given difference} and divided 
by two; (see also the comment of stanza CLXVI). 

Comment: b2 = a2 + c2 = (a +  c)2 - 2ac = i - 2ac and 
(c - a)2 = (a + c)2 - 4ac = s2 + 2(b2 - s2) = 2b2 - s2 

:. c - a  = J2b2 - s2 and 
c + a = s 

Solving these equations, we have the formulae. 



Mensuration 1 25 

Bhaskaracarya calls the smaller a the base and larger c the altitude. 
This problem can also be solved by quadratic equations. 

Example 

irn �: � �: W I 
'!j\JI4>)RgfM?i 'ffi!l a 1) �� � I I  CLXV I I  

If in a right triangle, the hypotenuse is 17 and the sum of the other two 
sides is 23, find the base and the altitude. 

Comment: 

and 

Example 

cn:q;)em'<"d4 m.n: � � '?l'l8cm 1 
� �� �� <iU14>)'t'l'l l l  CLXVI I I  

If in a right triangle, the hypotenuse is 13 and the difference between 
the other two sides is 7, find the sides. 
Comment: 

and 

Here if c - a =  s = 7 and b = 13 , 

s + �2b2 - s2 7 + �·2-x-1-32---7-2 
c = = = 12 

2 2 
�·2-b 2---s-2 - s 1 7 - 7 

a =  = -- = 5 
2 2 

. 

NOTE: Khanapur Shastri used the same formula as in (CLXV) and got 
a = -5 . We use a different formula. Although Bhaskaracarya knew 
about negative square root, he says that a base of right triangle cannot 
be negative and this is accepted by modem mathematicians. 
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�� � 'q �: l  
'litfr � trnt �-

Lilavatf of Bhaskarlicarya 

� 'ff �: � I I CLXVII I I  

[There are two vertical poles AB, CD. Strings AD and BC meet at E. 
To find EF == y given AB = r and CD = s.] 

The product of heights of two poles 
divided by their sum is the perpendicu-

C lar (EF). The products of the height of a 
pole (AB, say) and the distance between 
the poles is the distance (BF) between 
the pole and the perpendicular. [Thus 

sr y = -- ' 
s + r 

BF = � , FD = �  . ]  
s + r s + r 

Comment: �BEF, �BCD are similar :. I = BF 
. s t 

�EFD and �ABD are similar : . L = FD . 
r t 

ddi y y BF + FD A ng - + -
s r t I :. y = � .  Another proof can be given 

s + r 
by co-ordinate geometry. Clearly t is not needed to compute y. 

Example 

Two poles have heights 15 C (cubits) and 10 C respectively. Top of 
each is connected to the bottom of the other by two strings. Find the 
height of the point of intersection of the strings. 

Comment: y = � = 1 5  x 10 = 6 C . 
s + r 1 5  + 10 
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Existence of Triangles 

t�odftiiC'1'!J� 0 4�cpill§tt: � I 
tt�t'I'<,Gi!Jm'<tilll � � t'l'if� I I  CLXIX I I  

1 27 

In a triangle (or a polygon) it is impossible for one side to be greater 
than the sum of the other sides. It is daring for anyone to say that such 
a thing is possible. 

Comment: This is well-known result in Euclidean Geometry. It is 
unfortunate that ancient Indian mathematicians did not perceive the 
need to offer proofs for their assertions. 

Example 

� fa"G:?CICIS( '3GII'f'SQ� � I  
� Q � tt'CfO faf.lfih'lq I I  CLXX I I  

If an idiot says that there is a quadrilateral of sides 2, 6, 3, 1 2  or a 
triangle with sides 3, 6, 9, explain to him that they don't exist. 

� �Gicii4N'RIG'TI'<:JU� '3liJ 'Itt) � I  
fit:l'll 1J.'l'i"1!Jt11 �SSIIN 't'i'4): � I I  CLXXI I I  

�:JGif(Cf)'<"'d'<iM SI'GI"'l«) �: I 
� � m � � � l l  CLXXII I I  

[In aABC, AD 1. BC. To find BD, DC.] In a triangle, (assuming a 
side as base) form the product of the sum and difference of (the re­
maning) two sides. Divide this product by the base. Add to and sub­
tract from the base, this quotient. Divide the results thus obtained by 
two, and get the projections of the two sides (on the base). 

Square-root of the difference of the squares of a side and its pro­
jection on the base is the length of the perpendicular (drawn from the 
vertex on the base). The product of half the base and the perpendicu­
lar is the area of the triangle. [Thus if c > b, 
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F A E 

lZN 
B D C 

BD = f [a + (c + b)
a
(c - b) ] 

DC =  f [a - (c + b)
a
(c - b) J 

2 - 2 BD2 - b2 DC2 p - c - - - . 

a 
1 Also Area 6ABC = - pa.] 
2 

Comment: These are given in school geometry. If C is obtuse, some 
modifications are necessary. See Example 2 below. 

Example 1 

� -qtf � � � �  
� 514'1({¥1MM!If'lo� ';;{ fmr I 
11511CIHG!Cfifqffi Cfi� 
ft:nj nm ';;{ MCfi)oofi:lffi Qi("'IGQI¥(1 1  CLXXIII I I  

If the base of a triangle is 14 and the other sides are 13, 15, 0 friend, 
find the length of the perpendicular on the base, the lengths of two 
parts of the base into which it is divided by the foot of the perpendicu­
lar and the area of the triangle. 

Comment: BD = .!_ [14 + 
(28> <2> ] = 9 

2 14 ' 
DC = .!_  [14 - (28) (2) J = 5 

2 14 ' 

and 6ABC = i X 14 X 12 = 84 sq. units. 
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Example l 

C:tl'fl<tiC:tiSioft � � lnl wmprf llll l 
3J1N li'G' � tr.QI � •nfii'I�<Pi� ml 1) I I  CLXXIV I I  

A triangle has sides 10, l7  and base 9. 0 mathematician, find its alti­
tude, the two projections (on the base) and the area. 

B 9 c 

Comment: Here projection of 

A AB = BD = _!_ [9 + 
27 x 7] = 1 5 

2 9 ' 
projection of AC = CD 
= _!_ [ 27 X 7 _ 9] = 6 2 9 , 

p = Jl02 -62 = 8 
and area = Y-J x 9 x 8 = 36 sq. units. 

Here ACB is obtuse and so there is an appropriate modification. 

Formulae: Areas of (cyclic) quadrilateral and triangle 

�� �=� � 'q � l 
i!t'l+t't<geq;<'i � "f'1tSC4)q!ifad � I I  CLXXV I I  

Fr�alf the sum of all the (four) sides subtract each side separately 
and take their product. Square-root of this product is imprecise area of 
quadrilateral. (However) the precise area of a triangle ascends in this 
manner. [Let a, b, c, d be the sides of the quadrilateral and s = 
a + b + c + d  ----- semi-perimeter. Imprecise area of a quadrilateral is 

2 
= �(s - a) ( s- b) (s - c) (s- d) . Area of a 
triangle with sides a, b, c is obtained by 
putting d = 0, viz. �s (s - a) (s - b) (s - c) . ]  
Comment: The formula for the area of a 
quadrilateral is exact for a cyclic quadrilat­
eral. Formula for the area of a triangle was 
discovered by Heron (200 B.C.) .  The for-
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mer, as also pointed out by Bhiiskaracarya, is not correct for a non­
cyclic quadrilateral for which the correct formula is 

�(s - a) (s - b) (s - c) (s - d) - abed cos2 ( P ; F) . 

This derivation can be found in a standard trigonometry book. 

Example 1 

�¥qg&f¥1CIS\CI !jda:iCISfloQ 
1lfl ?14)C:tlfa41CIS\Cflfilcfl 1f I 
�� lf'j( 'Cfaorioqq; � ffil 
� qn;i � � �: 1 1  CLXXVI I I  

A quadrilateral has base 14, upper side 9 and (the other) two sides 12 
and 1 3 .  I f the altitude is 12, find its area by the primitive method. 
Comment: Clearly the quadrilateral is a trapezium since one side and 
the altitude are equal. Also we can break the trapezium into a rectan­
gle and a right triangle. 

1 So the area = 12  x 9 + - x 12  x 5 2 
= 108 + 30 = 1 38. 
Or using the primitive formula: 
Area = �(s - a) (s - b) (s - c) (s - d) 

= �(24 - 1 2) (24 - 9) (24 - 1 3) (24 - 14) 

= JI 9800 :::: 140.7 . 

We get imprecise value since the quadrilateral is not cyclic. 

Example 2 
We now find area of the triangle of stanza CLXXIII : a =  14, b = 13 , c 
= 1 5, s = 2 1 .  

Area = ..[s·-(s---a-)-(s---b-)-(s---c-) = J2 1 x 7 x 6 x 8 = 84 . 
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�\ii'MI�<nfl � 1IS1Ift � CRI):sfl¥t�<ld � � I 
� � �: tciCIS�dt dlfadiC?I Of �: I I  CLXXVII I I  

The (primitive) formula for the area of a quadrilateral is not accurate. 
This is so because the lenghts of its diagonals are indeterminate. So 
how can we get an accurate value? Ancient mathematicians had fixed 
some values for the diagonals but they are not valid in all cases. 

Even if all the four sides of quadrilaterals are equal (i .e. , a rhombus), 
diagonals can be different and consequently we get different areas. 

Comment: Nowdays high school students know that three independ­
ent elements of a triangle are needed to fix a triangle. Similarly, five 
independent elements are necessary to determine a quadrilateral. In 
stanza CLXXVI, besides the four sides we are given one angle to be a 
right angle. 

�: qso(4)�cP "l�fch<llqiC: � I  
ijt&t'll�<l�� f.!mi � � I I CLXXIX I I  

iC'J 1fiU'CIS: � lll ll'ift'll lll f.!miCi tm: I 
m Of cmt �4hi'f41�<1di � I I CLXXX I I  

If a perpendicular or a diagonal of a quadrilateral is not given, then its 
area is indeterminate. So one who asks such a question is a devil and 
one who can answer it must be a greater one because he does not 
know that even if all the four sides are given, the area is indetermi­
nate. 

� 'Sfiltg(i'<l'iiig�\ii'M � d&•ffaqRfidl en 1 
� III§CJSfil'klc{hj 1Fi �JSiqOISI'fiOI'{ I I  CLXXXI I I  

31g(i'<ICISUI(filttfilfi .. cml � � � � I  
�'Sdi g(i'<l'iiig�dl � �ss<ffi d'\!JUICIS'I�tud: I I  CLXXXII I I 
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Subtract the square of a diagonal of a rhombus from four times the 
square of its base, and the square-root of the remainder is the other 
diagonal. The precise area of a rhombus is half the product of its two 
diagonals. In a rhombus of equal diagonals and rectangle, the area is 
the product of the adjacent sides. The area of a trapezium is the prod­

uct of half the sum of the parallel sides and the perpendicular 
(distance between them). [Rhombus of sides = a and diagonals d t .  d2 : 

(Given a and d1) d2 = J4a2 - d� 

(Given dt . d2) Area = .!. d, d2. 2 

Area of a rectangle = product of its adjacent sides. 

Area of a trapezium = I (sum of parallel sides) x height.] 

Comment: These are standard fonnulae. 

Example 

� ci:q,mgt'4q95\il'fll 
llillff mml 'l1filrri "'VPPf 'II"M I 
�� � � itllfiSS4it'fCI 
4fi"1� ICtl�itliiC�d 'f tEzf1{ I I  CLXXXIV I I  

( 1 )  0 mathematician, in a rhombus of sides 25, find two diagonals 
and area. 

(2) If the diagonals are equal, what is its area'! 
(3) Find the area of a rectangle if its base and vertical side are 6 and 

8 respectively. 

Comment: ( 1 )  Choose d1 = 30. Here a =  25. 

d2 = J4 X 252 - 302 = 40 

30 x 40 . Area = = 600 sq. uruts . 
2 
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If we choose d1 = 48 then d2 = 14 and area is 336 sq units. Thus a 
rhombus with given sides can have infinitely many pairs of diagonals 
and areas. 
(2) Area = 25 x 25 = 625 sq. units. 
(3) Area = 6 x 8 = 48 sq. units. 

Example 1 

� � � itci"'l�gt'Ci 
� i!l��"' � 'PO l 
1111 '5t�C:tl"'dAfllftlii Wit. 
lJ.li'� 1'l'f1lRi 1Pf WJI fiti � I I CLXXXV I I  

The front of a field is eleven, its earth (base) is twice the front and the 
other two sides are thirteen and twenty. Twelve is the perpendicular 
(between the front and the base). Then find the area. 

Comment: We are given a trapezium whose parallel sides are I I  and 
22, other sides are 1 3, 20 and the altitude 1 2. 

1 1  8 Area = � ( I I + 22) x 1 2  = 1 98 sq. units. 

: more datum than is necessary. Given 
1 2��0 [Here Bhaskaracarya ha'i given one 

•!!16 
+---- 22 the four sides we can compute the 

altitude, as is clear from the figure. ] 
Example 2 

<ittltltlctJ'l'lfttll � � 
1J.: cttttNt�flltll 'Rfi!Rt)SIIC""¥1 1 
� � i!lolfatl�'fifllti\�: 
ti�"'fiM .IJI4DIMilfll� l!Tol� I I  CLXXXVI I I  

In a quadrilateral, the upper side is 5 1 ,  base 75, left side 68 and right 
side 40. Find its area, diagonals and altitude. 

Comment: Here only 4 elements are given and so we suppose that 
diagonal AC = 77. 
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MC = _!_ [ (77 + 68) (77 - 68) + 75] = 23 1 

2 75 5 
MD = 75 - MC =  144 5 

Area of the quadrilateral = 6ADC + 6ABC 

:. AM = 308 5 
· = 23 10 + 924 = 3234 square units. 

From the primitive formula �49 x 77 x 42 x 66 = 3234 which shows 
that the quadrilateral is cyclic. 
If we take C = 90°, BD2 = 752 + 402 = 7225 :. BD = 85. 

Formula for a diagonal of a quadrilateral 

4l'i'iiit'i•u�tllll§q•tfih�"'1M �Silt:ll l'l1 1 
� 4l'i'iiiq•f+4 qlt � 'IIS'Df: I I  CLXXXVII I I  

The projection of a side (on another side : = base of a quadrilateral) is 
square-root of the difference of the squares of the (given) perpendicu­
lar and the side. Diagonal (concerning with the two sides already 
considered) is square-root of the sum of the squares of the perpendicu­
lar and the difference of the base and projection. 

Comment: (See figure of stanza CLXXXVI.) 

and 

DM = JAD2 - AM2 , 

CM = DC - DM 

Formula to find the second diagonal 

�S?I iliVf: 'R� w4SA!'C?Cioa -g '4Svif11lm: � � 1 
il'iVf t'l'tl): � "' 1fll � � � I I CLXXXVIII I I  

amm�m�<P<Pi!Gtt�4)zfct+41C:ot'li dttp�ti!Jn+4 1 
t'ihiwffCI qlt �: 1ISvif � I I  CLXXXIX I I  
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[Sides of quadrilateral ABCD are given. Take some value for AC = 77. 
A Sides of AABC and AADC are known. 

Then BD2 = BR2 + DR2. ] 

Suppose BM .l AC, ON .l AC. Compute 
AM and MC. Similarly altitudes can be 
computed. Thus we get AN, CN and ON 

in AACD. MN = DR. 
BR = BM +  MR = BM + DN. 

Assume some convenient value for one diagonal. If we take this di­
agonal as the base, we get two triangles. Then we get perpendicular 
BM as well as AM, MC, NO, AN, NC. 
BD2 = BR2 + RD2 = [BM + NDi + MN2 • 

Formula to find area of a quadrilateral 

lWVTifJhf4Cl(WQ'j�qc;jijdf � � ;:r 1Jft I 
��S&l �SIIIOCII!fiUf: �: lfillifiii4CitUO ';f ctfd: I I  CXC I I  
dG"'QMill'l M!Jiftlak SII�IIC4SUf: � �: I 
� � 'llrOif�: � � �: � � 'f'Pl l l CXCI I I  

Take the sum of the two smallest sides of a quadrilateral as the base 
and the remaining two sides to form a triangle. Draw the perpendicu­
lar to the original base (of the quadrilateral). [Although the length of 
the diagonal is variable or uncertain, it has maximum and minimum 
values. ] The length of the diagonal is at most equal to the above base 
and at least equal to the length of the prependicular. So the length of 
the diagonal is choosen to lie between the two above values. A smart 
(student) can easily understand this. Taking this value for the diago­
nal, compute the sum of the area of the two triangles and this · is the 
(approximate) value of the area of the quadrilateral . 

Comment: ABCD is the given quadrilateral whose sides are given -

68M: � a� c 9 1  'A' 

75, 40, 5 1 ,  68 but the 
fifth data is not given. 
Bhaskarlicarya says that 
we can take the diago­
nal AC to have a length 
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between the base 75 and the altitude A'M of L\A'B'C' where A'C' = 5 1 
+ 40 = 9 1 .  Obviously AC < 5 1 +  40 = 9 1 .  Now AM = 66. So we can 
choose AC = 77 and then compute BD = 85 and area ABCD = 3234 
square units. 

Formula to find the diagonals of a trapezium 

'«'u"''clil't'Q �� � q�qst>CQ � 1 
� � ?q't44�4 � � clldl!ifii'Rittlft4 I I  CXCII I I  

� �: I  ttt'i'iii4tf�qci �: � I I 
'H'II"''cl� .: � I  j&l;:q<:;): tigfii'<�4SI � I I CXCill I I  

Draw a triangle with the difference of parallel sides of a trapezium as 
its base and the slanting sides as other two sides. Then find lengths of 
the altitude and segments of the base (into which the altitude divides 
the base of the triangle). Next from the base of the trapezium subtract 
one of the segments. To the square of the remainder add the square of 
the altitude, and square-root of this sum is one of the diagonals. (It is 
clear that) a trapezium cannot exist unless the base added to the 
smaller side is together greater than the sum of the upper (parallel) 
side and the other side. 

Comment: AM l_ BC, AE II DC, BF l_ DA, BE = B C - AD. 

B M E c 

Example (Scalene Quadrilateral) 

fi Qotdlfl f.\:lttdJ Clit4i<ll �Ill f.\:1('11 '!Jufi I 

Compute AM, BM, ME 
in �ABE. 

AC = �·AM--2 _+_M_C_2 
BD = �BF2 + FD2 
MC = ME + AD 

FD = BM + AD. 

� g cit4fatlt'41 � � "'l"t\ fcl;t;t I I  CXCIV I I  
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<jjn(OC4twia.t.fi � tt8�«11ft'(l 
q�q 'Ell¥ 1 Hi qfl>e ¥ '61 f.rl:m q; uh4'1fi�ffi 1 
lJfi"'il � � � � � l l  CXCV I I  

A quadrilateral has two opposite sides 39, 52, base 60 and upper side 
25. Perpendiculars are unequal. Diagonals are 56 and 63. Taking these 
four sides but diagonals of different lengths, construct a quadrilateral. 
If this new figure is a trapezium, find the lengths of the diagonals. 
This example was given by earlier teachers. 

Comment: 
D 

B c 

BM = _! [60 _ 102 x 24 ] == 48 
2 60 5 '  

AM = �AB2 _ BM2 = 
1 89 
5 

BN = ! [60 + 108 x 4 ] == 168 
2 60 5 

ON = �802 - BN2 = 
224 
5 

:. AM =F- DN 
NOTE: If the reader knows Ptolemy's Theorem, it is easy to recognize 
ABCD as a cyclic quadrilateral. 

AC X BD = AD X BC + AB X DC 
63 X 56 : 25 X 60 + 39 X 52 

i .e. 3528 = 1500 + 2028 which is true. 
In the above quadrilateral if BD = 32 (rather than 56), then what is 

AC? 

BM = _! [32 + 64 x 14 ] = 30 (AM .LBO) 
2 32 

AM2 = 392 - 302 :. AM ='= 25 . 
If CN .l BD, then 

1 [ 1 12 X 8 ] BN = - 32 + = 30 :. M = N . 
2 32 

That i s ,  diagonals of ABCD intersect a t  right angles. Many commenta­

tors on Llliivatl have missed this point. Now 

MC2 = 602 302 • • CM = 52 
AC ::!: 25 + 52 = 77 . 
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Here the older writers should have taken approximate values rather 

than actual square roots. 

A 25 B 

r1J(\{ 
D 35 M R N 25 C 

Now consider the third example wherein 

AB II CD. 
AN II BC, AM l. DC. 

CN = 25, ON = 35 

OM = ! [35 - 9 1 x 1 3 ] = I 
2 35 5 

R l � AM = = - v38016 
5 

MC = 60 - I =  297 . 
5 5 

AC = �AM2 + MC2 * 7 1, BD = J(25 + �r +AM2 = 46.7 

Area = .!. (60 + 25) x 195 ± 
493 square units, slightly different from 2 25 2 

the exact value. 

Current methods of approximation differ from those of 

Bhaskaracarya. 

Formula 

The great Indian mathematician Brahmagupta has given this formula 

He has shown that if a scalene quadrilateral is cyclic and its sides are 

given, then its diagonals can be calculated. It is a matter of pride for 

Indians that this formula was discovered in the sixth century whereas 
it took another thousand years for the west to rediscover this result. 

Bhaskaracarya has aptly praised Brahmagupta for this discovery. 

(Diagonals of a cyclic quadrilateral). Find the sum of the products of 

sides holding a diagonal of a quadrilateral, and obtain a similar sum 

for the other diagonal. Multiply them by the number obtained on 

adding the products of the opposite sides. Divide each of the multi-
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plied swns by the other (unmultiplied) swn. Square-roots of these 
quotients are diagonals. 

Comment: Let m and n be the diagonals of a cyclic quadrilateral (see 
the adjoining figure). Then 

2 (ad + be) (bd + ae) n = ....:...._ _ ___:;_....:....__� 

ab + cd  
2 (ab + cd) (bd + ac) m = ....:...,_ _ ___:;_....:....__--'-

ab +  be 

Simplyfying, we get Brahmagupta's formula. 

Bhaskaracarya's Method 

314\IIC\JII«<&4ill§iP,C:4: � � '!f\Jil � I 
� � � � -g 'ffil Rr:i\JI&4hi'd: I I  CXCVII I I  

'IIQ'i}1hl: � !£Cff41�1PI �: � I  
� n � wrq;)sfN-:t lJ.f: .,-ti � 'all ftm: I I  CXCVIII I I  

(Here Bbaskaracarya gives his own simple method). Take two right 
triangles. Multiply the sides of one of the triangles by the hypotenuse 
of the other and the sides of the other triangle by the hypotenuse of 
the first. These are (the two sets of opposite) sides of a scalene quadri­
lateral. Further, swn of the product of the bases (shorter sides) of the 
triangles and the product of their altitudes is one diagonal (of the 
quadrilateral) . The other diagonal is obtained by adding the product of 
one base and the other altitude to the product of one altitude and the 
other base . Thus the diagonals are easily obtained (by taking two right 
triangles). We do not know why (our) foremathematicians followed 
longer methods (for obtaining the diagonals of a quadrilateral) . 
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a, 
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Comment: Take two right trian­
gles of (generally integral) sides 
a� o  b� o  c � o  a2, b2, c2, ai � bi � Cj. 
Form a quadrilateral with sides 
c 1a2, c2a1 o c 1b2, c2b1  (Products of 
hypotenuse with sides of the 
other triangle). One diagonal 

= a1a2 + b1b2. The other diagonal = a1b2 + a2b1 . 
NOTE: Bhaskaracarya claims that his method is much simpler than 
Brahmagupta's and wonders how it was not discovered earlier . 

• 
Example 

Take a1 = 3, b1 = 4, c1 = 5, a2 = 5, � = 1 2, c2 = 13 .  Then the quadri­
lateral has sides 52, 39, 25, 60 which is the same one in stanza 
(CXCV). With sequence of sides (25, 39, 60, 52), Llie diagonals are 
5 X 3 + 1 2  X 4 = 63 . 

1 2  X 3 + 5 X 4 = 56. 

However, with sequence of sides (25, 60, 52, 39), the smaller di­
agonal is the same and the bigger diagonal is the product of the hy­
potenuse of the two optional right triangles, that is, the bigger diago­
nal is c1 c2 = 65 . 

There are no square roots nor big products. 
Bhaskaracarya's formula can be proved by using Brahmagupta's  

formula and substituting c 1a2, c2a� o  c 1b2, c2b1 for the sides and nothing 
2 2 b2 d 2 2 b2 

C1 = ai + 1 an C2 = a2 + 2 • 
REMARK: Is is evident that if four sides of a cyclic quadrilateral are 
given then, to compute the diagonals, one needs two optional right 
triangles. Suppose we consider two right triangles with sides 3, 4, 5 

and 8, 1 5, 17 .  Then, by the above method, diagonals of the quadrilat­
eral with sequence of sides (25, 39, 60, 52) should be 

3 X 8 + 4 X 1 5  = 84 and 3 X 1 5  + 4 X 8 = 77. 
These are against the correct values 63, 56. Thus these right trian­

gles are not compatible to a quadrilateral with sides 25, 39, 60, 52 

(taken in any sequence), and we cannot choose two right triangles in 
an arbitrary manner. A pair of compatible right triangles to a cyclic 
quadrilateral can be choosen in the following manner: 
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Divide or multiply the smallest and biggest sides o f  the quadrilat­

eral (hopefully) by any (convenient) positive number. The outcomes 

are the perpendiculars of one optional right triangle. Now divide the 

remaining two sides of the quadrilateral by the hypotenuse of the first 

optional triangle. The quotients are the perpendicular sides of the 

other optional right triangle. 

Example 

� � � fl!lfillilkl'ffi�"'Sgt'<4 � 
� u)tcpftlfil: � 'Q mr � 1 
� �: lflil � ttR'iiiq;"J 
� 11)���: 1 1  CXCIX I I  

� � .IJ!q014)4fllfilq � 
� �� � �  
� CIG � 'Q �: �: 'SI'1fiU) 'q � 
� •u�lftlcrs ll'qll<f f.!KRi �S?l Gaflsftf � I I CC I I  

A (cyclic) quadrialteral has base 300, upper side 1 25,  right side 260, 

left side 195 and the diagonals are 280 and 3 1 5 .  The perpendiculars 

are 1 89 and 224. Find the lengths of the following: 

L ( 1 )  GE, HF ,  DE, EC, DF, FC 

0 
0 
..,. 

D 48 E R T F 132 C 
.------ 300 -------+ 

(2) PT, DT, TC 

(3) SR, DR, RC 

(4) SD, SC. 

Comment: DC = 300, CB = 260, AB = 1 25 ,  AD = 195.  Other values, 

AC = 3 1 5, BD = 280, AE = 1 89, BF = 224, can be computed from the 

above and need not have been given. 

DE2 = ( 195)2 - ( 1 89)2 :. DE = 48, EC = 252 

CF = �2602 - 2242 = 1 32 , FD = 1 68, EF = 1 20 . 



1 42 LI/iivati of Bhaskariidirya 

From similar ttiangles AEC, YDC, 
CE = DC :. DY = 225. 
AE DY 

Similarly, we get RC = 300 - DR, 33 SR = 56 (300 - DR), 

3 564 
16 SR = 63 DR. Solving RC = -- .  GE = 64, GD = 80, HF = 99, 

1 7 

HC = l65, RF = 77 _!_!_ . SA =  
1 95 x l S 

SB = 
2600 . 

1 7 1 7  ' 1 7  
PT = 144, CT = 1 92. 

�� liW0116Q'1if'Q � I  
li� 1f.: qre m � � I I  CCI I I  

�: ��qOjjitffl� l 
� c;ilr�1ffi'!. �: WT� I I  CCII I I  

(Here Bhaskaracarya gives his method to solve the above intricate 

example . )  DE and FC (projections of AD and BC on the base) are 

,:ailed sandhis. When these are subtracted from the base, the remain­

ders are called pith a or complements of the projections. 

Then 

GE = 
DE x BF 

GD = 
DE x BD . 

DF ' DF 

� 1J.Ufl � ll im �: l  
� 'SWlRl ��: � ll l l CCIII I I  

YD and LC are called 'poles '. They are at right angles to the base and 

their tops are on the diagonals. YD = 
DC x AE . Then we can get the 

EC 
height of the point of intersection and the segments of the base by the 

use of stanza CLXVII .  

� �: q�c:;iii!}OJ: � �: I 
� ttl��"t);qtft cfr 'if I I CCIV I I  

�� � � � 'if'Ql'IDl{ I 
�: �: �;fu;:ilj) �: I I  CCV I I  
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�-4li'iii&1� "'\il"'\ili'iil);qcft � �: I 
� n�: S!I-�'CI�iq;lt{ � I I  CCVI I I  

s 

D x , E R F X2 C 

SR = 
DC x y2 

Y X x2 + -2_1 
Y !  

143 

Comment: Two equations (for DR and SR) derived in stanza CC are 
given here by Bhaskaracarya in different forms. 

Formula to compute the circumference of a circle given its 
diameter 

C2:lffi '4toicnfi:1t:a � ufiiDi�ll : � �e:q: 1 
&lfilll!i�Gt �� �: �1f1Sl.lill 'flli&\14t:I'C4)•;q: I I  CCVII I I  

For a given circle, the product of the diameter and 392711 250 gives a 
good approximate value of the circumference, while the product of 
the diameter and 2217 gives a rough approximation of the circumfer­
ence. 

Comment: Circumference = 
3927 
1250 
22 
7 

X Diameter 

X Diameter. 

circumference It is known that is a transcendental irrational nom-diameter 
ber and is usually denoted by 1t . 1t is not a root of any algebraic equa-
. F 1 1 . . 1 

22 3927 3 4 6 lion. or ca cu allons we use approXImate va ues - , -- ,' . 1  l , 7 1250 
etc. It shows that Bhaskara and his (Indian) foremathematicians were 
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f th . . 1 .  f 
( circumference ) th . 

th f Th aware o e Irrauona Ity o . , at IS at o 1t. e 
diameter 

Vedic term for 1t is trita (�eda 1 . 52.5).  

Example 

� fil;(;r � � ffil Jl"1l11li �: ll"'f{e<( l 
� dC(C41'floflUI41 \'.1 "fld � I I CCVIII I I  

Find the circumference of a circle of diameter 7 and the diameter of a 

circle whose circumference is 22. 

Comment: Circumference = 
22 x 7 

= 22 . 7 

Diameter = 22 + 
22 

= 
7 . 

7 
This formula requires calculus for its proof. 

Formulae: Area of a disk, surface area and volume of a sphere 

� �tffiln&:lrttqr«: � l«( 
� $"qft �: chCI<fit:aCI � 1 
� � "'iJf � � &:llttf.r&i 
� � f.fl:nt � �l l CClX I I  

Area of a disk = .!.. (circumference) x (diameter). Area of the surface 
4 

1 
of a sphere = 4 x area of its great circle. Volume of a sphere = 

6 
(surface area) x (diameter). 

Comment: If the radius of the sphere is r, 

Area of great circle = .!.. (2m) (2r) = m2• Area of surface = 4m2• 
4 

1 2 4 3 
Volume of the sphere = - (4m ) (2r) = - m .  

6 3 
These formulae are proved in any calculus text. 
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Example 

<U{&fl'fi�\CfJfifa: flm;j � m) ll1) 'ffil fcti 
t4T'fl: 'fl�"'dll'ff � -wm � �� fltnt •  
� cPS«Piillcl'fiP-t .. "'t'i � � fitS  
� JJ.� q;:i 'l6"t'i "ff � � Nlcli4dl'{ I I  CCX I I  
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What is the area of a disk of diameter 7? What is the area of a net 

which just encloses a ball of diameter 7? What is its volume? 0 wise 

friend, answer if you know pellucid Lilavati well . 

Comment: Area of the disk = 
22 x (I)2 

= 77 = 38.5 sq . units. 7 2 2 
22 49 . 

Surface area = 4 x - x - = 1 54 sq . uruts. 7 4 
4 22 73 539 2 . 

Volume = - x - x - =- = 1 79 - cu. uruts . 3 7 23 3 3 

� llif 11'141��&; �� � cf'ff'flti\C51 .. � I 
� �Stl18 � � � titiCI4tii\C4)•4'{ I I  CCXI I I  

For greater accuracy, 

Area of a disk = 
3927 

(Diameter}2, and 5000 
for most practical purposes this may be :! (Diameted . 

03 03 1 
Comment: Volume V = - + - x - where D = Diameter. 2 2 2 1  

V = �03 = .!. n  8r3 = .± nr3 . 2 X 2 1  6 3 
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Formula: Perpendicular to a chord 

GiQIC4i'fl«h•n"'t'''CEiltt"l<'i C41'fl'k'l\o1'1 �: m: � 1 
C41'fii1Ui1'1it{ fli'CttjOII&t � � � � I I  CCXIII I I  
� fli'C1icm!Jtftt C4i'fi54'11Ui � � I I CCXIV I I  

[These two stanzae give three relations between chord, its arrow and 
diameter of a circle . Indeed, one of the three is computed when the 
other two are known. BC = chord, MB = radius r, AE = Diameter 2r, 
AD = • Arrow' . ]  Subtract the (posti ve) square-root of the product of 
the sum and difference of the (given) diameter and the (given) chord. 

The result divided by 
two is the arrow. 

Twice the (positive) 
square-root of the prod­
uct of the (given) arrow 
and the difference of the 
(given) diameter and the 
arrow is the chord. 

Divide the square of half the (given) chord by the given arrow. The 
sum of this result and the arrow is the diameter. 

[Indeed, AD = _!_ [ AE - �(AE + BC) (AE - BC) 
2 

BC = 2BD = 2�AD (AE - AD) 

AE = AD +  
(BD)

2 . ]  
AD 

Comment: FC1 = BF2 - BC2 = AE2 - BC2 = (AE + BC) (AE - BC) 

I TC = - FC :. AD = AM - MD 
2 

= .! AE - .! .j.-(AE_+_B_C_) -(AE ___ B_C_) 2 2 
B D2 = AD x DE = AD (AE - AD) 

:. B C  = 2BD = 2�AD (AE - AD) 
ED X AD = BD2 
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Example 

BD2 BD2 
:. ED = -- :. AE = AD +  --

AD AD 

C::¥1�'fl:l�CJ'di'TI4?1 \RB 1llfibRn ri I 
� � l!IIDIIWQi \RIIl!IIDuo:cd 'EI � I I CCXV I I  
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0 friend, diameter of a circle is 1 0  and its chord is 6. Find the length 

of the arrow. If the arrow is given, tell (me) the length of the chord. If 

the arrow and the chord are given, find the diameter. 

Comment: AE = 10, BD = DC = 3.  

MD = �MB2 - BD2 = �52 - 32 = 4 :. AD = l . 

In the second example, BD2 = BM2 - MD2 = 9 :. BD = 3 
and B C = 6. 

(BD)2 9 In the third example, AE = AD + -- = 1 + - = 10. 
AD 1 

Formula: To find the sides of a regular inscribed polygon 

�lNiPI�"f'OI¥'tl� �l!IIDIIIICS•IIoct1l: I 
�C::Ifi'.;tl!IIDI'Clll¥,¥'4 d'CllltiUI'C:ft: Jlilml l l CCXVI I I  

.. ,Ji,.,a .. •il\vt:� filta.;a,tuo•�= 1 
cg'<I'IC::tl�h'tl lJW C41't1't1'11ltd I I  CCXVII I I  

'Cli'Cli'Cllitllilf'fi� � � �: I 
CJ'di'TI?Q't51'{4(DII'f "141't511"'ti � �� I I  CCXVIII I I  

Sides of regular insribed polygons are: 

No. of sides 
3 
4 
5 
6 
7 
8 
9 

Side 
103923a 
84853a 
70534a 
60000a 
52055a 
45922a 
4 103 1 a 

Diameter 
where a =  ---

1 20000 
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Comment: For a regular polygon of n sides inscribed in a circle of 

d. "d  2 . 7t ra ms r, s1 e = r sm - . 
n 

Using Trigonometrical tables, we get different values for n = 3, 4, 5, 

. . .  , 9.  

Formula for the length of a chord: a rough approximation 

:qJ4)'1f.\&tqRI\): JJ�: � 
�: ���: 1 
and! f.\ a.., � "d-'1 1101 ;;q9&f 1 
� Jl�SlSlNtf¥1t: � � I I CCXIX I I  

Subtract the (given) arc (cut off by the chord) from the circumference. 

Multiply the remainder by the circumference. Call (this) product 

'First ' . (Now) multiply the square of the circumference by 5/4, sub­

tract from it the First, and divide the First by this remainder. The re­

sult multiplied by four times the diameter is the (length of the) chord. 

Comment: d = diameter, p = circumference, c = arc length. 

4dc (p - c) 
Length of the chord = 5 2 

4 p - c (p - c) 

This formula gives an approximate value and it is difficult to trace 

its derivation. When the arc length c is zero, so is the chord length. 

The same is true if  c = p, the circumference. So length of the chord 

should be proportional to c/(p - c). The third factor should be a mul­

tiple of the diameter d. Clearly the denominator must be of the second 

degree (one less than that of the numerator) in p and c. So the formula 

XC (p - C) 
must be e = . Now we have two special cases: 

y - c (p - c) 

(i) e = p when c = E and 
2 

(i i )  e = E when c = E .  
2 6 

Solving these two equations for x and y we get the result. 
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Example 

�iiCIGtiit'\"1 'tt+tl"1cJ'd"( QiPifa��"1 'iii Q 'tiiQ"( I 
�� � 'ffil � 'Gftcn"( tlllioffiJia � 'iii Q I I  CCXX I I  

Find the length of the chord of a circle whose radius is  1 20 and arc 

one-eighteenth of its circumference. Find the lengths when the arc 
length is doubled, trebled etc. 

1 
Comment: Here d = 240, c = - p . 

1 8  

£ ::!:: 

4d _!_ p x 1 7P 
1 8  1 8  = 6 8d  = 1 7  X 240 = 42.06 . 

5p2 
-

1 7p2 388 97 

4 324 
Its exact value = d sin 10° = 240 x (0. 1 736) = 4 1 .664. 

2 
When c = - p, £ = 84. 1 2. 

1 8  
I n  Bhaskariicarya's time (A.D. 1 1 50), there were no tables of loga­

rithms or trigonometric functions and so the students were given ap­

proximate formulae. 

Formula to find the arc length, given the chord 

COQI'tti�QidSd4lffliP<nfaiflftl) 
uftqjft'lq:q!Jfitld: � 4'1f: I 
� �  
31R) qt CffttGi'IINftt� Qj: l'CI'R{ I I CCXXI I I  

Divide the product of the square of the circumference and 5/4 times 

the (given) chord by the sum of the chord and four times the diameter. 

Subtract this quotient from one-fourth of the square of the circumfer­

ence. The (positive) square-root of this remainder subtracted from half 

the circumference gives the bow (the smaller arc). 

5 2 2 - p £ 
Comment: Arc length c = .!!. ± £.... - _4 __ 

2 4 4d + t' 
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Solve the above formula (cf. stanza CCXX) for c and the two answers 
give the major arc and the minor arc respectively. (Bhaskaracarya 
intends to give only the minor arc. )  

Example 

� '" l) jOII'fdM � a"'l't!ftl � I  
� t)� "'j�udit;cn•lfil'la •ufit1RI¥1RI�:Jul't I I  CCXXII I I  

0 arithmetician ! If you know the formula for the arc length of a cir­
cle, find what proportion the arc length is of the circumference when 
the lengths of the chords are 42, 82, 1 20, . . . . The diameter of the 
circle is 240. 

Comment: Here f. = 42, d = 240, p = 754. 16. Since p is large, to fa­
cilitate the calculations, we compute 

5 

.£ = .!. + .!. - 4 
f. 

= .!2 or _!_ for e = 42 . 
p 2 - 4 4d + f.  1 8  1 8  

c 1 8 If f. = 82, - = - or -
p 9 9 
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Volume 

ijOjf�iCII � � � � � 
le!Hctif'IRII wlfl:ifd)cj � � � 
� �UflUT � Q.,M'?Ifi&U �II CCXXIII I I  

If it is  an  irregular ditch (or sol id) ,  measure the breadth a t  various points, 

add them and d ivide by the number of points. That is  the (average) 

breadth . Similarly, calculate the (average ) length and the (average) depth 
(or height). The product of the three (averages) will  give the (average) 

volume. 

Example 

'f"'CI<)lnlli � «4-'l�iicilq:t<ffin'(l 
� � tii�'€1flt(II';'RII � �: II CCXXIV I I 
� � �m.sttr f�r'€1<J;fflllcti<: mi ,  
'ffiiT � �: f'id.,I'I'RII: "Q"'€1'� .q I I  CCXXV I I  

0 friend ! Measurements of an irregular sol id were : 

1 5 1  
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lengths 10, 1 1 , 12 C (cubits), breadths 6, 5, 7 C and heights 2, 4, 3 C. 
Find its volume. 

Comment: Average length = 

Average breadth = 

10 + 1 1  + 12 = 1 1  c . 3 
6 + 5 + 7 = 6 C . 3 

. 2 + 3 + 4 
Average hetght = 3 C . 3 
Average volume = 1 1  X 6 X 3 = 198 C3• 

It should be noted that the measurements should be carried out at 

equal intervals. It is clear that Bhaskariicarya gives practical methods. 

Formula: Volume of a pyraotid and its frustum 

!Jduttti'lutttyFtlauit=s•.,aCiti '5ri �= 1 
� � � � � 
tiqi!!Jid'fii't?Citi: qtfldl� -qn;i � I I CCXXVI I I  

Find the sum of the areas of the mouth (top), bottom (base) and the 

rectangle whose (adjacent) sides are sums of the lengths and breadths 

(of the mouth and the bottom). The sum (of the three areas) divided 

by six is mean area of ditch (frustum). The mean area multiplied by 

depth (height) is the volume. (This) volume divided by three is vol­

ume of pyramid. 

Comment: Volume of frustum 

= ..!_ MM' [pq + p'q' + (p + p') (q + q')] . 
6 

Volume of a pyramid is .! that of a prism 3 
with the same base and same height. 
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These are standard formulae given in texts. 
Here ABCD and A'B'C'D' are similar rectangles. 

Example 1 

� C:ti&IC:ti&'Rtgt"Ci fa'Rti'Chd g � � I  
�: Q 't'l'diP'<tti �: 1lrl t!lldfl&U lie: 'ffil � I I CCXXVII I I  

There is a well in the shape of a frustwn of a pyramid. (The base is 
smaller than the top.) Its top is  a rectangle of sides 10  x 1 2  C2 (cubits) 
and the base is half the size of the top, i .e .  5 x 6 C2. If its height is 7 

C, 0 friend, find the volwne of the well . 

7 
Comment: Volwne = - [ 1 20 + 30 + 15 x 1 8] 

6 
= 490 C3• 

Examples 2, 3, 4, 5 

umsq m•at4J'<gi'CitlgS� lf fti � �= � � iN: 1 
lJW � C:tlfa�mcjtj�Q � lie: � � � I ICCXXVIII I I  

(2) The top of a hole is 12 X 12  C2 (cubits) and its depth is 9 c. Find 
its volwne. 
(3) The circular top of a hole is of diameter 10 C and its depth is 5 C. 
Find its volwne. Find the volwne of a pyramid (cone) whose base and 
height are: (4) as in (2); (5) as in (3) .  

Comment: (2) This is a box (rectangular parallelo-piped) whose vol­
wne : 1 2  X 12 X 9 :  1 296 C3• 

(3) This is a right circular cylinder whose volume = 22 x (5)2 x 5 
7 

= 2750 = 392.86 C3. 
7 

(4) Volwne of the pyramid = .! . 1 296 = 432 C3 . 3 
I 3 (5) Volwne of the cone = - (392. 86) = 1 30.95 C . 3 
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Formula: Volume of a prism 

� � tift): fil;(;r ll)?l'fi 4141f)M lA 'dq I 
,fle4Jitl.,iii� v-\ tift): !iliellliqft����tl � I I  CCXXIX I I  
!ilie<P)i!QCiiii5��: �:� � � I I CCXXX I I  

Volume of a prism equals the product of the area of its base and 
height. Number of (rectangular parallelo-piped) brick�> in a heap 
(prism) is obtained by dividing the volume of the heap by the volume 
of one brick. If the height of the heap is divided by the height of a 
brick, we get the number of horizontal layers of bricks. 

Comment: This is straight forward. 

Example 

31iiCIC:IllijM tlZf fimlm &IC:Ilfij"': I 
\3��'t?Cij"'l Clltti�liellli'Mifttl\'11 fil;t;r I I  CCXXXI I I  
Clfi'k!�= cttllii'Cii\Ctcffi tEZf tj lRCii �<Pil��lltl l 
'ffi'Cii � fiti lf)t'l�fiellll.,i � 1f � � '4lfi!t � I I CCXXXII I I  

A rectangular prism 8 x 5 x 3 C3 (C = cubits) is to be constructed by 
using bricks of dimensions - 1 8 x 12  x .  3 A3 (A = arigulas). Find the 
volume of the prism, number of bricks required and the number of 
layers. ( 1  C = 24A). 

Comment: Volume of the prism = 8 X 5 X 3 = 120 C3 

V 1 f b . k 1 8  X 12 X 3 3 
C3 o ume o a nc = = -

24 X 24 X 24 64 

No. of bricks = 1 20 + _2._ = 2560 64 
No. of lavers = 3 + _2._ = 24. . 24 



CHAPTER 30 

Wood Cutting 

[Log is a frustum of a cone. AB = dh DC = d2, MN = h .] 
M Area of a section (ABCD) = _!:!. (d1 + d2). 

2 
Multiply this by the number of times the 
wood is cut to get the total area in A2, (A 
= arigulas). To get the answer in C 
(cubits) divide by 576. 

Comment: Section ABCD is a trapezium. If several sections are 
made, obviously they are not equal in area. So this gives an approxi­
mate answer. 1 C2 

= 24 X 24 A2 
= 576 A2• 

1 5 5  
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Example 

� "1ui:JM�MS't �SJ) 
filq: tltti:}M�d fi);('t � taf1:( I 
tt(II(ScntcoJqq� � fti � 

Lilavatl of Bhaskaracarya 

tcffiifflcP � ri � � 1) I I  CCXXXIV I I  

A log of wood has base 20 A (arigulas) long, top 16  A long and height 
100 A. If it is cut at four places, 
0 friend, find the total surface 
area of the wooden pieces. 

100 1 2 Comment: Area = 4 x - (20 + 16) - C 
2 576 

= 12.s C2
• 

Formula: oblique cutting of a log 

fttcrft g � fttd:Jcm4q fi1:efa'HJFcttc�: � em 1 
$�CIS1Riftt fi"'�fttdldiPICIS'fl<44iitft 'd'ij � I  
CIS4CISI\CGI"1'tiwfttqt41 t1"1Stt1CIS�"1tt14fl"1 I I  CCXXXV I I  

A log of wood is such that its vertical sections are squares. If it  is cut 
obliquely, then the sections are rectangular and their areas = length x 

breadth. Cost of a heap of bricks or stones or carpentry depends on the 
number and skill of workers as well as softness or hardness of wood. 

Example 

Clfa"HJftti!"d�di:JMI� fil;gffiQtl � 'CI'!il � I  
� fqd:e�"14'tj J�Tf� fti � "ffil � 1) I I  CCXXXVI I I 

A log is 32 A (arigu/as) long and 16  A thick. It was cut obliquely at 9 

places. Find the total area of the sections. 

9 x l6 x 32 2 Comment: Area = = 8 C  576 



CHAPTER 3 1  

Volume of a Heap of Grain 

� ��: 
�: � ��: 1 
� � ilfifa -q� 
"EI'1•1faltlcti"CI: � tl'1'lTf �: I I  CCXXXVII I I  

If the grains are big and spherical, their heap (right circular cone) has 

a height which is _!__ th of the circumference. If they are small and 10 
spherical, the proportion is _!__ th and if they are pointed, it is _! th . 

I I  9 

. ( circumference )2 . • 
Volume can be computed by (hetght) x 6 . Thts gtves 

the answer in C3 (cubits) ; it also represents the number of Magadha 
kharikas. 

1 5 7  
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Comment: A heap of grains is in the fonn of a right circular cone. Its 
circumference can be measured but 
not its height without disturbing the 
heap. So Bhaskariicarya gives meth­
ods to compute the heights for 3 dif­
ferent types of grains. 

Volume = .!. m2 h (r radius) as seen before. Bhaskaracarya's fonnula 
3 

= ( 27tr )2 h = 1t2 r2h = .!. 7tr2 h if we take 1t = 3. This i s  good for all 6 9 3 
practical purposes for the village folk. 

Example 

� fil;(;( �: �: �: 
� tc'R1 .. �4t!lcu 1 
� � �= �= � � 
3T'I �� � 1if lftw:[ I I  CCXXXVIII I I  

On a flat ground there is  a heap of big spherical grains of perimeter 60 
C (cubits). 0 mathematician, find how many khiirikas (K) are there. 
Find the same if the grains are small or pointed. 

Comment: (i) Big, spherical : Circumference p = 60 C, h = 6 C, Vol -( 60 )2 ume = 6" 6 = 600 K; 

(i i)  . 60 60 5 small sphencal : h = - ,  Volume 1 00 x - = 545 - K ;  1 1  1 1  1 1  . 60 60 2 (iii) pomted: h = 9 ,  Volume = 100 x 9 = 666 3' K .  

Formula: Heap in a comer 

fa�<'fl�•nftcrs�&ll"g qftq: � 1 
�: � 1 1 CCXXXIX I I  
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[If the heap is in an outer comer, 

the base is l th area of the disk. 4 
If it is against one wall, the area 
is half. If it is between the two 
walls, the area is one-fourth. ]  If 
the heap is kept in the outer cor­

ner, the circumference of the circle (of which the base of the heap is a 

part) is .± of the length of the base. If the heap is on one side of a 3 
wall, multiply by 2 and if it is in the interior it will be 4 times. The 

actual volumes of the heaps of grain will be l , ..!. , ..!. respectively of 4 2 4 
the volumes so obtained. 

ExamJJie 

� \Citlfa¥1t<fiii(: w 
3R(:� �: fcl;t;r l  
�=� qi161"'14tifi!la: 
�ll'f ll f$i tl"'l�ffili �� �� I I  CCXL I I  

Find the volumes of heaps of grain stored in 
(i) front comer with length of the base £ = 45 C (cubits), 
(ii) on a wall £ = 30 C, 
(iii) inside comer £ = 1 5  C. 

Comment: In all cases circumference = 60 C. Let h be the height 
(determined according to stanza CCXXXVII).  

(i) Volume = l_ ( 60 )2 
h = l_ 100 h = 75 h C3 

4 6 4 

(ii) 1 Volume = - x 100 x h = 50 h C3 
2 

( i i i )  Volume = ..!_ X  100 X h = 25  h C3 
4 





CHAPTER 32 

Shadows 

Formula: Length of a shadow 

tJ'Illtl): q,of4\"<"d� � �: � '<'<'luflttq: 1 
�: � g CliDild'<'t 1iidh�"1gcm � lfl: � I I  CCXLI I I  

Obtain squares of the (given) difference of hypotenuses and that of 

shadows. Divide 576 by the difference of these two squares. Add one 

to this quotient and then take the (positive) square-root. Multiply this 

result by the difference of hypotenuses, and write the product in two 

places. Add the difference of shadows to one place, and subtract the 

same from the other place. The outcomes divided by two are lengths 

of shadows. 

(Height of the vertical pole = r, its shadows are t, t + q and the corre­

The other shadow is t + q. ] 

sponding hypotenuses are c, c + 
p. We are given r, p, q and we 

have to find t when q > p. 

t = _!_ [ - q + p 1 + 2576 2 ·] 2 q - p  

1 6 1  
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Comment: This concerns the altitude of the Sun. Some calculations 

are required. A pole (of length r) is fixed and a string is tied to its top. 

Marks are made on the ground where the shadows fall and the corre­

sponding lengths of the string are noted. 

(c + p) 2 = r2 + (q + t) 2 and c2 = r2 + t2 

: . 2cp = 2qt + m where m = q2 - p2 

:. 4c2p2 = (2qt + m)2 

:. 4p2 (r2 + t2) = 4q2e + 4atm + m2 

:. 4t2 (q2 - p2) + 4mqt + m2 - 4p2r2 = 0. 
Solve this quadratic equation and choose the root with positive sign 

and put r = 1 2. In Lilavati, height r usually corresponds to a gnomon 

of 1 2  arigulas. 

Formula: To find the length of the shadow when the heights of the 

lamp and pole as well as the distance between them are given. 

�: R<ftqd(it:tiCfidt'tid'<&1: I 
mll1 'dq fil'1'<<ftq�ld')'66QfJC�tf: I I  CCXLII I I  

[Given AB, DC = 1 2, BD, find PD. ]  

p 

Examtlle 

PD = 
1 2  D B  

. AB - CD 

Comment: By similar triangles, 

PCD, CAQ, 

PD CQ PD DB 
CD 

= 
AQ :. U = 

AB - BQ 

:. PD = 
1 2  DB 

AB - CD 

ttiCfiR<ftqHI'<�t:'tdl �ftt: � � I  
ttiCf)l'tdGIS<Pf!Jt>ttifild«l � WIT «11�4� lfGTSS'J I I  CCXLIII I I  
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If BD = 3 C [Cubits = 72 A (arlgulas)), AB = 3 _!_ C (84A) and CD = 2 
1 2  A. Find the length of the shadow. 

1 2 x 72 
Comment: PD = = 12 A .  84 - 12 

Formula: to find the height of a lamp 

&lcilq:� g .. 'i(iftqEt(iiidiC&I I 
Wi1tJ tl�i!IC!J� � cftq«P,'i56Qi{ l l  CCXLIV I I  

AB = BD x CD + CD . 
PD 

Comment: From the similar triangles PCD, CAQ, 
CQ = PD :. AQ = CQ x CD = BD x CD AQ CD PD PD 

Example 

:. AB = BQ + AQ = CD + BD x CD 
PD 

stiftqtiCI'iEIIC�8'R'II �: �: � lft[ I 
C::lq)ftt,tm: 'f'Qifi¥cnfi 11Gl� stiftqtiqcjEIIC!J'&fdi 1) I I  CCXLV I I  

Given B D  = 3 C (72A), PD = 16 A, find AB . 

Comment: Take CD = 1 2  A. 

AB = n x t2 + 1 2 = 66 A =.!.!. c . 16 4 

Formula: Distance between the base points 

BD = PD (AB- CD) . 
CD 
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tJI41SI4)iifm:fl :JDII 1fl tJI41AitiDiid'CIC{.,.({ 1J.: I 
1JO'icgQid: J11PU �: � iftqftnlltiiiQ�4 I I  CCXLVII I I  

=l'C1ft1��4 e�aascm unt<i mURii\4 fb41{ I I  CCXLVIII I I  

[AB is the lamp. Pole CD = 1 2  A is kept at D and D' with lengths of 
shadows QD and PD'. DD' is also given.] PB - QB = PQ = d 

A PD' - QD =  t 

QB=% x QD 

PB = � x PD' t 

p D B AB = QB x CD
. QD 

All three are obtained by the Rule of Three. Just as the Lord occupies 
the universe in different fomts, the Rule of Three pervades 
calculations involving shadows. 
NOTE: It is not clear as to what purpose is served by calculating the 
lengths of shadows and the distances of their tips from that of the 
lamp. Obviously, Bhaskaracarya knew the principle "Light travels in a 
straight line", but no reference is made to its use in Astronomy. 

Example 

ti<P)*Ifclffilai!J(il'ftl wm � �(iiiiiCi!J(ill 
� IP'C&4fil� � "tl) Tf: I 
d�4JCiffilai:J(ill � dl;l UT41-wiftql"d'Cif 
� T.l' fitRKt liCf � � � lht I I  CCXLIX I I  

CD = 1 2  A, DQ = SA, DD' = 2C (= 48 A), 
PD' = 1 2A. Find PB,  QB and AB . 
Comment: QD = 8, DD' = 48, QD' = 40, PD' = 1 2, 
PQ = 52. BQ = 52 x S = 104 A 

4 

PB = 
52 x ll  

= 1 56 A 
4 



Shadows 

AB = 104 x 12  
= 1 56 A .  

8 

4��'\:JU14fl'l@i'lfaRAI �s;r liT '4'JOt«) 
mJ. �'l

·
l�icrsil4 � � �  

� ll'§mS'fi1C:I�\ii:S�it�fh!��Ci{41 �t: 
� 'Cj'l¥11�\:lltl � 'Sllfr: wctftoli�crs'! I I  CCL I I  

1 65 

Knowledgeable persons are fully aware that examples in Algebra and 
Arithmetic involving multiplications and divisions are tackled easily 
by the Rule of Three. To enable mediocre persons like us to master 
the Rule of Three, they have given us many different examples. 

Comment: In this stanza, the importance of the Rule of Three is de­
scribed. Nowadays 'Unitary System' has replaced the Rule of Three 
with a consequent loss of speed. 
NOTE: It appears that this stanza is not Bhaskariicarya's;  it does not 
seem plausible that he considered himself as mediocre. 





CHAPTER 3 3  

Pulverization (Kuttaka) 

Before studying Bbaskaracarya's method, let us first see what is 

l · · ' T k · ax + b h b · 'pu venzat1on . a e an equation --c
- = y w ere a, , c are mte-

gers. If x, y are also integers, then to find y we have to choose those 
values of x that will make ax + by a multiple of c. Such an equation 
is called 'pulverizer' .  Pulverize means "beat the problem into pow­
der". Indeed, this indeterminate analysis was designated in Indian 
Mathematics by the term kutraka. Kutta means ' to pulverize ' .  

The above equation in  the form ax + b = cy is caJled Diophantine 
equation of the first degree. (In this chapter a, b, c, x and y of the 
equation (ax + b)/c = y stand for dividend, constant, divisor, multi­
plier and quotient respectively. )  

tRf � � ¥ � � lll � � I 
f.mlcli � � 1) 'T'i ti m � � �stlf I I  CCLI I I 

0 friend, one hundred is multiplied by an integer; 90 is added to or 
subtracted from the product; the results are exactly divisible by 63 . If 

167  
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you are proficient in pulverization, tell me the multiplier correctly. 
[That is if 100x ± 90 is divisible by 63, find x.] 

Comment: Let us solve 100x + 90 = 63y or 
100x - 63y = -90 ( 1 ). 

Let two consecutive solutions be (x,. y,), (xr+h  Yr+ J ) .  
Then 100xr+ 1 - 63yr+ 1 = -90 = 100x, - 63y, 
:. 100 (Xr+ J - x,) = 63 (Yr+ J - y,). 

Since ( 1 00, 63) = 1 ,  Xr+ J - x, = 63 and Yr+ J  - y, = 100, i .e .  (x,) is an 
A.P. with C.D. 63 and (y,) is an A.P. with C.D. 100. Now ( 1 )  is 

lOx = 7Y - 1 .  Clearly y and 
7Y - 1 must both be divisible by 10. Y = 

9 10  10 

30 satisfies this. So x = _2.. (20) = 18. So the solutions are ( 1 8, 30}, 
1 0  

(8 1 ,  1 30}, ( 144, 230}, . . . .  Similarly, solutions o f  100x - 63y = 90 
are (45, 70), ( 1 08, 170), ( 1 7 1 ,  270), . . . .  

Now let us consider Bhaskaracarya's  method and compare it with 
current ones. 

� llt: �qifi�f.IIQCii'fi: �HIGQI� � ¥a41ti!Pt_1 
1};:{ ftmiT � ':'f � � ¥!'lf\tii!�Ci I I  CCLII I I  
� 1ii�d4hfm4: �: 'f'QIC:Qqd;j lf: I 
a•nqq�Of � 'lfi � 111\RI�I"' CiCioft$1$\ ld: I I CCLIII I I  

� � 'iCi�I\RI�I� 'lim\ � � � I  
� � �[ t{�jqJA!itot I I CCLIV I I  

�el "'� -gft � �: � 'Ci�I!J'if'f I 
� � � tfl'C: � � � � I I  CCLV I I 

� � trG1 lfifffin: �4toqfilttifi'RI<:I4\'f I 
� � � �lHvutOttfiltft 9 � ld: l l  CCLVI I I  

If in a given equation the dividend, divisor and the constant all have a 
common factor, the equation should be taken as a proper one. Divid­
ing by the H.C.F. we get an equation in which the coefficients will 
have no common factor. If the H.C.F. of the dividend and the divisor 
does not divide the constant the equation should be considered im­
proper. 



Pulverization (Kurtaka) 1 69 

First find the H.C.F. of the dividend and the divisor which will be 
1 .  For if it is not 1 ,  it will divide the constant and after division, the 
dividend, divisor and the constant will be in standard fonn. 

Go on dividing this standard dividend by the standard divisor till 
we get the remainder 1 .  Then write the quotients one below the other 
followed by the constant and 0. This column is called the Downward 
Column or 'Creeper' .  Multiply the last but one number by the number 
over its head and add to this product the lower number and write this 
final resulting number over the head of the last but one number. By 
striking off the top and the end numbers, reduce the column. Repeat 
the procedure several times until we are left with two entries (at the 
top of the column). Then divide the upper number by the dividend. 
The remainder so obtained will be the quotient; this gives the value of 
y. Similarly the lower number divided by the divisor leaves a remain­
der which gives the smallest value of x.  

In this procedure following changes may be necessary. If in the 
downward column, the number of divisions is even and the constant is 
positive, the remainders will be the values of x and y respectively. If 
the constant is negative and the number of divisions is even, then 
(Dividend - first quotient y) and (Divisor - first x) will be the desired 
y and x respectively. 

(If the number of divisions is odd, just interchange.) 

Comment: Now we'll solve the equations by Bhaskariicarya's  
method: 100x - 63y = -90. Dividend = 100, Divisor = 63, H.C.F. = 1 .  

1 63 
� 26 
1 4 

1 

100 
37 
1 1  
3 

1 
1 
2 

Divide bigger number by smaller, 
write the quotients in the right and 
left columns and remainders below. 

This way we get six quotients - an even number: I ,  I ,  2 in the right 

1 2430 column and I ,  2, I in the left one. 
1 1 530 They are, in the order, I ,  1, I, 2, 2, 1 .  
1 900 Write these in a vertical column and 
2 630 write below the constant 90 and 0. 
2 270 
1 90 

90 X 

0 X 

90 x 1 + 0 is written in front of 1 . 
90 x 2 + 90 = 270 is written above 
90. 
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Continuing this way we write 630, 900, 1 530 ending with 2430 at the 
top-most line. When 2430 is divided by 100, the remainder is 30 = y. 
When 1 530 is divided by 63, the remainder is 18 = x. Now 100 x 1 8 -
63 x 30 = 1 800 - 1 890 = -90. So ( 18 ,  30) is a solution. 
Complete solution: X =  1 8  8 1  1 44  207 . . .  

y =  30 1 30 230 330 . . .  
I f  the equation is lOOx - 63y = 90, we take 
y = 1 00 - 30 = 70, X =  63 - 1 8  = 45 . 
Complete solution: (45, 70), ( 1 08, 1 70), ( 1 7 1 ,  270) 

Next we'll see how to solve an equation when the number of divi­
sions ii odd. 

� etll''"�'<�ttr � T.l � en �= 1 
tlllt?l4)callitil f.\di<Pifu � 1'(UJ<P 1) '11Wlf<:' I I  CCLVII I I  

-60x ± 3 
Solve: y in integers. 

1 3  

Comment: We 'II first solve 
60x + 3 

= y .  The table with 60, 1 3  is as 
1 3  

on the left side. The sequence o f  quotients i s  4 ,  1 ,  1 ,  1 ,  1 odd i n  num-

l 1 3  
1 5 

2 

4 69 
1 1 5  
1 9 
1 6 
1 3 
3 X 

0 X 

60 
8 
3 
1 

4 
l 
1 

ber. Here the constant is 3 .  We 
write 4, 1 ,  1 ,  1 ,  1 ,  3, 0 in the 
left column and proceed from 
the bottom upwards as in the 
previous problem. 

Here 69 divided by 60 leaves the remainder 9 
and y =  60 - 9 = 5 1 .  1 5  divided by 1 3  leaves the 
remainder 2 and so x = 1 3  - 2 = l l . If the equa-
. . 60x - 3 

Uon Is y we get x = 2, y = 9. 
l 3 
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Example 

'!q;f<h•Ftlgti � � 1"jUJC(; 4t.�tt�gctt 1 
qt.jqRfit1ltlt1&4�� � � � tRJ. I I CCLVIll I I  

1 7 1  

0 arithmetician ! 221 is multiplied by an integer; 65 i s  added to the 
product; 1 95 divides the result exactly. Tell the multiplier quickly. 

[s I 
22 1x + 65 . . 

] o ve = y m mtegers. 
1 95 

Comment: Here we can divide by H.C.F. (22 1 ,  1 95) = 1 3  and get 
17x + 5 . --- = y . Here the quotients for 17, 1 5  are 1 ,  7. The top two num-

1 5  
hers are 40, 35. 40 divided by 1 7  leaves remainder 6 and 3 5  + 1 5  

I 40 leaves remainder 5. So x = 5, y = 6. 
7 35 Complete solution: (5, 6), (20, 23), (35, 
5 X 40), (50, 57), . , , . 
Q X 

Example 

� �ft!t411GiQ4): 't1¥fqqftftt4hQ41 'T'f: I 
� m �: !j"': � 'f.l 'I�<N4d.,fl!JDI: I I  CCLIX I I 

If in ax + b = y, a, b have a common factor m, then 
c 

a b - x + -
m m = L = y' 

c m 
and solve this equation. Clearly values of x will be the same and 
y = my'. 

Comment: 100x + 90 
We'll take = y (stanza CCLI). 63 

Divide by 10 to get 
lOx + 9  

63 .L = y' . 
10  
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Sequence of quotients for 10, 63 is 0, 6, 3 (odd). 
0 27 27 + 10 leaves the remainder 7; 
6 1 7 1  1 7 1  + 63 leaves the remainder 45. 
3 
9 
0 

27 
X 

Since the number of quotients is odd, 
X = 63 - 45 = 1 8, Y = 100 - 10 X 7 = 30. 

X 

� '6� � � � 1 1  CCLX I I  

The above methods are applicable when the constant is positive. If it  
is negative, take suitable complements (in a, b). 

Example 

� � iijfieil�dl llftfim � �: �: I 
� ?lcit<ttltidl f.mrll;t � � 'if � ll� I I  CCLXI I I  

0 arithmetician ! an integer is multiplied by 60; 16 is subtracted from 
or added to the product. The results divided by 16  become residueless 
in each case. Tell me (those numbers) separately. [Solve: 
60x + 16 . . ] 
--

1
-
3

- = y tn mtegers. 

60x + 16 . 
Comment: Here choosing + 16 we get = y . Smce 16  > 1 3  

l 3  
. 60x + 3 · 

we consider = y - 1 == y' . As per (CCLVII), x = 1 1 , y' = 5 1 .  
1 3  

60x - 16 
. .  x = l l , y = 52. To solve 

1 3 
= y , consider 

60x - 3 --- == y + 1 == v ' . Here x = 2 y' = 9 
l 3 . ' ' 

:. the solution is (2, 8). 

Example 

lA �: till '514)fihtftt'tigttt: I 
� liT � f.mn: �: � em �: I I  CCLXII I I  
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Five is multiplied by an integer; 23 is added to or subtracted from the 
product;  3 divides the results. Tell the multiplier. [Solve: 
5x ± 23 

] = y .  
3 

5x + 2 
Comment: We solve --- = y + 7 = y

1
• 

3 

A I , f 
5X + 2 I • 2 I 4 d f 5x - 2 I , SO UbOn 0 -3- = y IS X = , y = an 0 -

3
- = y lS X = l ,  

yl = 1 .  
. 5x + 23 

So a solubon of y is x = 2, y = l l  
3 

and of 5x - 23 = y is x = 7 y = 4 
3 ' . 

Fonnula to solve the equation when the constant is zero 

� 'fl'.IT Q e)q; � �: I 
'SPf: � � e)q) �: � I I CCLXill I I  

If the constant (c) is zero or divisible by the divisor (b), a multiplier is 
zero and the (corresponding) quotient is the constant divided by the 

divisor (that is one solution is x = 0 and y = .£ ). 
b 

Example 

... ci;q:Jiillai: �: ctit't�tdtalt'q WSllm I 
if9ftciiC:tildl f.mRsl: ci � '1J1IIS � � I I  CCLXIV I I  

The product of an integer and five is added to 0 or 65. The outcomes 
divided by 1 3 leave no residue. 0 arithmetician !  tell me that number 
. di 1 [S 1 ( ' ) 5x d (

' '
) 
5x + 65 

] tmme ate y. o ve: 1 0 ::;  y an n 
1 3 

= Y . 
Comment: In (i), (0, 0) is one solution. Others are ( 1 3, 5), (26, 10), 

In (ii), one solution is (0, 5). Others are ( 1 3, 10), (26, 1 5), . . . . 
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Formula: constant is 1 

fiq � qRcr;FCf � �� � :JUiiPI'<t'taft I 
��qfa:g;a�&) 't<llii"Cd� �4d'ffi4)� I I  CCLXV I I  

F. 1 ax ± 1 
d 1 · 1rst so ve -

b
- = y an get a so uti on (x0, y0). Then a solution of 

ax ± c  ex 
-- = y is: x is the remainder in -0 and y is the remainder in 

b b 
. 

cy o  
a 

l7x + 5 Comment: Suppose we wish to solve 
1 5 

= Y . 
. 1 7x + 1 Fust solve --- = y and get Xo, = 7, Yo = 8. 

1 5 
5 x 7 + 1 5  leaves the remainder 5 = x and 8 x 5 + 17 leaves the re­
mainder 6 = y. 

Continued fractions provide a proof of Bhaskariicarya's method. 

To solve ax - by = 1 we form continued fraction for ..! , 
b 

5 1 1 1 1  1 1 1 1 
e g  - = -- = -- = - -- = - � - -. .  1 3 1 3 / 5  2 + � 2 + 1 + � 2 + 1 + 1 + 2 

5 3 
If we omit the last one, viz. ,  ! and compute the remaining fraction 

2 
1 2 . 

we get 1 - and we note that 1 3  x 2 - 5 x 5 = 1 and thus x = 
2 +- 5 

1 + 1 
2, y = 5 is a solution of 1 3x - 5y = l .  Similarly the penultimate con-

vergent of ..! provides a solution to ax - by = 1 . Details can be found 
b 

in an algebra text. 

Formula: union of pulverizers with the same divisor 

� �.wilc=gulcrfl ftiiFfr 'ftG1 � qRili(iCCi 111\RPl l 
31fiCIQ¥tsi Wlf �: �IIC'ti$1: t<fiC:i!S«P)m I I  CCLXVI I I  
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If an (unknown) integer is multiplied by two integers (separately) and 

the products divided by a (given) integer leave two remainders then 

(to find the unknown) assume the sum of the multipliers as dividend 

and the sum of the remainders as negative constant of a proper pulver­

izer, which is the union of two pulverizers. 

Comment: If axle = y + b/c, i .e .  ax - b = cy 

and a'x/c = y' + b'/c, i .e .  a'x - b' = cy' 

then (a + a')x - (b + b') = c(y + y') 

is the union of two pulverizers (i) and (ii) .  

Thus if ax = b(mod c) and a'x = b'(mod c)  

then (a + a')x = b(mod c). 

This is a weii-known formula in the theory of congruences. 

Example 

lf;: qoq�&1) faGttfft .. IICcU 'fl'?ll4t)"')S1f lf � �: I 
cmmr: 'flllfiGttfft"oecU 'ftgcftum � iCIRI�"'Iif I I  CCLXVII I I  

. . . (i ) 
. . .  (ii) 

If the product of an (unknown) integer and 5 is divided by 63 then the 

remainder is 7. If the same integer is multiplied by 10 and divided by 

63 then the remainder is 14. Teii that integer. 

Comment: The united pulverizer is (5 + 10) x - (7 + 14) = 63y, i .e .  

5x - 7 = 2 1y.  One solution is ( 14, 3) ,  and x = 14, 35, 56,  . . . .  





CHAPTER 34 

Concatenation 

(Permutations, Partitions 

etc.) 

�1"1ittltct>lfail;qi<t>t:lld: � "';q�tg�o$: I 
�55�<t>filtqjq;'t'1¥tl't'1"'&1: � � fil�=tig�: � I I CCLXVIII I I  

To find the number of pennutations of given (n) different digits (or 
objects), write 1 in the first place, 2, 3, 4, . . . up to the number of ob­
jects (n) and multiply them. Divide the product of the number of per­
mutations and the sum of the given (n) digits by the number of the 
given digits (i .e. by n); write the quotient the given number of times 
(i .e. n times) in a column but leaving one-digit place each time; add 
them; the result is the sum of the numbers fonned (by pennuting the 
given n digits). 

1 77 



1 78 LI/avati of Bhaskarliciirya 

Comment: The first part describes the familiar formula n Pn = n ! .  = 1 

x 2 x 3 x  . . .  x n . It is known that nPr =-n_!_ is the number of permuta-(n - r) ! 
tions from n different objects taken r at a time. This is proved in alge­

bra texts. It is easy to derive the formula for the sum of the numbers 

formed: 

( n - 1) ! (10" - I) (sum of the digits) 
it is -'----'-----'-------'---'-------=-� 

9 

Example 

�crs1occrs1� �.,41octhl f.!ticR EN1fa.,414't11�: 1 
�: � � dffl&14\4t11� ll� I I  CCLXIX I I  

Using (i) 2, 8, (ii) 3, 8, 9, (iii) 2, 3, . . . , 9 how many different numbers 

can be formed? What is the sum of numbers, so formed, in each case? 

Comment: (i) Only two numbers 28 and 82. 
(ii) In this case 3 P3 = 3 x 2 x I =  6 different numbers. 

(iii) Here the answer is 8 P8 = 8 !  = 40320. 
In, (i) n = 2, sum of the digits = 10 and so the sum of the numbers 

99 
formed = - x 10 = 1 10. 

9 
(ii )  n = 3, sum of the digits = 20 and so answer = 

2 X 999 X 20 
= 4440 . 

9 
(iii) n = 8, sunt of the digits = 2 + 3 + . . .  + 9 = 44. 
Answer =  

7 ' ( 108 - 1) ( 44) = 2463 999975360 .  
9 

Example 

qpttizstn�;s"'('lcrscrsql(if'J:JI= uct4i•ttlfiffitt'<T41qg�� 1 
31"'4�"ll�'fficp��: � �: tiif)���q •IGI�'tl'<�Gttid: I I  CCLXX I I  

Lord Siva holds t�n different weapons, namely a trap, a goad, a snake, 

a drum, a potsherd, a club, a spear, a missile, an arrow and a bow in 



Concatenation (Permutations, Partitions etc.) 1 79 

his hands. [Lord Siva has five heads and so it is presumed that he has 

ten anns.] Find the number of different Siva idols. Similarly, solve the 

problem for Vi�QU idols; Vi�QU has four objects: a mace, a disc, a lo­

tus and a conch. 

Comment: In the first example, there are 1 0 !  = 3628800 plossible 
Siva idols. In the case of Lord Vi�QU, possible idols are 4 !  = 24 in 

number. 

[NOTE: In the daily ritual (sandhyavandanam) there are 24 names of 

Lord Vi�QU. ]  

FormuUt: Permutations with repetitions 

culft'MIW!t:J �iPI'Rii\if�� 'I�= 1 
� fclcrer �C:I'Riffi�qq 'il � I I CCLXXI I I  

(To find the total number of permutations of given n digits or objects) 

if certain digits are alike then form the product of the number of per­

mutations of those places at which alike digits occur (assuming that 

each block of alike digits has different digits), and divide the number 

of permutations of all the given (n) digits (assuming them different) 

obtained by the previous method (cf. stanza CCLVIII) by this product. 

And sum of the numbers formed is obtained by the previous method. 

Comment: Let a1 = a2 = . . .  = a.-, b1 = � = . . .  = bs, c1 = c2 . . .  = Ct • • • .  
n ! 

be n objects. Then number of permutations = , n = r + s + t + 
r! s! t ! . . .  

This is proved i n  standard texts. 

Example 

�= cpmitfll§Qcpl: l!= 
Cl'mi -gfti 'il 1'j1JfcpJ� lf1'f 'R'il� I 
��"$: 
�GlfNiillfilmgfattlihll'cG)� I I  CCLXXII I I  
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Find quickly the number of different numbers that can be formed with 
(i) 2, 2, 1 ,  I, (ii) 4, 8, 5, 5, 5. Also find their sums. 

. 4! 24 6 
Comment: (1) -- = - = . 

2 !  2 !  4 
In the unit 's place I appears three times and so does 2. Their sum = 9. 
The same is true of digits in the ten's  place, etc. and so the sum of the 
number = 9999. 

(ii) Number of permutations = 
51 = 20 .  
3 !  

General formula for the sum 

= 
n ! (ra1 + sb1 + tc 1  + . . .  ) ( IOn _ I) . 

r! s! t ! n 9 
In (ii), n = 5, r = I ,  s = 1 , t = 3 .  

51 
Sum = -· (4 + 8 + 15)  ( 105 - 1 )  = 1 199988. 

3 ! 5 

Example 

�H'ii;,Q5AI4�\Ce�ci\\C;:q);:cj d"f tffififr: 1 
cr;ftt �: � � �•ttldl'f I I  CCLXXill I I  

Leaving aside 0, if the digits 1 to 9 are written six at a time, then find 
how many different numbers are formed. 

Comment: n p r = 9 p 6 = 9 X 8 X 7 X 6 X 5 X 4 = 60480. 

��crsoici\CIIQf'IG ��crs't'tit'1ittilcrstq�a � 1 
�: � �: � f.!tlm�� l l CCLXXIV I I  

'14i�d't'ti1'1<Pti'84<Pilll: �;s;a�qs;q)(j � 9 � I  
� '1� "1Rt)� � •lfittttlofq'fll l l  CCLXXV I I  

When the sum (n) of the digits and the number (r) of blank spaces are 
given, follow the method given below to get the total number of per­
mutations: 
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(n - l) · · · (n - r + l) 
. This method is applicable when n < r + 9. All 

(r - 1) ! 

this has been given briefly because this ocean of mathematics is vast. 

Comment: This is an example of partitions and the derivation will be 
found in books on theory of numbers. 

Formula can be written as 
_ __:_(n_-_l):....! __ 
(n - r) ! (r - 1) ! 

NOTE: The great Indian mathematician (Late) S. Ramanujan made 
outstanding discoveries in the theory of partitions. It is said that he got 
inspiration from the above stanza. 

Example 

ctit'CIQJ .. ��..c•4am••+51ciac:t� l 
� ���ni&il � � f.\•lildl'{ l l  CCLXXVI I I  

Find the total number of different numbers of five digits whose sum is 
1 3 .  

Comment: n = 1 3, r = 5 so the answer 

= � = 495 . 8 ! 4 !  

ot � ot � "t -,ftr.f 'IPI: '111C'ktt41� � I  
•Jfifa•JDJ454c;\'1i "f41Nitlh4t4at4SqJt)� I I  CCLXXVD I I  

Although there is no multiplication, division, squaring or cubing in 
this concatenation, yet if  it is asked to egotistical evil-minded lads of 

astronomers, their humbling is certain. 

� "!i\Jiifit:JDJqif'Jfi'ai<ft 
:gOI&JftiM&�41fit: � cPo'flcml l 
t4lt"'i4tilll 'fliCWfita:JC:IlliC"'tll 
� m "!1&'fiqS�fil � I I CCLXXVill I I  

This Lilavaii clearly explains fractions, simple fractions, multiplica­
tion etc. It also beautifully describes problems in day-to-day transac-
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tions. Rules are transparent and examples are beautifully worded. 
Those who master this Liliivati will be happy and prosperous. 

Alternate meaning: (Lass) Liliivati is born in a respectable family, 
stands out in any group of enlightened persons, has mastered idioms 
and proverbs. Whomsoever she embraces (marries) will be happy and 
prosperous. 

� � (INTERPOLATED VERSE) 

are) <4Jcp'<unf.\ � T.l fiNuri � m: �: 
� � � tiT.!' � � � �= · 
� f:lrmi &li T.l � �¥fitt4h�� 
ttc;:i!Jtt)qsq•n'1:111)� 'tl)�: �: I I  CCLXXIX I I  

Bhaskaraciirya, the great poet and author of this book, had mastered 
eight volumes on Grammar, six on Medicine, six on Logic, five on 
Mathematics, four Vedas, a triad of three ratnas, and twp (fore- and 
past-) MimiiriJsiis. He understood that the Lord (Supenn'e) cannot be 
fathomed. [Obviously he had not mastered only Mathematics but was 
well versed in many branches of knowledge.] 
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LXI 
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LXVII 
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LXVI 

XXXII 
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CLXXIX 

CCIV 

CCIII 



1 92 

em t'l4&11t'i'4 tm � 

�t'll•lt'l tjt't WI) t'I<Pit'lf41t'lfa t'ii�" 

�� �(IPd=itcn � 'J.1fl 
� 
4'de<PI"1i � � m '<P1fitrofi 
� '<l�lfa4)•1omt 

� � � !JDII'f(tt'l) 

fam"faRRJ !tii¢<P4on 
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Lil'iivati of Bhaskarac'iirya 

xxxm 

XI 

ux 

CLV 

II 

LXIII 

xuv 

CXLVI 

CCXXII 

XLVIII A 

CCXLVI 

CXI 

CXXXVI 

CCVIII 

XCII 

CLXlll 

CCIX 

CCXI 

CCXXI 

CCVII 

CXXVI 

CCXLII 

CCXLIII 

ccxux· 
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XLVII 
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CXXXIV 

LVII 

XXII 
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XCI 
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LXXXVIII 

CLXXX 

XXV 

XX 
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CXLV 
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XLV 

CVI 

ex 
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� q>qc:; &14C::i�<Piti <Pg�: 
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"ffiQf tm� � � 
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LI/avatf of Bhaskarliclirya 

cxxm 

CLVII 
CCLXXlll 
CCLXVIII 
XXVI 
VI 
LXXIV 
CLXXII 
CXII 
CXIV 
LVIII 
CCLV 
VII 

CXVII 
LVI 



Subject Index 
[Brackets containing number(s) stand for the verse number(s)] 

Abja 
Acre 
Addition 
Ad do 
Acfhaka 
Adho/I 
Altitude 
Arigu/a 

Arigu/I 
Antya 
Anu�(upa 
Ardhasamavf(ta 
Area 
Arithmetic progression (A.P.) 

Arrow 
Asu 
A (have 

B'iihu 
B amboo 

(XII) 

(VI) 

(XII) 

(XXXIV) 

(VIII, LXXXVIII) 

(VIII) 

(CXLI-cLII, CLXIV) 

( CV, CCXXXII-cCXXXIV, 

CCXXXVI, CCXLI, CCXLIII) 

(VI) 

(Xll) 
(CXL) 

(CXXXIX) 

(CXLI, CLXXV, CCIX-ccXI) 

( cxxvi, cxxvm-cxxxn, 

CXXXIV, CXXXV) 

(CCXIV, CCXV) 

(X) 

(IX) 

(CXLI) 

(VI) 
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Base 
Bhagiratha 
Bhuja 
Brahmagupta 
Bhuvanko¥J 
Champaka 
Circumference of a 
-- circle 
-- disk 
Combination 
Compound fraction 
Concatenation 
Congruence 
Cowrie 
Cube 
Cube root 
Dam a 
Dal)cJa 
Datta 
Davacfi 
Dedo 
Devanagari 
Dhabfi Paisa 
Dharal)a 
Dha(.aka 
Diagonal of a quadrilateral 
Diophantine 
Divakara 
Division 
Doa cynosuroides 
Dramma 

Drol)a 
Dvisapta 
Dwadasasra 

LillivatT of Bhaskaraclirya 

(cxu--cur) 
(XXII) 

(xti) 

(CXCV, CXCVI, CXCVIII) 

(CLVIII) 

(LVII) 

(CCVII, CCVIII) 

(CCIX) 

( cxviii--cxxi) 

(XXXIII) 

(CCLXVI, CCLXXVII) 

(CCLXVI) 

(II, XXXIV, CXXXVII) 

(XXVI-XXVIII) 

(XXX) 

(II) 

(V) 

(XII) 

(II) 

(XXXIV) 

(XII) 

(II) 

(III) 

(III) 

( CLXXXVII--cXCVIII) 

(CCXLIX) 

(XVIII) 

(XIX) 

(XLIII) 

(II, XXXIV, LXXXII, LXXXIII, 

XCIV, CVI, CVII, CXXIX, 

CXXXVII) 

(VIII) 

(IX) 

(VII) 
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Exchange of jewels (CVIII, CIX) 

Existence of triangles (CLXIX) 

Fractional residue (LVIII) 

Fractions 
- addo and dedo (XXXV) 

- compound (XXXIII) 

- division (XLII) 

- multiplication (XL) 

- simple (XXXI) 

- squares, cubes, square roots and (XLIV, XLV) 

cube roots 
Gadylil)a (III, IX) 

Gadylil)aka (III, LXXXVII) 

Gal)Qpati (XI) 

Gal)eia (I, XI) 

Geometric progression (G.P. ) (CXXXVI) 

Ghanahasta (VII) 

Ghafikli (X) 

Gnomon (CCXLI) 

Goladhyaya (CLVIII) 

Guifjli (III, IX, LXXXI, LXXXVII) 

Hasta (V-VII) 

Hectare (VI) 

Hypotenuse (CXLH:LII) 

Jcchli (LXXIX) 

Infinite (XLVII) 

Infinity (XLVII) 

Interest (XCVII-c) 

Inverse proportion (LXXXIV) 

Jaggi (XII) 

Ja/adhi (XII) 

Jnanaraja (XLVII) 

Kadamba (LVII) 

Kiikirji (II, LXXXII, XCIV, CXXXVII) 

Kala (X) 

KarQa (LXXVI) 

Kar!j(l (IV) 
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K�fha 
Kavacfi 
Ketakf 
Khahara 
Khancfameru 
KhiirT 
Kharika 

Kharva 
Khayuga 
Kosa 
Ko(i 
Kroia 
K¥Jl)a 
Kucfava 
Kuia 
Kufra 
Kuftaka 
Madhya 
Mahiipadma 
Miilat1 
Ar� 

Maund 
Meru 
Method of transition 
Metre 
lv.lunilbsa 
Mouth 
Nak!;atra 
Newton 
Nikharva 
Nimi!fD 
Ni� 

Lil'iivati of Bhaskaraciirya 

(X) 

(II, XXXIV) 

(LX) 

(XLVI, XLVII) 

( cxvm-cxx, cxxu) 

(VII, VIII) 

(VII, LXXXIII, CCXXXVII, 

CCXXXVIII) 

(XII) 

(IX) 

(V, VI, XCIV) 

(XXXI) 

(V) 

(X) 

(VIII) 

(XLIII) 

(CCL) 

(CCL) 

(XII) 

(XII) 

(LX) 

(IV, LXXXI, CXI, CXIII, CXV, 
CXVII) 
(IX) 

(CXXII) 
(LXI) 

(cxxxvm-cXL) 

(CCLXXIX) 

(CCXXVI) 

(X) 

(CXXII) 

(XII) 

(X) 

(II, LVIII, LXXXI, LXXXII, 
LXXXVI, XC, XCII, XCIII, 
XCVIII, C, CII, CVII, CXXXVII) 
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Nif}lave (IX) 
Nivartana (VI) 
Pai (II) 
Pal a (IV, X, LXXXI, LXXXII, CVII) 
PaiJ.a (II, LXXXII, LXXXIII, CXXXVII) 
Pmikti (XXIII, XXIV) 
Pariirdha (XII) 
Pascal ' s  triangle ( CXX, CXXII) 
Patali (LVII) 
Piivafi II 
Payal'i (VII) 
Pennutation (CCLXVIII) 
Peshawa (II) 
Phala (LXXIX) 
Pi Iigalacarya (CXXII) 
P'ifha (CCII) 
Pole (VI) 
Pram'8r)a (LXXIX) 
Prastha {VIII) 
Progression (CXXIII) 
- arithmetic (CXXIII see also A.P.) 
- geometric (C, CXXXVI see also G.P.) 
Projection {CLXXIV) 
Prosody (CXXXVIII) 
Ptolmey (CXCV) 
Pulverize (CCL, CCLXV-cCLXVII) 
Pythagoras (CXXIV) 
Pythagorean triplet (CXLIX) 
Quadratic equation (LXXI-LXXIII) 
Ramanujan (CCLXXV) 
Ratna (CCLXXIX) 
Ratti (III) 
Reverse process (XLIX, L) 
�gveda (CCVII) 
Ruka (ll) 
Rule of 

- eleven (XCIV) 
- five (LXXXIX, XC) 
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- nine 
- seven 
- three 

Rules for barter 
Samavf(ta 
Sandhi 
Sandhyavandanam 
Sarlku 
Sastrodita 
Seer 
Series 
Shastri 
Si/Indhra 
Simple fraction 
Singh 
Siva 
Square 
- root 
- transition 
Subtraction 
Sulvasiitrakara 
Suvarl)a 
Tanka 
Tatpara 
To/a 
Trita 
Trup 
val a 
Valla 
Vararaka 
Vi $Qmavf(ta 
Vi�u 
Vita 
Volume of a 
- cone 

LI/avati of Bhaskaracarya 

(LXXXIX, XCIII) 

(LXXXIV, LXXXIX, XCII) 

(LXIX, LXXIX, LXXX, CCXL VIII, 

CCL) 

(XCV) 

(CXXXIX) 

(CCII) 

(CCLXX) 

(XII) 

(VII) 

(VIII) 

(CXXIII) 

(XVIII, XXII, LXXXI, CLXVI) 

(LX) 

(XXXI) 

(XII) 

(LV, CCLXX) 

(XX) 

(XXIII, XXIV) 

(LXIII, LXIV) 

(XII) 

(CXLII) 

(IV) 

(IX) 

(X) 

(IV) 

(CCVII) 

(X) 

(III) 

(III) 

(II, LXXXII) 

(CXXXIX) 

(XLVII, LV, CCLXX) 

(CLXI) 

(CCXXVIII) 
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- ditch or solid ( ccxxiii-ccxxv) 

- heap of grain ( ccxxxvn-ccXL) 

- prism (CCXXIX-cCXXXII) 

- pyramid and frustum (ccxxv-ccxxviii) 

Yava (III, V) 

Yojana (VI, LXXXIII) 

Zero 
- eight rules (XL VI, XL VII) 
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