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Today’s Roadmap

Part I: Foundations

1. Mean comparison as OLS

2. Why OLS? The flexibility

advantage

3. The unbiasedness condition

Part II: Tools

4. Covariates: reducing bias

5. Bad controls: what not to include

6. Signing the bias: OVB formula

Key Insight

The central question: How do we get closer to the causal effect when we cannot

run an experiment?
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From Mean Comparison to OLS



Where We Left Off: Mean Comparison

Recall: we decomposed the observed difference in means:

E[Yi | Di=1]− E[Yi | Di=0]︸ ︷︷ ︸
What we observe

= E[Y1
i −Y0

i | Di=1]︸ ︷︷ ︸
Causal Effect (ATT)

+E[Y0
i | Di=1]− E[Y0

i | Di=0]︸ ︷︷ ︸
Selection Bias

What we want:

The causal effect of treatment

What gets in the way:

Selection into treatment is non-random
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A Running Example: Job Training Programs

Policy Application

A city offers a voluntary job training program. We want to know: does the

program increase participants’ earnings?

Training group

Average earnings: $84,937

No training group

Average earnings: $77,692

Raw difference: $7,244

Think About It

Is $7,244 the causal effect of training? What might be different about people

who choose to enroll?
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Visualizing the Raw Difference

The distributions overlap, but means differ. Is this gap causal?
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Mean Comparison: The Starting Point

The bar chart gives us one number: the difference in means. But we need a more flexible tool.
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Mean Comparison is OLS

Running this regression with a binary treatment variable:

Earningsi = β0 + β1 · Trainingi + εi

What OLS gives us:

• β̂0 = mean of control group

• β̂1 = difference in means

Algebraically:

• β̂0 = ȲD=0

• β̂1 = ȲD=1 − ȲD=0

Key Insight

With a binary treatment and no other variables, OLS exactly reproduces the

difference in means. They are the same thing.
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What OLS Is Doing

The slope of the OLS line = the difference in group means. The intercept = the control group mean.
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Why Use OLS Instead of a Simple t-test?

OLS gives us the same answer, but with more

flexibility:

1. Add covariates to reduce bias

2. Control for confounders systematically

3. Standard errors and inference built in

4. Foundation for every design: IV, RD,

DiD, FE

Mean Comparison

OLS

+ Covariates

IV / RD / DiD / FE
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When Can We Trust OLS?



Unbiasedness of OLS

Definition

OLS is unbiased if, on average across many samples:

E[β̂OLS] = βtrue

This means: if we could repeat our study many times with new random samples,

the average of our estimates would equal the true parameter.

Think About It

Unbiasedness does not mean any single estimate is correct. It means the esti-

mation procedure is not systematically off-target.
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What is E( ˆβols)?

ˆβols =
Cov(D1,Y)

Var(D1)

From here we’ll derive that:

E( ˆβols) = βtrue + ρ(D, ε)
σe
σx

βtrue + correlation(D, ε)
Standard deviation (ε)

Standard deviation (D)

• You can find the derivation in “Advanced OLS” chapter of Real Stats

10/54



Questions

Questions

Can Standard deviation of epsilon be 0 σε = 0?

Can standard deviation of x be 0. σx = 0?

What would that imply?
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The Condition for Unbiasedness

For β̂1 to be unbiased, we need:

Corr(Di , εi) = 0

In words: the treatment variable must be uncorrelated with the error term.

Question

What is epsilon ε?
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The Condition for Unbiasedness

For β̂1 to be unbiased, we need:

Corr(Di , εi) = 0

In words: the treatment variable must be uncorrelated with the error term.

The error term εi

Everything that affects Y but is not in

our model. These are the

unobservable characteristics.

The condition means:

Treatment assignment is not related to

things we haven’t accounted for in the

model.
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Back to Job Training

Earningsi = β0 + β1 · Trainingi + εi

What is in εi? Everything else that affects earnings:

• Education level

• Age and experience

• Prior earnings (proxy for ability)

• Motivation, network effects, …

Think About It

If more educated or higher-ability people are more likely to enroll in training,

then Corr(Training, ε) > 0 and our estimate is biased (more positive).
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Reducing the Bias

Goal: make Corr(D, ε) as close to zero as possible.

One strategy: pull variables out of ε and into the regression.

Before: Earningsi = α0 + α1 · Trainingi + εi

After: Earningsi = β0 + β1 · Trainingi + β2 · Educi + β3 · Agei + µi

Key Insight

By adding covariates, we remove part of what was correlated with treatment

from ε. The remaining error µi is (hopefully) less correlated with D.
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Adding Covariates



Which Covariates Should We Add?

We want variables that satisfy two conditions:

Condition 1

Correlated with Y (the outcome)

If not: irrelevant to the outcome and

won’t reduce bias.

Condition 2

Correlated with D (the treatment)

If not: doesn’t explain selection and won’t

change β̂1.

Plus a secret rule (Really, condition 3) The variable must not be a

post-treatment outcome (more on this shortly).
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How do we find these variables?

• It comes from our priors about how the world works

• In fancy terms, theory (Insert here your institutional knowledge or information

from other fields)

• Ask yourself the question: What would make observations select in or out of

treatment?

Let’s go over an example
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Adding Covariates: What Happens to β̂1?

(1) (2) (3) (4) (5)

Job Training Program 7244.3∗∗∗ 5041.7∗∗∗ 4756.4∗∗∗ 4465.4∗∗∗ 4232.2∗∗∗

(472.8) (408.3) (296.6) (289.2) (274.8)

Years of Education 2556.5∗∗∗ 2505.1∗∗∗ 2510.8∗∗∗ 1969.4∗∗∗

(88.9) (63.7) (61.9) (67.5)

Age 843.8∗∗∗ 844.1∗∗∗ 536.4∗∗∗

(20.2) (19.6) (27.6)

Female 3128.4∗∗∗ 3063.0∗∗∗

(282.8) (268.5)

Prior Earnings ($) 0.4∗∗∗

(0.0)

Constant 77692.4∗∗∗ 44088.8∗∗∗ 13918.2∗∗∗ 12462.8∗∗∗ 11559.8∗∗∗

(320.5) (1182.3) (1132.4) (1098.7) (1055.4)

R2 0.105 0.369 0.663 0.683 0.714

Observations 2,000 2,000 2,000 2,000 2,000

Robust standard errors in parentheses.

True causal effect = $4,000.

∗ p < 0.10, ∗∗ p < 0.05, ∗∗∗ p < 0.01

As we add controls, the training coefficient moves toward the true effect ($4,000).
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Visualizing Bias Reduction

With no controls, we overestimate the effect. Adding covariates moves us toward the truth.
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How Does Adding a Covariate Change β̂1?

With one variable: β̂1 =
Cov(X1,Y)

Var(X1)

With multiple variables, this becomes:

β̂1 =
Cov(X̃1, Y)

Var(X̃1)

where X̃1 is the residual from regressing X1 on all other covariates.

Key Insight

OLS isolates the “unique part” of each variable. Adding X2 strips out variation in

X1 explained by X2. The coefficient β̂1 is based only on the remaining variation.
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Where Does X̃1 Come From?

Start with the auxiliary regression of X1 on all other covariates:

X1 = α0 + α1X2 + · · ·+ αkXk + ν

The residual from this regression is:

X̃1 = X1 − X̂1 = X1 − (α̂0 + α̂1X2 + · · ·+ α̂kXk) = ν̂

What X̃1 captures:

The part of X1 that cannot be predicted

by the other covariates—its “unique”

variation.

Why it matters:

If X1 and X2 are highly correlated, X̃1 is

small ⇒ β̂1 will change a lot when you

add X2.
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Practical Implication

Think About It

If I run Y = β0 + β1X1 and get β̂1 = 0.35,

then run Y = β0 + β1X1 + β2X2 and get β̂1 = 0.03,

what does this tell me?

Answer: X1 and X2 are highly correlated. Most of what X1 appeared to “explain”

was actually driven by its correlation with X2.

The flip side:

If β̂1 barely changes when adding X2, then X1 and X2 are not very

correlated—adding X2 did not address the source of bias related to X1.
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Bad Controls



Not All Covariates Are Good: Bad Controls

Warning

A bad control is a variable that is itself affected by the treatment—it is a post-

treatment outcome.

Classic example: Effect of schooling on wages.

Wagesi = β0 + β1 · Schoolingi + εi (βtrue > 0)

Now add occupation:

Wagesi = β0 + β1 · Schoolingi + β2 ·Occupationi + εi

Problem: Schooling → Occupation → Wages. By controlling for occupation, we
block part of the causal channel through which schooling affects wages.
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Why Bad Controls Are Dangerous

Schooling Occupation Wages

Total Effect

Controlling for this blocks the indirect path

Key Insight

Tip: If a variable could be an outcome in the causal chain from treatment to

Y , do not control for it. Ask: “Could the treatment have caused this variable to

change?”
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Bad Controls in Action

Good Controls With Bad Control

Job Training Program 4232.2∗∗∗ 4031.8∗∗∗

(274.8) (319.6)

Years of Education 1969.4∗∗∗ 1921.5∗∗∗

(67.5) (78.6)

Age 536.4∗∗∗ 538.0∗∗∗

(27.6) (27.7)

Female 3063.0∗∗∗ 3062.8∗∗∗

(268.5) (268.2)

Prior Earnings ($) 0.4∗∗∗ 0.4∗∗∗

(0.0) (0.0)

Occupation Tier FE No Yes

R2 0.714 0.715

Observations 2,000 2,000

Robust standard errors in parentheses.

Occupation tier is a post-treatment variable (bad control).

∗ p < 0.10, ∗∗ p < 0.05, ∗∗∗ p < 0.01

Column (1): good controls. Column (2): adds occupation tier (post-treatment). Training effect

shrinks.

25/54



Real-World Example: Gender Pay Gap at Google

In 2017, Google claimed there was no gender

pay gap after controlling for job title, location, and

performance.

Their regression:

Wagei = α0 + β1Femalei +
∑
d

βdJobd + . . .

Warning

Job title is a post-treatment outcome. If gen-

der affects which jobs people get, controlling

for job title blocks that causal channel.
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It’s a Textbook Example of What Not to Do

Including occupation dummies in a wage equation is the canonical example of a bad control.

See: Mastering ’Metrics, p. 215 | Sally Hudson’s tweet
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Real-World Application: Deaths of

Despair



Application: Are Opioid Deaths “Deaths of Despair”?

Policy Application

The “deaths of despair” hypothesis: rising mortality from drugs, alcohol, and suicide is

driven by declining economic conditions in affected communities.
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Deaths of Despair?

The proposed idea is that these deaths are driven by changes in economic

conditions.

Think About It

How would one measure changes in economic conditions?

What would be the regression that you would run?
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The Research Design: Kitchen Sink OLS

Regression:
∆Mk = α0 + β∆~Ek + εk

Outcome:

∆Mk : Change in mortality across

counties

Explanatory variables: ∆~Ek :

◦ Changes in poverty rate

◦ Changes in median income

◦ Changes in home prices

◦ Changes in unemployment

◦ Changes in import exposure

Think About It

What is the main assumption for interpreting β̂ as causal? What might be in εk?
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Results: Economic Conditions and Drug Mortality

The author progressively adds covariates to see how the economic conditions coefficient changes.
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Results: After Adding Controls

Economic variables explain very little of the variation in drug mortality changes, once supply-side

factors are controlled for.
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Results: Table 1



Results: Table 2



Results: Table 2



Conclusions



Signing the Bias



We Can’t Eliminate All Bias—But We Can Sign It

• We’ve seen how adding covariates reduces bias

• But we can never include everything—some bias always remains

• However, we can often determine the direction of the remaining bias

Key Insight

Even if you cannot pin down the exact magnitude of the bias, knowing whether

your estimate is too high or too low is valuable for policy conclusions.
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Signing the Bias: Example

• Imagine someone wanted to estimate the following:

PoliceForcei = α+ γ1BodyCamerai + ε

• Say this person finds the following

PoliceForcei = α+ 0.30BodyCamerai + ε

Think About It

What’s one omitted variable that would be affecting the “causal” interpretation

of γ1?
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Income as Omitted Variable

• Colloquial Answer: “Police departments that have BWC tend to be in higher

income neighborhoods, and those are the neighborhoods that you would also

see less use of force, and so the effect would be smaller.”

• That argument may be true, but the direction of the bias may result in a

different conclusion.

Think About It

How do we know if the argument is pushing the estimate in one direction or

another?
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Finding the Sign of the Bias

• In order to find the sign of the bias we need two pieces of information:

• (1) What’s the sign of the correlation between the omitted variable and the

outcome? Corr(OV ,Y)

• (2) What’s the sign of the correlation between the omitted variable and the main

explanatory variable? Corr(OV ,D)

• The sign of the bias is then Corr(OV ,Y)× Corr(OV ,D)

• So if Corr(OV ,Y) = + and Corr(OV ,D) = −, then the sign of the bias is (−)
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Example: Body Cameras and Use of Force

A researcher estimates:

UseOfForcei = α+ 0.30 · BodyCamerai + ε

Suspected omitted variable: Neighborhood income

Omitted Variable Corr(OV, BodyCam) Corr(OV, Force)

Neighborhood Income (+) (−)

Bias direction: (+)× (−) = (−)

Implication: γ1 = β1 + (negative bias), so β1 > γ1.

The true reduction in force is larger than what we observe.
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OVB in Action: Simulated Body Camera Data

Biased With Income Control

Body Camera -0.748∗∗∗ -0.514∗∗∗

(0.091) (0.095)

Neighborhood Income ($) -0.000∗∗∗

(0.000)

Constant 3.833∗∗∗ 4.728∗∗∗

(0.066) (0.153)

R2 0.121 0.196

Observations 500 500

Robust standard errors in parentheses.

True effect of body cameras = -0.5.

∗ p < 0.10, ∗∗ p < 0.05, ∗∗∗ p < 0.01

Without income control, the camera effect is biased away from zero. Adding income moves toward

the true effect (−0.5).
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Body Cameras: What Did We Learn?

Key Insight

Recall: “Police departments that have BWC tend to be in higher income neigh-

borhoods, and those are the neighborhoods that you would also see less use

of force, and so the effect would be smaller.”

In fact, when we account for neighborhood income, the effects should be larger,

not smaller. The colloquial intuition about the direction was wrong—signing the

bias formally shows the true effect is larger in magnitude than the naïve esti-

mate.
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Omitted Variable Bias: The Formula

Suppose the true model is:

Yi = β0 + β1Di + β2X2 + νi

But we can only estimate the short regression (omitting X2):

Yi = γ0 + γ1Di + εi

Using the auxiliary regression X2 = δ0 + δ1Di + τi , we can show:

γ1 = β1 + β2 · δ1︸ ︷︷ ︸
Bias

β2: effect of omitted var on Y δ1: relationship between omitted var

and D
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Where Does the Formula Come From?

Start with the true model and substitute:

Yi = β0 + β1Di + β2 (δ0 + δ1Di + τi)︸ ︷︷ ︸
X2

+νi

= (β0 + β2δ0) + (β1 + β2δ1)Di + (β2τi + νi)

= γ0 + γ1 Di + εi

Therefore:

γ1 = β1 + β2δ1 = True effect+ Bias

Bias is zero when either β2 = 0 (omitted var doesn’t affect Y ) or δ1 = 0 (omitted var is

uncorrelated with D).
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Practice: Study Time and Test Scores

A researcher estimates:

(1) Pr(Pass) = β0 + β1 · StudyTime
(2) Pr(Pass) = γ0 + γ1 · StudyTime+ γ2 · HWGrade

Given:

• StudyTime is negatively correlated with HWGrade

• HWGrade is positively correlated with passing

Think About It

Is β̂1 (from regression 1) biased more positive or more negative?
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Signing the Bias: A Practical Tool

The sign of the bias is:

sign(Bias) = sign(β2)× sign(δ1)

Corr(OV ,D) > 0 Corr(OV ,D) < 0

Corr(OV ,Y) > 0 Bias > 0 (more positive) Bias < 0 (more negative)

Corr(OV ,Y) < 0 Bias < 0 (more negative) Bias > 0 (more positive)

Just two pieces of information—both based on theory about how the world works—let you determine

the direction of bias.
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Summary



What We Learned Today

1. Mean comparison = OLS with a binary treatment (no covariates)

2. OLS is unbiased when Corr(D, ε) = 0 — rarely satisfied in observational data

3. Adding covariates pulls confounders from ε, reducing bias

4. Bad controls are post-treatment variables—never include them

5. The OVB formula: γ1 = β1 + β2 · δ1

Policy Application

Next class: We move beyond “kitchen sink” OLS to designs that can credibly

achieve Corr(D, ε) = 0: instrumental variables, regression discontinuity, and

more.
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Resources

• Textbook: Chapter 5 and Chapter 14.4

• Case study on page 141

• Google gender pay gap analysis
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Appendix: Standard Errors and

Covariates



Standard Errors: The Bivariate Case

Start with the simple regression (one explanatory variable, no covariates):

Yi = β0 + β1X1 + εi

The standard error of β̂1 is:

se(β̂1) =

√
σ̂2ε∑N

i=1(X1i − X̄1)2
=

σ̂ε√
N · Var(X1)

Two things make the standard error smaller:

• Less noise in the outcome: smaller σ̂ε

• More variation in X1: larger Var(X1)
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Standard Errors: Adding a Covariate

Now add one covariate X2: Yi = β0 + β1X1 + β2X2 + µi

The standard error of β̂1 becomes:

se(β̂1) =
σ̂µ√

N · Var(X1)
· 1√

1− R2
X1∼X2

where R2
X1∼X2

is the R2 from regressing X1 on X2.

Key Insight

There is a new term: 1√
1−R2

X1∼X2

— the variance inflation factor (VIF). It is

always ≥ 1, and grows as X1 and X2 become more correlated.
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The Standard Error Trade-off

Adding covariates has two competing effects on se(β̂1):

Good news:

Adding a relevant covariate reduces

σ̂µ (less unexplained variation in Y ),

which shrinks the standard error.

Bad news:

If X2 is correlated with X1, the VIF

term 1√
1−R2

X1∼X2

grows, which inflates

the standard error.

Bivariate With covariate X2

Residual variance σ̂2ε σ̂2µ ≤ σ̂2ε

Effective variation in X1 Var(X1) Var(X1)(1− R2
X1∼X2

)

Net effect depends on the relative magnitudes. In practice, adding genuine confounders

usually helps more than it hurts.
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Example: Job Training and Standard Errors

Back to our job training data. Compare two regressions:

(1) Earningsi = β0 + β1 · Trainingi + εi

(2) Earningsi = β0 + β1 · Trainingi + β2 · Educationi + µi

No Controls + Education + Educ. & Age

Job Training Program 7244.3∗∗∗ 5041.7∗∗∗ 4756.4∗∗∗

(472.8) (408.3) (296.6)

Years of Education 2556.5∗∗∗ 2505.1∗∗∗

(88.9) (63.7)

Age 843.8∗∗∗

(20.2)

Constant 77692.4∗∗∗ 44088.8∗∗∗ 13918.2∗∗∗

(320.5) (1182.3) (1132.4)

Root MSE (σ̂) 10560.0 8869.4 6481.7

R2 0.105 0.369 0.663

Observations 2,000 2,000 2,000

Robust standard errors in parentheses.

Notice how the SE on Training changes as we add covariates.

∗ p < 0.10, ∗∗ p < 0.05, ∗∗∗ p < 0.01

Adding education reduces the residual variance (higher R2), but also reduces the effective variation

in Training due to the correlation between training and education.
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What Happened to the Standard Error?

Residual variance fell:

Education explains part of the variation

in earnings that was in ε, so σ̂2µ < σ̂2ε .

This pushes the SE down.

Effective variation in Training fell:

Training and education are positively

correlated (R2
T∼E > 0), so the VIF > 1.

This pushes the SE up.

Key Insight

In this case, the reduction in residual variance dominates—the standard error

decreases when we add education. This is the typical pattern when you add a

genuine confounder.

Try it yourself! The do file lecture4_figures.do generates this table so you can experiment with

different covariates.
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